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1. Introduction

The theory of singular fiber bundles with typical fiber a $k$-torus $T^{k}$ has been
systematically studicd by Conncr and Raymond in the $1970’ \mathrm{s}[6]$ . It provides a
topological generalization of 3-dimensional Seifert manifolds, and it is called the
injective Seifcrt fiber space construction. $\mathrm{T}\}_{1}\mathrm{i}\mathrm{s}$ article concerns the structure theory
of singular fiber bundles with typical fiber a manifold with a geometry which is
locally modelled on a solvable Lie group.

As is thc case for Seifcrt fiber spaces, thc structurc of a fiber space with solv-geo-
metry, facilitates the construction of diffeomorphisms with prescribed homotopical
properties, by starting the construction on thc basc and subsequent lifting along thc
fibers. Along these lines we provide rigidity results which reduce the diffeomorphism
classification of fiber spaces with solv-geometry to the smooth rigidity properties
of t,heir base spaces.

Our main application concerns the smooth rigidity of compact aspherical homo-
gcncous manifolds. We show that these manifolds carry the structure of a singular
fiber space with solv-geometry, over a base space which is a non-positively curved
locally symmctric orbifold.
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2. Manifolds with solv-geometry

Let $\mathcal{R}$ be a connected, simply connected solvable Lie group. The semidirect
product Aff(7?) $=Rx\mathrm{A}\mathrm{u}\mathrm{t}(\mathcal{R})$ , wherc Aut(R) is thc group of automorphisms of $\mathcal{R}$ ,
is said to be the affine group of R. The projection homomorphism $hol$ : $\mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R})arrow$

$\mathrm{A}\mathrm{u}\mathrm{t}(R)$ with rcspcct to the abovc splitting is callcd the holonomy homomorphism.
By letting $\mathcal{R}$ act on itself by left-multiplication, we identify the affine group $\mathrm{A}\mathbb{I}(\mathcal{R})$

with a group of transformations on R.

2.1. Definition. We say that a smooth manifold has a solv-geometry of type
$\mathcal{R}$ if it can be prescnted in the form $H\backslash R$ , whcrc $H$ is a torsion-free virtually
solvable subgroup of $\mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R})$ which acts properly on R. Since $\mathcal{R}$ is diffeomorphic to
Euclidean spa,ce, manifolds with solv-geoxetry are $\mathrm{t}\mathrm{o}\mathrm{p}\mathrm{o}$] $\mathrm{o}\mathrm{g}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ , smooth aspberical
manifolds with universal covering space $\mathrm{R}^{n}$ . Moreover, they are endowed with an
affine geometry modelled on 7?. The particular features of the geometry on $H\backslash \mathcal{R}$

arc determined by thc rcstriction of the holonomy homomorphism to II.

2.2. Infra-solvmanifolds. A manifold $H\backslash \mathcal{R}$ is called an infra-solvmanifold
if the closure of the holonomy $hol(H)$ in Aut(R) is compact. Infra-solvmanifolds
are manifolds with solv-geometry. in particular, $H$ is virtually solvable. Moreover,
infra-solvmanifolds carry a natural Ricmannian geometry, see [4, 7, 16, 24, 27]
for further reference.

If $R$ is isomorphic to the vector space $\mathbb{R}^{n}$ , a simply connectcd nilpotent Lie
group $N$, respectively, and $H$ is discrete, the inha-solv manifold $H\backslash \mathcal{R}$ is customarily
called an Euclidean space form, or an infra-nilmanifold, respectively. By classical
results of Killing and Hopf, Bieberbach for the Euclidean case (see [28]), and results
of Gromov [12] for the infra-nil case, these smooth manifolds may be characterised
in terms of c,urvaturo propcrties of thcir Ricmannian $\mathrm{c},\mathrm{o}\mathrm{n}\mathrm{n}e\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ , as well.

The geometric structure of compact Euclidean space forms, and infra-nil man-
ifolds, has bccn determined by Biebcrbach [5], and Auslandcr [1]. In particular,
conpact Euclidean space forms are finitely and affinely covered by the $n$-torus, and
infra-nilmanifolds $H\backslash N$ are finitely affinely covered by an $n$-dimensional nilmani-
fold $N/(H\cap N)$ . As a matter of fact, the holonomy $hol(H)$ of the presentation
$H\backslash N$ is a finite group, in these cases.

For a gencral infra-solv manifold, the situation is more complicated than in the
infra-nil case. It is known, however, that every infra-solvmanifold is finitely covered
by a solvmanifold. That is, it is covered by a homogeneous space of a solvable Lie
group. A geometric characterisation of infra-solvmanifolds up to homeomorphism
is described in [24].

Note furthermore, that, as is proved in [4], any manifold with solv-geometry
$H\backslash \mathcal{R}$ is diffeomorphic to an infra-solvmanifold if $hol(If)$ is contained in a reductive
subgroup of Aut(Rl), or if $\prime \mathcal{R}$ is nilpotent.

2.3. Smooth Rigidity properties. ALS implied by a result of Bieberbach [5]
in 1912, any two homotopic compact Euclidean space forms are affinely diffeomor-
phic. Now, a corresponding strong rigidity result also holds for infra-nilmanifolds,
see $[2, 14]$ . Namely, homotopic infra-nil manifolds $H\backslash N$ and $H’\backslash N’$ , where $H$ and
II’ are discrete, are affinely diffeomorphic with respect to the canonical bi-invariant
affine connections determined by $N$ and $N’$ . Note, in particular, that in the context
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of infra-nilmanifolds, the fundamental group $H$ already determines the Lie group
$N$.

One can not expect, in general, to have structure preserving afline diffeomor-
phisms for homotopic manifolds with solv-geometry. However, weaker analogies
of thcsc results survive. In fact, evcry homot,opy cquivalcnce of compact mani-
folds with solv-geometry $H\backslash \mathcal{R}$ and $H’\backslash \mathcal{R}’$ is induced by a diffeomorphism, pro-
vided $h,ol(H)$ is contained in $a$ rcductive subgroup of Aut(R), or if $\mathcal{R}$ is nilpotcnt,
see [4]. In the case of infra-solv manifolds with discrete presentations, the corre-
sponding diffeomorphism may be chosen to be an isometry with respect to suitable
left-invariant Riemannian metrics on $\mathcal{R}$ and $R’$ , see [27]. Note that the smooth
rigidity of inba-solv manifolds, and the (more general) rigidity of manifolds with
solv-geometry, providc an extension of Mostow’s rigidity result for solvmanifolds
[19].

