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Inner sequences and submodules

in the Hardy space over the bidisk
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Abstract

We deal with infinite sequences of inner functions {g;};>0 with the
property that g; is divisible by gj+1- It is shown that these sequences
have close relations to the module structure of the Hardy space over
the bidisk. This article is a résumé of recent papers. Some results of
this research were obtained in joint work with R. Yang (SUNY).

1 Preliminaries

Let D be the open unit disk in the complex plane C, and let H?(z) denote
the classical Hardy space over D with the variable z. The Hardy space
over the bidisk H? is the tensor product Hilbert space H?(z) ® H*(w) with
variables z and w. A closed subspace M of H? is called a submodule if M is
invariant under the action of multiplication operators of coordinate functions
z and w. Let R, (resp. R,) denote the restriction of the Toeplitz operator
T, (resp. T,)) to a submodule M. The quotient module N' = H?/M is
the orthogonal complement of a submodule M in H?, and let S, (resp. Sy)
denote the compression of T, (resp. To,) to N, that is, we set S, = PyT,|x

(resp. S, = PyTy|n) where Py denotes the orthogonal projection from H2
onto V.

2 Rudin’s submodule

Let M be the submodule consisting of all functions in H? which have a zero
of order greater than or equal to n at (o,,0) = (1 — n™3,0) for any positive
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integer n. This module was given by Rudin in [1], and he proved that this
is not finitely generated. Rudin’s submodule can be decomposed as follows

(t. B }
M =Y "@q;(2) H*(2)w’,
=0
where we set b,(2) = (on — 2)/(1 — an2), qo(2) = [[oo, b2 (2) and g;(2) =
gi-1(2)/ TTh; bn(2) for any positive integer j.
Regarding this submodule, the following are known (cf. [4]):

0p(S:) = {an : n > 1}, 0.(S;) = {1}, 0-(S;) =0

~and

IRz Rl =3 (1 Tla- n—3)2) |

L =1 n=j

Moreover, we have obtained the following in [2]:

0p(Sw) = {0}, 0.(Sw) = ﬁ\ {0}7 0, (Sw) =0

and

ISz, Sullls = ) (1 -]~ n*)“"“”) (1 -JIa- n“3)2>

j=1 n=j n=j
= -1+ (1 -TJa- n"3)2) .
J=1 n=j

3 Inner sequences

Definition 1 An infinite sequence of analytic functions {g;(z)};>o is called
an inner sequence if {g;(2)};>0 consists of inner functions and (g;/g;+1)(2) is
inner for any j.

We note that the above condition is equivalent to that g;(2)H?(z) is
contained in gj4+1(z)H?(2). Therefore every inner sequence {g;(z)};»o corre-



sponds to a submodule M in H? as follows:
M= Z ®g;(2) H*(2)w’.
=0

In this submodule, we can calculate many subjects of operator theory, ex-
actly.

Theorem 1 ([2, 3]) Let M be the submodule arising from an inner se-
- quence {g;(2)};>0. Then the following hold:

() 1RZ: Rulllz = 32520(1 — 1(g5/4541) (0)%),
(1) 183, Sulllz = 27261 = lgj+1(0)*) (1 = 1(g5/g541) (0)[).

Let goo(2) be the inner function defined as follows:

o0

4o (2)H(2) = | J 4;(2) H2(2).

j=0

Without loss of generality, we may assume that the first non-zero Taylor
coeflicient of g, (2) is positive.

Theorem 2 ([2]) Let N be the quotient module arising from an inner se-

quence {g;(2)};50. Then o(S,) = a(qo(z)), where o(qo(2)) is the spectrum of
qo(2), that is, 0(qo(2)) consists of all zero points of go(2) in D and all points

¢ on the unit circle 0D such that go(z) can not be continued analytically from
D to (.

Theorem 3 ([2]) Let N be the quotient module arising from an inner se-
quence {q;(2)};>0. |

(i) if gm(z) = 1 for some finite m, then |

GP(Sw) = {0}, 0c(Sw) =0 and or(Sw) =0,
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(i) if goo(2) =1 and q;(2) # 1 for any j, then
0p(Sw) = {0}, 0.(Sw) =D\ {0} and 0,(Sw) =0,
(i) #f goo(2) # 1 and g;(2) # qo(2) for some j, then
| 0p(Sw) = {0}, 0.(Su) = OD and 07(Sw) =D\ {0},
(iv) if 4;() = @l2) for any j, then
0p(Sw) =0, 0.(Sw) = 0D and 0,(Sw) =D.

Let 2 denote the weak closed subalgebra generated by S., S, and the
identity operator on A, and let %’ denote the commutant of 2.

Theorem 4 ([2]) Let N be the quotient module arising from an inner se-
quence {q;(2)};»0. Then A = A'. Moreover, for any element A in ', there
ezists a sequence of bounded analytic functions {@;(z)};>0 in H®(z) such
that A =350 Sp,(2)S5, in the weak operator topology.
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