3. Fiber structures

3.1. Fiber spaces with $\mathcal{R}$-geometry. Let $\mathcal{R}$ be a simply connected solvable
Lie group. Let $X$ be a manifold on which $\mathcal{R}$ acts freely and properly with quotient
manifold

$W=\mathcal{R}\backslash X$ .
We let $\mathrm{p}$ : $Xarrow W$ dcnotc the projection map of thc corrosponding principal
$\mathcal{R}$-bundle. Moreover, we let Diff(X, $\mathcal{R}$) denote the normaliser of $\mathcal{R}$ in Diff(X)
and Diff1(X, $\mathcal{R}$ ) the kernel of the Diff(X, $\mathcal{R}$)-action on the quol,ient $W$ . Given a
compatible trivialisation $X=\mathcal{R}\cross W$ , Aff(II?) acts on $X$ by extending from the first
factor, and, in this way, embeds as a subgroup of Diffi (X, R). We put $\mathrm{A}\mathrm{f}\mathrm{f}(R\cross W)$

for this subgroup of Diff1(X, $\mathcal{R}$), and call it thc affinc group of $\mathcal{R}\cross W$ .

We introduce now our main concept.

3.1.1. Definition. Let $\mathrm{p}:Xarrow W$ be a principal $\mathcal{R}$-bundle. Lct $H\leq \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(X, \mathcal{R})$

be a Lie group normalising $\prime \mathcal{R}$ . We put $\Delta=H\cap \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}^{1}(X,R)$ and $\Theta=H/\Delta$ . Since
$H\leq \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(X, \mathcal{R}),$ $\Theta$ acts on $W$ . We assumc that the following conditions are
satisfied:

(1) $H$ acts properly on $X$ .
(2) $\Theta$ acts properly discontinuously on $W$ .
(3) There exist compatible coordinates $X=R\cross W$ for $\mathrm{p}$ such that $\Delta\leq \mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}\cross$

$W)$ .
DEFINITION 3.1. We call data (X, $\mathcal{R},$ $H$ ) as above which satisfy (1), (2), (3) a

fiber space with R-geometry.

To cvery fiber space with $\mathcal{R}- \mathrm{g}\mathrm{e}\mathrm{o}\mathrm{m}\mathrm{e},\mathrm{t}\mathrm{r}\mathrm{y}$ , there is associated a singular fibration of the
form

(3.1) $\Delta\backslash \mathcal{R}rightarrow X/Harrow \mathrm{q}W/\Theta$

and an associated group extension

(3.2) $1arrow\Deltaarrow Harrow\Thetaarrow 1$ .

Accordingly, wc will also $\mathrm{c}\mathrm{a}\mathrm{U}$ the map $\mathrm{q}$ : $X/Harrow W/\Theta$ a fiber space with $\mathcal{R}-$

geometry. If $\Delta\backslash \mathcal{R}$ is compact we say that (X, $\mathcal{R},$ $H$ ) has compact fibers.
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3.1.2. Fiber types. Consider the finite group $\mathrm{O}-_{w}\leq$ which is the stabiliser
of $w\in W_{-}$ Accordingiy, we can distinguish two principal fibcr typcs for the fibcr
space $\mathrm{q}$ : $X/Harrow W/\Theta$ :

Non-singular fbers: These are $1_{}\mathrm{h}\mathrm{c}$ fibcrs $\overline{F}_{\overline{w}}$ over points $\overline{v\prime}\in\Theta\backslash W$ with $\Theta_{w}=$

$\{1\}$ . In this case, $H_{w}=\Delta_{w}$ and $F_{w}$. identifies with $\Delta_{w}\backslash \mathcal{R}_{w}$ .

Singular fibers: Th$e\mathrm{s}\mathrm{e}$ are the fibers, where $\Theta_{w}\neq\{1\}$ . Then $H_{w}\leq H$ is a finite
extension group of $\Delta$ which projects onto $\mathrm{e}_{w}$ . The singular fiber $\overline{F}_{\overline{w}}$ identifies with
$H_{w}\backslash \mathcal{R}_{w}$ .

Various situations may occur. If $\Theta$ is torsion-hec then $W/\Theta$ is a manifold, all
fibers are non-singular, and (3.1) is a differentiable locally trivial fibration with
fiber $\Delta\backslash \mathcal{R}$ .

3.1.3. Affine geometry on the fibers. Since $H\leq \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(X, R)$ , the action of $H$

preserves the affine structure on the fibres of $\mathrm{p}:Xarrow W$ . Hence, the fibres of

$\mathrm{q}$ : $X/Harrow W/\Theta$

inherit an affine geometry modelled on R. In fact, $H_{w}$ ac,ts affinely on $F_{w}$ , and
restricting $H_{w}$ to $F_{w}$ defines a homomorphism $H_{w}arrow \mathrm{A}\mathrm{f}\mathrm{f}(F_{w})$ . In particular, the
fibers $\overline{F}_{w}=F_{w}/If_{w}$ of $\mathrm{q}$ are spaccs with $\mathcal{R}$-geometry. The geometry on $F_{\overline{w}}$ is
determined by the induced $lo\mathrm{c}al$ holonomy homomorphism

$hol_{w}$ : $H_{w}arrow \mathrm{A}\mathrm{f}\mathrm{f}(F_{w})/\mathcal{R}_{w}\cong$ Aut(R).

We remark further that, by condition (3) of Definition 3.1, the fiber-stabilising
group $\Delta naturo,ll\mathrm{t}/$ identifies with a subgroup of Aff (R), and this embcdding dctcr-
mines the geometry of the generic fibers of $\mathrm{q}$ completely.

DEFINITION 3.2. Assume that $\mathrm{q}$ : $X/Harrow W/\Theta$ is a fiber space of type R. If
in addition to (1) $-(3)$ the condition

(4) The closure of the locai holonomy groups $hol_{w}(H_{w})\leq \mathrm{A}\mathrm{f}\mathrm{f}(F_{w})/\mathcal{R}_{w}$ is com-
pact, for all $w\in W$ ,

is satisfied, thcn $\mathrm{q}$ is called an infra-solv fiber space with fibcr modclled on R.

Note that the condition (4) is $\mathrm{s}a\mathrm{t}\mathrm{i}_{\mathrm{I}}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{d}$ if and only if $\Delta\backslash \mathcal{R}$ is an infra-solv
manifold. Another important special case arises if the holonomy of $\Delta$ is trivial:

DEFINITION 3.3. Assume that $\Delta$ is contained in $\mathcal{R}$ and that $H$ is a $\mathrm{d}\mathrm{i}‘ \mathrm{s}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{t},\mathrm{e}$

group. Then $\mathrm{q}:M=X/Harrow W/\ominus$ is called a Seifert bundle with R-fiber.

3.2. Standard actions and standard fiber spaces. Let $U$ denote a simply
connected nilpotent Lie group. Let $\Delta\leq\Lambda \mathrm{f}\mathrm{f}(U)$ be a subgroup which acts properly
on $U$ with compact quotient. Then $\Delta$ is called standard if $\Delta\leq UT$ , where $T\leq$

$\mathrm{A}\mathrm{u}\mathrm{t}(U)$ is a (split) $d$-subgroup of the linear algebraic group $\mathrm{A}\mathrm{u}\mathrm{t}(U)$ . An action
$\rho$ : $\Gammaarrow \mathrm{A}\mathrm{f}\mathrm{f}(U)$ is said to be standard if it $\dot{\mathrm{L}}\mathrm{S}$ an effective properly discontinuous
action such that $\rho(\Gamma)$ is standard.

We can associate to every solvable afiine artion on a simply conncctcd nilpotent
Lie group $U$ a unique standard action. In fact, as proved in [4, Theorem 1.2],
standard $\Gamma$-actions on $U$ arc unique up to conjugacy in $\mathrm{A}\mathrm{f}\mathrm{f}(U)$ . Moreovcr, $U$ is
uniquely determined by $\Gamma$ , see [4, \S 3.2].
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DEFINITION 3.4. Let (X, $U,$ $H$ ) be a fiber space, where $U$ is a simply connected
nilpotcnt Lie group. We call (X, $U,$ $H$ ) a standard fiber space if the affinc action of
$\Delta=H\cap \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}^{1}(X, U)$ on $U$ is standard. Let (X, $\overline{H},$

$\rho$) be a proper action, and let
$H=\rho(\overline{H})$ . Then (X, $\tilde{H},$

$\rho$) is called a standard action if (X, $U,$ $H$ ) is a standard
fibcr space. In addition, if $\Delta=\Gamma$ is a discrete group then the standard fiber space
(X, $U,$ $H$ ) is called a standard $\Gamma-$ fiber space.

3.2.1. Coordinate $e\varphi ress\mathrm{i}on$ of group actions and $T$ -compatible maps. Lct $\tau\in$

$\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(X)$ be a diffeomorphism which preserves the fibers of the bundle projection $\mathrm{p}$ :
$Xarrow W$ . We let $\overline{\tau}$ : $Warrow W$ denote the induced diffeomorphism of $W$ . Compatible
coordinates $X=R\cross W$ determine a family of diffeomorphisms $\mathrm{C}\mathrm{b}_{\tau,w}\in \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(R)$ such
that (with respect to the coordinates) the action of $\tau$ on $X$ is expressed as
(3.3) $\tau(r,w)=(\psi_{\tau,w}r,\overline{\tau}w)$

Let $T$ be a maximal torus in the Zariski-closure of the adjoint image of $\mathcal{R}$ in
Aut(R). We lct $\mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}, T)$ denote $\mathrm{t}\mathrm{h}\mathrm{c}$ subgroup of clemcnts in $\mathrm{A}\mathrm{f}\mathrm{f}(R)$ whose linear
parts stabilise $T$ . A diffeomorphism $\tau\in \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(X, \mathcal{R})$ is called a $T$ -compatible map
if $\psi_{\tau,w}\in \mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}, T)$, for all $v$) $\in W$ . It follows that thc $T$-compatible maps of
$\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(\mathcal{R}, X)$ form a subgroup Diff(X, $\mathcal{R},$ $T$).

We show in [3] that the equivalence classific,ation of c,ertain fiber spaces with
solvable geometry reduces to the classification of standard fiber spaces.

THEOREM 3.5. Let (X, $\mathcal{R},$ $H$) be a fber space with compact fbers such that
$H\leq \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(X, \mathcal{R}, T)$ and the fiber stabilising group $\Delta=H\cap \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}^{1}(X, \mathcal{R})$ is virtually
solvable. Then (X, $\mathcal{R},$ $H$) is equivalent to the standard fiber space (Y., $\mathrm{U},$ $H’$ ), where
$\mathrm{U}$ is the unipotent shadow of $\Delta$ and $H’\leq \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(Y, \mathrm{U},T)$ is isomorphic to $H$ .

See [4], for the definition of the unipotent shadow.

Thc ncxt result shows that the diffeomorphism classification of standard fiber
spaces reduces to the corresponding classification of standard $\Gamma-$ spaces: Let (X, $U,$ $H$ )
be a standard fibcr spacc, whcre $U$ is a simply connccted nilpotent Lie group. As
usual we let $\Delta=H\cap \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}^{1}(X, U)$ denote the fiber preserving subgroup of $H$ . Let
$\Delta^{0}$ denote the connected component of $\Delta$ and $U_{0}$ tbe unipotent radical of the
Zariski-closure $\overline{\Delta^{0}}$ .

PROPOSITION 3.6. Let (X, $U,$ $H$) be a standard fiber space, and let $U_{0}$ be the
unipotent radical of the $7_{J}ariski- closur\mathrm{e}\overline{\Delta^{0}}$ . Then the following hold:

1. The action of $H$ on $X$ decends to an action of $H/\Delta^{0}$ on $(X/U_{0}, U/U_{0})$

which has fiber stabilising group $\Gamma=\Delta/\Delta^{0}$ .
2. The fiber space $(X/U_{0}, U/U_{0}, H/\Delta_{0})$ is standard.
3. The natural map $Xarrow X/U_{0}$ defines a diffeomorphism offiber spaces

(X, $U,$ $H$) $arrow(X/U_{0}, U/U_{0},H/\Delta_{0})$ .

4. If $H$ acts freely on $X$ then $H/\Delta^{0}$ acts effectively on $X$ , and th($j$ fiber space
$(X/U_{0}, U/U_{0}, H/\Delta^{0})$ is a slandard $\Gamma-$ fiber space.

4. Iterated Seifert fibering

Lct (X, $U,$ $\pi$ ) be a standard fibcr space, with discrcte fiber stabilising group $\Gamma$ .
We let $\rho:\piarrow \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(X)$ denote the action of $\pi$ on $X$ . Recall that the action of $\Gamma$ on
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$U$ is standard, and, hence, the Fitting hull $F=F_{\rho(\Gamma)}^{\urcorner},$
$\mathrm{i}\mathrm{e}$ . : the hull of the maximal

normal nilpotcnt subgroup Fitt $(\rho(\Gamma))$ of $\rho(\Gamma)$ , is a connccted normaJ subgroup of
$U$ . Note that the vector space $V=U/F$ acts on $X/F$ . Let us furthermore put
$W=X/F$ and $\Theta=\pi/\Gamma$ .

4.1. Induced Seifert fiberings.

LEMMA 4.1. If (X, $F$) is the principal bundle defined by the subgroup $F\subset U$ ,
then there is an induced quotient principal bundle $(X/F, V)$ such that the followin.9
hold:

(i) The action of $\pi norm,alisesF$ .
(ii) The quotient action of $\pi$ on $X/F$ normalises $V$ .
(iii) There $i.\mathrm{s}$ an induced propcrly discontinuous action $(X/F,\pi/\mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma),\hat{\rho})$ .

Moreover, we show in [3]:

PROPOSITION 4.2.
i) The actions $(X/F, V, \pi/\mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma))$ define a standard fiber space which $r\dot{s}$ Seifert.
ii) The actions (X, $F,$ $\pi$ ) define a Seifert fiber space.

We obtain the following equivariant commutative (and exact) diagram of Seifert
actions:

$(F, \mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma))\downarrow$

$=$
$(F, \mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma))\downarrow$

(4.])

$(V,\Gamma/\mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma))(X/F,\pi/\mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma),\hat{\rho})(W,\Theta)(U,\Gamma)(X,\pi)\downarrow=\downarrow=^{(W,\ominus)}\rho)||$

.

4.].1. Seifert fiberings. We briefly recall the definition of Seifert fiber spaces.
Let (X, $N$) be a principal $N$-bundle, where $N$ is a connected simply connected Lie
group. Let $\pi$ be a subgroup of Diff(X, $N$) which acts properly discontinuously on
X.

DEFINITION 4.3. $\mathrm{A}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\iota \mathrm{k}\mathrm{S}(X, N, \pi)$ as above are said to define a Seifert fiber
space if they $\mathrm{S}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{S}\mathfrak{h}^{r}$ the following conditions

1. $\pi_{N}=N\cap\pi$ is a discrete uniform subgroup of $N$ .
2. $\Theta_{N}=\pi/\pi_{N}$ acts properly discontinuously on $W=X/N$ .
3. (X, $N$) admits a trividisation $X=N\cross W$ .

Let (X, $\pi,$ $\rho$) be a properly discontinuous action on $X$ . Then the actions (X, $N,$ $\pi$)
are callcd a Seifert action if (X, $N,$ $\rho(\pi)$ ) $\mathrm{d}\mathrm{c}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{c}_{\grave{\wedge}}\mathrm{s}$ a Scifert fiber spacc

Remark, if $\pi_{N}=\Gamma$ then (X, $N,$ $\pi$) is also a fiber space with $N$-geometry in the
sense of Definition 3.1. Given two Seifert actions (X, $N,$ $\pi$) and (X, $N’,$ $\pi’$ ), where
$N$ and $N$’ are simply connected nilpotenti Lie groups, an isomorphism $\phi$ : $\piarrow\pi’$

is called a compatible isomorphism with respect to the Seifert actions, if

i) di is a compatible map of actions, that is, $\emptyset(\mathrm{k}\mathrm{e}\mathrm{r}\rho)=\mathrm{k}\mathrm{e}\mathrm{r}\rho’$ and $\phi(\Gamma)=\Gamma$‘.
ii) $\phi$ respects the Seifert structure, that is, $\phi(\pi_{N})=\pi_{N}’$ .
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4.2. Application of Seifert rigidity. We now arrive at the smooth rigidity
of standard fibcr $\mathrm{s}\mathrm{p}\mathrm{a}_{}\mathrm{c}\mathrm{e}\mathrm{s}(X, U, \pi)$:

THEOREM 4.4. Let $\phi$ : $\piarrow\pi’$ be a compati,$ble$ isomorphi.sm. Then every
equivariant diffeomorphism $(\overline{f},\overline{\phi})$ : $(X/U, \Theta)arrow(X/U’, \Theta‘)$ lifls to an equivalence
of $fber$ spaces

$(f, \phi)$ : $(X, U, \pi)arrow(X’, U’, \pi’)$ .

Therefore, if $(W, \Theta)$ is smoothly $7\dot{\mathrm{Y}}\mathit{9}^{id}$ then (X, $\pi$) is smoothly rigid.

PROOF. First step. There are induced isomorphisms of groups $\hat{\phi}$ : $\pi/\mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma)arrow$

$\pi/\mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma$
‘

$)$ and $\overline{\phi}$ $:\ominusarrow\Theta’$ , and a commutative diagram as follows:

$\pi$
$arrow\phi$

$\pi’$

$\downarrow$ $\downarrow$

(42) $\pi/\mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma)arrow\hat{\phi}\pi’/\mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma$ ‘
$)$

$\downarrow$ $\downarrow$

$\Theta$

$arrow\overline{\phi}$
$\Theta’$

The compatibility of $\phi$ mcans that

$\phi(\Gamma)=\Gamma’$ and $\phi(\mathrm{k}\mathrm{e}\mathrm{r}\rho)=\mathrm{k}\mathrm{e}\mathrm{r}\rho’$ ,

where $\rho$ : $\piarrow \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(X)$ and $\rho’$ : $\pi’:arrow \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(X$
‘

$)$ denote the actions of $\pi$ and $\pi’$ .
Now the induced isomorphisms are compatible with the iterated Seifert fiber space
structure. We need:

LEMMA 4.5.
(i) The isomorphism $\phi$ is compatible with $rr_{\wedge}spect$ to the Seifert actions (X, $F,\pi$)

and (X’, $F’,$ $\pi$‘).
(\"u) The isomorphism 6 is compatible vrith the Seifert actions $(X/F, V, \pi/\mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma))$

and $(X’/F’, V’, \pi’/\mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma’))$ .

Second step. Using the Seifcrt lifting for nilpotent fibcr (cf. [14]), we can construct
the lift $(f, \phi)$ of $(\overline{f},\overline{\phi})$ subsequently along the vertical Seifert fiberings, as in the
following diagram:

$rightarrow(f,\emptyset)$(X, $F,\pi$ ) (X, $F,$ $\pi’$ )

$\downarrow$
$\downarrow$

$(X/F, V, \pi/\mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma))\downarrow\underline{(\hat{f},\hat{\phi})}(X’/F’,$
$V^{r_{1’}},$

$\pi/\mathrm{F}\mathrm{i}\mathrm{t}\mathrm{t}(\Gamma’)$

$arrow(\overline{f},\overline{\phi})$

$(W, \Theta)$ $(W, \Theta’)$

$\square$
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5. Aspherical homogeneous manifolds

A manifold is called homogeneous if it has a transitive action of a Lie group,
and it is callcd asphcrical if its universal covering space is contractible. We show,
cf. Theorem 5.8, that every aspherical homogeneous manifold carries the structure
of a singular fibcr spacc with solv-geometry on thc fibcrs, over a base space which is
a non-positively curved locally symmetric, orbifold. As a consequence, see Theorem
5.13, we establish that every isomorphism between fundamental groups of aspher-
ical homogencous manifolds is induccd by a diffcomorphism. That is, aspherical
homogeneous manifolds are smoothly rigid. This extends Mostow’s well known
rigidity rcsult for solvmanifolds [19].

5.1. Presentations of aspherical homogeneous spaces. A manifold $M$

together with a presentation $M=G/H$ is called a homogeneous space. The $\mathrm{h}\mathrm{o}\mathrm{m}$o-
geneous space $M=G/H$ is said to be irreducible if $G$ does not contain a proper
subgroup which acts transitively on $M$ . It is called locally effective if $H^{0}$ does not
contain any non-trivia] connected normal subgroup of $G$ .

Let us put $X=G/H^{0}$ . Now $G$ acts transitiveJy on the homogeneous space
$X$ by left-multiplication. Note also that the subgroup $\mathrm{N}_{G}(II^{0})$ of $G$ acts on $X$ by
multiplication from the right. We call the group of transformations of $X$ which is
generatcd by thosc two actions thc automorphism group Aut(X) of the $\mathrm{h}\mathrm{o}\mathrm{m}o$gc-
neous space $X$ . In this way, we obtain a natural projection homomorphism

$G\cross \mathrm{N}_{G}(H^{0})arrow \mathrm{A}\mathrm{u}\mathrm{t}(X)$

onto an effective transformation group of $X$ . Moreover, by the inclusion $Harrow$

$\mathrm{N}_{G}(H_{0})$ , the group $\pi=H/H^{0}$ embeds as a discrete subgroup of Aut(X) which
acts properly on $X$ , and we havc a natural diffcomorphism

$G/H=X/\pi$ .

The following has been observed by Gorbatsevich, cf. [8]:

PROPOSITION 5.1. Let $G$ be a simply connected Lie group and $H\leq G$ a closed
subgroup such that $M=G/H$ as compact and a.spherical. If $G$ acts locally effectivdy
on $M$ then:

1. $fI^{0}$ is solvable.
2. The solvable radical $R$ of $G$ is simply connected.
3. $G$ is $\dot{\dagger}somo7phic$ to a semi-direct product of Lie groups $R\mathrm{x}(\overline{\mathrm{S}\mathrm{L}}_{2}\mathrm{R})^{n}$ .

PROOF. For (1), see [8, Theorem 3.1]. We prove (2). Let $G=R\tilde{S}$ be a Levi
decomposition of $G$ . Thus $R$ is the solvable radical of $G,\tilde{S}$ is a maximal semi-simple
subgroup, and $R\cap\overline{S}$ is discrcte. Rccall that $\pi_{2}(G)=1$ for any Lie group $G$ (cf.
[13] $)$ . Thus the homotopy exact sequence of the Lie-group fibration $Rarrow Garrow G/R$

gives rise to the short exact sequence
$]arrow\pi_{1}(R)arrow\pi_{1}(G)arrow\pi_{1}(G/R)arrow 1$ .

Since $G$ is simply connected it follows that $R$ and $G/R$ are simply connected. As
$\tilde{S}\cap Rarrow\tilde{S}arrow G/R$ is a covering, the discrete subgroup $\overline{S}\cap R$ must be trivial, and
$\tilde{S}$ is simply connected. Therefore, in particular, $G$ is a semidirect product $Rx\overline{S}$ .
By our assumption, $G/H$ is compact and aspherical. A compact Lie group which
acts locally effectively on a closed aspherical manifold is a torus, cf. [6]. Hence, the
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maximal compact subgroup of $\overline{S}$ is a torus. It follows that each of the $\mathrm{s}\underline{\mathrm{i}\mathrm{m}}\mathrm{p}\mathrm{l}\mathrm{e}$ factors
of $\overline{S}$ is locally isomorphic to $\mathrm{S}\mathrm{L}(2, \mathrm{R})$ . Therefore, $\tilde{S}$ is isomorphic to $(\mathrm{S}\mathrm{L}_{2}\mathrm{R})$ “. $\square$

5.2. Structure decomposition of $S$ . Let $S$ be a semi simple factor of $G$ .
Choose an enumeration $S_{i},$ $i=1,$ $\ldots,$

$n$ , for the c.onnected normal, simple sub-
groups of $S$ . This provides an identification

$S=S_{1}\cross\cdots\cross S_{n}=(\overline{\mathrm{S}\mathrm{L}}_{2}\mathrm{R})^{n}$

which is uniquely dcfined up to a permutation of the factors. Wc let
$\mathrm{p}:Sarrow S^{*}=S_{1}^{*}\cross\cdots\cross S_{n}^{*}=(\mathrm{P}\mathrm{S}\mathrm{T}_{\lrcorner}2\mathrm{R})^{n}$

denote the quotient $\mathrm{m}\mathrm{a}\mathrm{p}\underline{\mathrm{p}\mathrm{i}}\mathrm{n}\mathrm{g}$ onto the adjoint form of $S$ . It has kernel $Z^{n}$ , where
$Z$ denotes the center of $\mathrm{S}\mathrm{L}_{2}\mathrm{R}$ . Furthermore, let $p_{i}$ : $Sarrow S_{i}$ denote the projection
map onto the fact,or $S_{i},$

$\mathrm{p}_{i}$ : $Sarrow$ $S_{t}^{*}$ , $p_{i}^{*}$ : $S^{*}arrow S_{i}^{*}$ the projection maps from $S$

onto the simple factors $S_{i}^{*}$ of $S^{*}$ .

We study direct product decompositions of the form $S=P\cross Q$ , where $P$ and
$Q$ are normaJ connected subgroups of $S$ . We have a corresponding decomposition
$S^{*}=P^{*}\cross Q^{*}$ of the adjoint form as well. We let $p_{P}$ : $Sarrow P$ and $p_{Q}$ : $Sarrow Q$

denote the projection maps corresponding to the decomposition of $S$ . Furthermore,
we let $\mathrm{P}Q$ : $Sarrow Q^{*}$ denote the projec,tion map onto the adjoint of $Q$ .

DEFINITION 5.2. Let $H\leq S$ be a uniform subgroup of $S$ . Let $S=P\cross Q$ be
the unique decomposition of $S$ which satisfies $pQ(H^{0})=\{1\}$ , and $p_{i}(H^{0})\neq\{1\}$ ,
for all $i\leq k$ . Then $P$ and $Q$ are called the canonical factors of $S$ relative to the
uniform subgroup $ff$ .

Let $G=RxS$ be as above, $H\leq G$ a uniform subgroup, $R$ the solvable radicaJ
of $G$ , and $S\cong(\overline{\mathrm{S}\mathrm{L}}_{2}\mathrm{R})^{n}$ a maximal semi-simple connected subgroup of $G$ . Let
$\mathrm{p}_{Q}$ : $Garrow Q^{*}$ be the natural projection onto $Q^{*}$ . Then $\mathrm{k}\mathrm{e}\mathrm{r}\mathrm{p}_{Q}=R*(P\cross Z^{\ell})$ . Lct
furthermore $K$ denote a maximal connected compact subgroup of $\mathrm{S}\mathrm{L}(2,\mathrm{R})$ and $AN$

the maximal uppcr triangular subgroup. Ncxt recall from [1] that cvcry subgroup
$H$ of a Lie group has a unique maximal normal solvable subgroup rad$(H)$ which is
called the discrete solvable radical of $H$ . With this notation we have:

THEOREM 5.3 (Structure decomposition). Let $M=G/H$ be a compact homo-
geneous space which is locally effective. Then there exists a unique decomposition
$S=P\cross Q$ of the semi-simple part $S$ of $G$ such that the following hold:

1. $\mathrm{p}_{Q}(H)$ is a discrete uniform $s\mathrm{u}$bgroup of $Q^{*}$ .
2. If is conjugate to a subgroup of $R\aleph((Z\cross AN)^{k}\cross Q)$ .
3. $H\cap \mathrm{k}\mathrm{e}\mathrm{r}\mathrm{p}\mathrm{Q}$ is the $dis$crete solvable radi $\mathrm{c}al\mathrm{r}\mathrm{a}\mathrm{d}(H)$ of $H$ .

COROLLARY 5.4 (Structure fibration). Let $M=G/H$ be a compact aspherical
homogeneous space which is locally effective. Then there exists a closed subgroup
$L\leq G$ and a singular fibration of the form
(5.1) $L/\mathrm{r}\mathrm{a}\mathrm{d}(H)arrow G/Harrow L\backslash G/II=(\mathbb{H}^{2})^{p}/\mathrm{P}Q(II)$ .

Here the base space $(\mathbb{H}^{2})^{\ell}/\mathrm{p}_{Q}(H)$ is an orbifold modelled on a product of copies
of the hyperbolic plane, and the non-singular fibers of (5.1) are diffeomorphic to a
compact $a‘ 9pher\dot{r,}cal$ homogeneous space $L/\mathrm{r}\mathrm{a}\mathrm{d}(H)$ with solvable fundamental group.
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PROOF. We put $L=R\rangle\triangleleft(P\cross\tilde{K}^{\ell})\leq R\rangle\triangleleft(P\cross Q)=G$ . Consider the
left-multiplication action of $L$ on $G$ . Thcre is a corresponding $L$-principal bundlc

(5.2) $Larrow Garrow L\backslash \mathrm{q}G=(\mathbb{H}^{2})^{\ell}$

Here, right-multiplication turns $L\backslash G$ into a homogeneous $G$-space, and the map $\mathrm{q}$

is a $G$-homomorphism. The map

(5.3) $L\backslash Garrow(\mathbb{H}^{2})^{\ell}=\tilde{K}^{\ell}\backslash Q=K^{\ell}\backslash Q^{*}$ , $Lg\vdash\neg K^{\ell}\mathrm{p}_{Q(g)}$

its a $G$-equivariant diffeomorphism, where $G$ acts on $(\mathbb{H}^{2})^{\ell}$ by isometries via the
homomorphism $\mathrm{p}_{Q}$ : $Garrow Q^{*}$ .

Taking the quoticnt by $H$ gives rise to thc fibration (5.1). Since $\mathrm{p}_{Q}(H)$ is
discrete, the base is an orbifold. In particular, for all points $q\in(\mathbb{H}^{2})^{\ell}$ , the stabilizer
$\mathrm{p}_{Q}(H)_{q}$ is finite.

By definition, the $\mathrm{i}\mathrm{m}\mathrm{a},\mathrm{g}e$ of $\overline{q}\in(\mathbb{H}^{2})^{\ell}/\mathrm{p}(H)$ of $q\in(\mathbb{H}^{2})^{\ell}$ is non-singular if
$\mathrm{p}_{Q}(H)_{q}=\{1\}$ . Thus, for such point the stabilizer of $\mathrm{q}^{-1}(q)$ under $H$ is $\mathrm{k}\mathrm{e}\mathrm{r}\mathrm{p}_{Q}\cap H=$

$\mathrm{r}\mathrm{a}\mathrm{d}(H)$ . Hence, the fiber over $\overline{q}$ in (5.1) is obtained by taking the quotient of $L$ by
an $\mathrm{a}c$,tion of rad$(H)$ which is twistcd depending on $q$ . Note that, by Thcorem 5.3,
rad$(H)=\mathrm{k}\mathrm{e}\mathrm{r}\mathrm{p}_{Q}\cap H$ is a closed subgroup of $L$ . Over the base point $q=L$ , the
fibcr quotient is diffcomorphic to the coset space $L/\mathrm{r}\mathrm{a}\mathrm{d}(H)$ . It is easy to see that
the twisted actions of rad$(H)$ on $L$ are conjugate to the standard action of rad$(H)$

by right-multiplication in the group $\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(L)$ . Hence all such fibcr quoticnts are
actually diffeomorphic to $L/\mathrm{r}\mathrm{a}\mathrm{d}(H)$ . Since $L$ is diffeomorphic to Euclidean space,
$L/\mathrm{r}\mathrm{a}\mathrm{d}(H)$ is an aspherical homogeneous space. $\square$

5.3. Solv-geometry on the fibers. Wc will show now that the non-singular
fibers of the structure fibration (5.1) of a compact aspherical homogeneous space
$M=G/H$ carry a natural (infra,-) solv geometry. Actually, as we will sbow, see
$\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{l}1_{r}^{l}\iota \mathrm{r}\mathrm{y}5.10$, this also implics that the non-singular fiber of the strucl,urc fibration
is diffeomorphic to a homogeneous space of a solvable Lie group.

5.3.1. Solvable group actions on $G$ . We kccp our notation $G=RnS$, whcre
$R$ is the solvable radical. Henceforth, $S=P\cross Q$ will always denote the structure
decomposition, where $P=(\overline{\mathrm{S}\mathrm{L}}_{2}\mathrm{R})^{k},$ $Q=(\overline{\mathrm{S}\mathrm{L}}_{2}\mathrm{R})^{p}$ , are as defined in Theorem 5.3.

Lct us define now an action of thc solvablc group

$R_{1}=\tilde{K}^{n}\mathrm{x}(R*(AN)^{k})$

on the space $G$ . For this, we let $\overline{K}^{n}\leq S$ act on $G$ by left-multiplication and the
right-side factor $R\aleph(AN)^{k}$ of $\mathcal{R}_{1}$ by multiplication from $\mathrm{t}\mathrm{Y}\mathrm{e}$ right. Note that
$\mathcal{R}_{1}$ acts frecly. We study hcre how this action of $\mathcal{R}_{1}$ intcracts with the right-
multiplication action of $H$ on $G$ . In the following we shall thus identify $\mathcal{R}_{1}$ with its
corresponding subgroup of $\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(G)$ , and $H$ with the group $R_{H}\leq \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(G)$ . Here we
let $R_{g}$ : $Garrow G$ denote the right-multiplication map $g_{1}\mapsto g_{1}g$ .

LEMMA 5.5. After replacing $H$ by a conjugate with an element of $S$ , the fol-
lowing hold:

1. $R_{H}$ normalizes $\mathcal{R}_{1}$ in $\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(G)$ .
2. $R_{H}\cap \mathcal{R}_{1}\tilde{t}S$ uniform in $R_{1}$ .
3. $R_{H}\cap \mathcal{R}_{1}$ is of[$m,ite$ index in $R_{\mathrm{r}\mathrm{a}\mathrm{d}(H)}$ .
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PROOF. As implied by Theorem 5.3, after replacing $H$ with a conjugate if
rcquircd, we may assume that rad$(H)$ is containcd as a uniform subgroup in

$G_{\mathrm{r}\mathrm{a}\mathrm{d}(H)}=R\aleph((Z\cross AN)^{k}\cross Z^{\ell})$ ,

and, moreover, rad$(H)=G_{\mathrm{r}\mathrm{a}\mathrm{d}(H)}\cap H$ , since $G_{\mathrm{r}\mathrm{a}\mathrm{d}(H)}\cap B=\mathrm{k}e\mathrm{r}\mathrm{p}_{Q}\cap H$ .
Note that $H$ centralizcs thc left-multiplication action of $\tilde{K}"\leq \mathcal{R}_{1}$ . But thcn

$H$ also normalizes the second factor $R\aleph(AN)^{k}$ of $\mathcal{R}_{1}$ , considered as a subgroup of
$G$ . Since both groups act by right-multiplication, $H$ normalizes the action of $\mathcal{R}_{1}$ .
Hence, (1) holds.

Recall now that every representation of $\overline{\mathrm{s}\mathrm{r}_{\lrcorner}}2\mathrm{R}$ factors through $\mathrm{S}\mathrm{L}(2, \mathrm{N})$ . There-
fore, a finite index subgroup of the center $Z^{n}$ of $S$ c,entralizes $R$ . This subgroup
is thus contained in the center of $G$ . Letting $G_{\mathrm{r}\mathrm{a}\mathrm{d}(H)}$ act by right-multiplication
on $G$ , we dcducc that the intersection $R_{G_{\mathrm{r}n\mathrm{d}(H)}}\cap \mathcal{R}_{1}$ in $\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(G)$ is a finite index
normal subgroup of $R_{G_{\mathrm{r}\mathrm{a}\mathrm{d}(H)}}$ and it is also a uniform subgroup of $\mathcal{R}_{1}$ . Since rad$(H)$

is uniform in $G_{\mathrm{r}\mathrm{a}\mathrm{d}(H)}$ , all this implies that $R_{H}\cap \mathcal{R}_{1}$ is uniform in $\mathcal{R}_{1}$ . Hence, (2)
holds.

Since $\mathcal{R}_{1}$ is normalized by $H,$ $R_{H}\cap R_{1}$ is a solvable normal subgroup of $\mathrm{R}_{H}$ ,
and thcrefore it is containcd in thc radical $R_{r\mathrm{a}\mathrm{d}(H)}$ . Since $R_{G_{\mathrm{r}\epsilon \mathrm{d}(H)}}\cap \mathcal{R}_{1}$ is of finite
index in $R_{G_{\mathrm{r}*d(H)}}$ , (3) follows from rad$(H)\leq G_{\mathrm{r}\mathrm{a}\mathrm{d}(H)}$ . $\square$

Recall next the construction of the structure fibration for $G/H$ which is ob-
tained from thc $L \frac{-}{}\mathrm{p}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{i}\mathrm{p}\mathrm{a}1$ $b$undlc (5.2)

$Larrow Garrow \mathrm{q}(\mathbb{H}^{2})^{\ell}$

by dividing the right-multiplication of $H$ . Wc show now that $\mathcal{R}_{1}$ acts simply tran-
sitively on the fibers of $\mathrm{q}$ . This gives rise to another principal bundle

(5.4) $R_{1}arrow Garrow(\mathrm{q}\mathbb{H}^{2})^{\ell}$

with the same projection map $\mathrm{q}$ . Our assertion is implied by the following:

LEMMA 5.6. The identity of $G$ induces an equivalence of orbit spaccs
$\mathcal{R}_{1}\backslash Garrow L\backslash G$ .

PROOF. Clearly, the decomposition

(5.5) $G=L\cdot(AN)^{\ell}$

gives a trivialization of $G$ as an $L-$-bundle. Hence, every $L-$-orbit in $G$ has a unique
representative $v\in(AN)^{\ell}$ . Let $r_{1}=(k,r\mathrm{u})\in \mathcal{R}_{1}$ , where $k\in\tilde{K}^{n},$ $r\in R,$ $u\in$

$(AN)^{k}\leq P$ . We compute the action of $r_{1}$ as
$r_{1}\cdot v=r^{kv}kuv$ .

Thus, we see that $\mathcal{R}_{1}\cdot v=Lv$ . The Lemma follows. $\square$

5.3.2. Affine solv-geometry on the fibers. By Lemma 5.6, the decomposition
(5.5) corresponds to a trivialization

(5.6) $G=\mathcal{R}_{1}\cross(AN)^{\ell}=\mathcal{R}_{1}\cross(\mathbb{H}^{2})^{\ell}$

of the $\mathcal{R}_{\mathrm{J}}$ -space $\mathrm{q}$ : $Garrow(\mathbb{H}^{2})^{p}$ . With rcspcct to this product decomposition we
may let the group $\mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}_{1})$ act on the first factor, and on $G$ via trivial extension
to thc sccond factor. In particular, $\mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}_{1_{J}^{\backslash }}$ acts on thc fibers of thc $\prime \mathcal{R}_{1}$ -principal
bundle (5.4). Henceforth, we identify $\mathrm{A}\mathrm{f}\mathrm{f}(R_{1})$ with the corresponding subgroup
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$\mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}\mathrm{l}\cross(AN)^{\ell})$ of $\mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(G)$ . With our conventions, the action of $\mathcal{R}_{1}$ on $G$ identifies
$\mathcal{R}_{1}$ as the natural normal subgroup of $\mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}_{1})$ .

LEMMA 5.7. The following holds: $\mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}_{1})\cap R_{H}=R_{\mathrm{r}\mathrm{a}\mathrm{d}(H)}$ .

PROOF. Using (5.3) and Lemma 5.6 it follows that $R_{h}$ : $Garrow G$ stabilizes all
fibers of (5.4) if and only if $h\in \mathrm{k}\mathrm{e}\mathrm{r}\mathrm{p}_{Q}\cap H=\mathrm{r}\mathrm{a}\mathrm{d}(H)$ . Therefore., $R_{H}\cap \mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}_{1})\leq$

$R_{\mathrm{r}\mathrm{a}\mathrm{d}(H)}$ .
To finish the proof of the Lemma, it remains to show that $R_{h}$ : $Grightarrow G$ defines

an elcment of $\mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}_{1})$ , for all $h,$ $\in \mathrm{r}\mathrm{a}\mathrm{d}(H)$ : By Thoorem 5.3, rad$(H)$ is contained
in the subgroup

$G_{\mathrm{r}\mathrm{a}\mathrm{d}(JJ)}=R\mathrm{x}(AN)^{k}\cross Z^{n}\leq G$ .

By definition, right-multiplication with $R\aleph(AN)^{k}$ is, a factor of $\mathcal{R}_{1}=\overline{K}^{n}\cross(R\aleph$

$(AN)^{k})\leq \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(G)$, and thus, in particular, $R_{R)\triangleleft(AN)^{k}}$ is contained in $\mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}_{1})$ .
It remains to understand the right-multiplication action of $Z$“. For this, we first
compute thc evaluation map $\mathit{0}_{w}$ : $\mathcal{R}_{1}arrow G$ , at $w\in(AN)^{\ell}$ . Lct $(k, ru)\in \mathcal{R}_{1}$ . Then:

$o_{\tau v}(k,ru)=(k, ru)\cdot w$ $=$ $kwu^{-1}r^{-1}$

$=$ $(r^{-1})^{ku^{-1}w}ku^{-1}w$ .

Now for $z\in Z^{n}$ , lct $\mu_{z}$ : $Rx(AN)^{k})arrow R\mathrm{x}(AN)^{k})$ denotc thc automorphism
which is induced by conjugation with $z$ inside the group $G$ . We compute:

$o_{w}(k,ru)z$ $=$ $(r^{-1})^{ku^{-1}w}ku^{-1}wz$

$=$ $(r^{-1})^{ku^{-1}w}(zk)u^{-1}w$

$=$ $o_{w}(zk, r^{z^{-1}}u)$

$=$ $o_{w}(zk, \mu_{z^{-1}}(r\mathrm{u}))$ .
Extending $\mu_{z}$ to an element of $\mathrm{A}\mathrm{u}\mathrm{t}(\mathcal{R}_{1})$ , we can thus write

(5.7) $o_{w}(k, ru)=o_{w}(z\mu_{z^{-1}}(k_{;}ru))$ .

This shows that $R_{z}$ : G– $G$ acts as an element of $\mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}_{1})$ on the fibers of (5.4).
Hence, $R_{G_{\mathrm{r}\mathrm{a}\mathrm{d}(lJ)}}\leq \mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}_{1})$ . In particular, this implies $R_{\mathrm{r}\mathrm{a}\mathrm{d}(H)}\leq \mathrm{A}\mathrm{f}\mathrm{f}(\mathcal{R}_{1})$ . $\square$

THEOREM 5.8. Let $M=G/H$ be a compact $aspher\dot{\tau}cal$ homogeneous space.
Then $M$ has an infra-solv fibcr space structure

$Sarrow Marrow(\mathbb{H}^{2})^{\ell}/\mathrm{p}_{Q}(H)$

over the locally symmetric orbifold $(\mathbb{H}^{2})^{\ell}/\mathrm{P}Q(H)$ with the infra-solv manifold $S=$

$\mathrm{r}a\mathrm{d}(H)\backslash \mathcal{R}_{1}$ as non-singular fiber.
PROOF. Theorem 5.3 and Lemma 5.5 imply that the data $X=G,$ $\Delta=\mathrm{r}\mathrm{a}\mathrm{d}(H)$ ,

$W=(\mathbb{H}^{2})^{p}$ with the $i\iota \mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of $R_{JI}$ on $G$ satisify thc conditions (1) $-(3)$ of Definition
3.1. That is., the structure fibration $Marrow(\mathbb{H}^{2})^{\ell}/\mathrm{p}_{Q}(H)$ turns $M$ into a fiber-space
with $\mathcal{R}_{1}$ -geometry. By Lemma 5.7, it also satisfies condition (4) with respect to
the decomposition (5.6). Therefore, the structure fibration actually inherits a $\mathcal{R}_{1^{-}}$

geometry. Finally, by equation (5.7), $hol(\mathrm{r}\mathrm{a}\mathrm{d}(H))\leq\mu(Z^{n})\leq \mathrm{A}\mathrm{u}\mathrm{t},(\mathcal{R}_{1})$ is a finite
group. Thus, the geometry on the fibers is infra-solv of type $\mathcal{R}_{1}$ . $\square$

We also get:
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COROLLARY 5.9. Let $\pi$ be the fundamental group of a compact aspherical ho-
mogeneous space. Let $\Delta=\mathrm{r}\mathrm{a}\mathrm{d}(\Pi)$ denote the discretc solvable radical of Ii. Then
$\Delta$ is a Wang group, and $\Theta=\Pi/\Delta$ is isomorphic to a lattice in, $(\mathrm{P}\mathrm{S}\mathrm{L}_{2}\mathrm{R})^{p}$ .

COROLLARY 5.10. The non-singular fiber of the structure fibration of an as-
pherical homogeneous space $\dagger,S$ diffeomorphic to $0$, solv-manifold.

Both corollaries are a consequence of:

PROPOSITION 5.11. The solvable radical of $\pi=H/H_{0}$ is a Wang group.

5.4. Rigidity of compact aspherical homogeneous manifolds. Let $G/If$

be a compact aspherical homogeneous manifold. By Theorem 5.8, $G/H$ has a infra-
soJv fiber space structure

rad $(H)\backslash \mathcal{R}_{1}arrow G/Harrow(\mathbb{H}^{2})^{\ell}/\mathrm{P}\mathrm{Q}(H)$

over the locally symmetric orbifold $(\mathbb{H}^{2})^{\ell}/\mathrm{p}_{Q}(H)$ , with the infra-solv manifold
rad $(H)\backslash \mathcal{R}_{1}$ as non-singular fiber.

We show in [3]:

LEMMA 5.12. $H\leq \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}(G, \mathcal{R}_{1}, T)$ .

Here $T\leq \mathrm{A}\mathrm{u}\mathrm{t}(R_{1})$ is defined as in section 3.2.1. Note that the fiber stabilising
group $\Delta$ is isomorphic to rad$(H)=H\cap \mathrm{D}\mathrm{i}\mathrm{f}\mathrm{f}^{1}(G, \mathcal{R}_{1})$ which is virtually solvable.

We now arrive at:

THEOREM 5.13. Let $h:Marrow M’$ be a homotopy-equivalence betw$\mathrm{e}en$ compact
aspherical homogeneous manifolds $M$ and $M’$ . Then there cxists $\mathit{0}$, diffeomorphism
$\Phi$ : $Marrow M’$ which is homotopic to $h$ .

PROOF. Let $M=G/H,$ $M’=G’/H’$ be presentations, and let $\phi$ : $H/H^{0}arrow$

$H^{\prime/}H^{\prime 0}$ correspond to the isomorphism of fundamental groups induced by $h$ . By
Theorcm 3.5 and the subscqucnt Proposition 3.6, there are two standard F-fibcr
space structures $(G/H^{0}, \mathrm{U}_{L}, H/H^{0}),$ $(c_{x}^{J}/H^{\prime 0}, \mathrm{U}_{L’}’, H’/H^{;0})$ , which are associated
to $M$ and $M$‘, accordingly. Note that the associated group extension $1arrow\Gammaarrow$

$\piarrow \mathrm{p}_{Q}(H)arrow 1$ is characteristic, since $\Gamma$ is the the radical of $\pi$ . Hence, the
isomorphism di is compatible with the fiber space structures on $M$ and $M$‘, and
it induces an isomorphism $\overline{\phi}$ : $\mathrm{p}_{Q}(H)arrow \mathrm{p}_{Q}(H’)$ . Now we need the following well
known fact, cf. $[3, 21]$ :

PROPOSITION 5.14. The smooth rigidity holds for the actions $(\mathrm{p}_{Q}(H), (\mathbb{H}_{\mathrm{R}}^{2})^{\ell})_{f}$

$(\mathrm{p}_{Q}(H’), (\mathbb{H}_{\mathrm{B}}^{2})^{\ell})$ .
Applying Theorem 4.4, we can construct an equivariant diffeomorphism $(f, \phi)$ :

$(G/H^{0}, \mathrm{U}_{L}, H/H^{0})arrow(c^{J}/H^{\prime^{0}}, \mathrm{U}_{L’}’, H’/H^{0}’)$ . In particular, $G/H$ is diffeomor-
phic t,o $G^{r\prime}/H’$ . $\square$
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