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Dynamics of traveling pulses in heterogeneous
media of jump type
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Abstract

AT, 250 1| DR EBFRICBEN A B &/ OV AICER L, 85 A—
ANEMIE—BEJED IR VI IVVADIREBVRERT 3. TRE—HK
BRIOv TR UTEBRETR RER, BEZ MRV VIV RBIT A~
RDIE-REICE D IDDRIERTRT T LMoo e, JE—tic X2 EHN
VBB EFOHXEERITT SR V5 (Traveling) ZHi1), HEHPKE VS
7V ADHEETH AN EFIDO A & KIHH#EITT 2 KiEBlR (Rebound) H14E U
5. ETHIC, WERRKEEDIFE—HUNSZ LELEFIND VT INVRIEIHH
(Splitting) 3" 5.

1 FCHIC

RISH AR, BRADNRZ—VERPILERISROBRREZLRT 2685 FE
D—DTH3. AFRBRICHTIEEL ORENMTRONTED, BRALKRKHERE
TNTV3[1,2,3,4,8 9. ThEDHILLTIE, FINVYITIVVARAZ VT4
YIIWR, BERHT BV VVANEETECLENDHS. X6, BHREVRRE L
T, ZDD2VVALVERT B LIHRT 5 T EROREECTHERERENMNSN TV
[5]. ThSDFIROEPHICHELIZABLITONTED, Y RV — FRIKICElRE
FOCLROKEROIBEET 2 LENMENTVS [6, 7, 20).

CODEIBEELOHEDTONTVAILELNDDET, ERE—-REEEFRT
DIV ADTRBENCH LU TIEBE D HSNTWEVY. T T, AR TIE, 28 1 KT
DRISHERICREN A RER/ OVRICEB L, /85 A=A DB EHFE—RTIBED NS
NV TV ADEBENEEET S (Fig. 1 BR).

AFHE T OV R DRFEAND B K {E5N TV 5 Gray-Scott model & AL
TZEMFE— B R TO/VIVADRFBOEHIUHBRE VAKX A>Ty IRk B
ﬁfﬁﬁf%ﬁiwﬁfa'\‘é. FRMT R BFIIC T B Te D85 A— 2 DZEEIE—BHEIE T v

BLds.

BERMXOUTOBBRIILITOEDY TH 5. 2EBTEFNVOHAEITRE, 3ETIE
BHEEBRERERT. ABTR/UWVAEAF I v 7 A & B3 ERDBRANDBRIIC
ML TBNS. 5 BTN L 7= ARBRNOBETIC DN TENS. BEIC 6 BETHRKRNY
DELHEITFES.
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Figure 1: The solid line shows a profile traveling pulse scher atically. The dotted line
stands for the typical distribution of parameter & in our model system. Traveling pulses
meet the heterogeneity point. For the Gray-Scott model we r.>serve three different re-
sponses shown in Fig. 3

2 ETFIV
EHZETIE, 7OV ADHBEDLENE < M5NTWVS Gray-Scott 7V [10, 18] ZH
5. Gray-Scott T/, gel reactor POALERIER U+2V —»3VEV - P %
ERLIZLDTHB.

EMu=u(t,z) & v=0(tz) dFEMt LEMICEKEL, f>0& k> 085
A—~% D,>0, D, >0k 7 REKLTS. cDOL¥E, Gray-Scott ET/VIETRD &K
SICEERENS.

% =Dugz—l2‘§—uvz+f(1-—u),

Py dg" t>0, z€R, (1)
»_p2Y 2 _
5 —-D,,ax2 +uv (f + k(z))v,

CCTT, k3% o ICRE LTS k(o) =k+ex(z) £95. x & x(z) =1/(1+
exp(—vz)) with y > 0 £ LTEX 3 (Fig. 6). 73T A—R i@V ¥ VT OB ZHIE
L, v RIE—BUEDOEEERETS. e>0DLERIYVTT7 V7, e<0DLER
DX UTET Y, e =0 DL EREM—RITREICENETNRLT 5. ,
BUF, 7VARRERS T IicT B, VI T4 VE—R (u,v) = (1,0) TDH
RbhBEIIINTA—ZDHERILEE S (Fig. 2).
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Figure 2: The nullclines of (1) for ¢ = 0 intersect at only one point (x, v) = (1,0);
v=(f +k)/u and v = y/f(1 — u)/u do not intersect.

3 PUEEER

3.1 Homogeneous case

LIS, 789 A—ZDEHZEM—BTHE, THabERX (1) KBV T e=0DHEZ
EZ2D., BUEBRTI, D, =5.0x 1071, D, = 2.5 x 1071, 7 = 1.007734, B$HiZIH
At = 0.05 £ LT Neumann ER&M L35, #HEAF— LI Crank-Nicolson %%
AT
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RS RA—R fRERL, k DBEBLERTHD L 3DDY S ADLE IVAHE
BWTES. k=0.0550 DL %3535 (Fig. 3(a)), k = 0.0560 DL EF R FNY T
7OV (Fig. 3(b)) DY, k = 0.0570 D& FZAZ YT 1 V79V (Fig. 3(c)) B EN
FBIEREND. ST A—K k& fRELEETLEDRIRII Fig. 4 DX IICED.
Fig. 4 O SN-line &% F)b ./ — F 3l S%, DR-ine i3 F U 7 hIRRQERL TN D.
INEDMIERIE S 2 — b ViER VT HESEIC X DR, Fig. 4 O splitting T8
B & traveling SEEDRIC H % SR Hopf 7R TH%. SN-line & DR-linc DR &
I codim 2 TH D, BLF (k, f) ~ (0.057833,0.0291) TH 5.

f=0026%BEETSL, ¥ Kb/ — FHBAIZ k ~ 5.65092% 1072, FU 7 M7k
Fid k=~ 5.65746x 1072 2715, k < 0.05543 T, 7OVADZHT 5. k = 0.05543 »
5k~ 0.05657 T, F SV VI OVADMAET %. k=~ 0.056509 05 k = 0.05833
T, AR VT4 VT IWVADBMEIET 3. & 5IT k > 0.05833 TH,(1,0) HHE—DfE
rixd. BHERIZE (8, 18, 19) H 5, T A—&R f RELETRDLITRREAAT
Sy TABBITES C LAHIBNT VS, A DOBUNKERIGBEZFIZE L AR DR
LixoTWA.

Fig. 51 f = 0.026 D& ZDREX b I VTV ADERALE— FEZRL T
3. CORDEEMAY—FRIZ EICHLUTERARBDTHT LHONS. k=~ 0.056574
KT RY 7 bR ECT/ VAL B EHT.

UFTREERFSIANY Y FIOVRICEETADT, REZ R IRV T IVA
BIEET %735 A— 258, f = 0.026, 0.0555 < k < 0.0565 & L T#HREED 5.

20004 ¥ 20004 = 20004,

Figure 3: Dynamics of system (1) observed with numeric calculations for f = 0.026,
€ =0, At = 0.05 and Az = 0.25. (a) Splitting pulse (k = 0.0550), (b) Traveling pulse
(k = 0.0560) and (c) Standing pulse (k = 0.0570)

3.2 Heterogeneous case

Kic, & (1) KBWT e £ 0DHPAZEEX 5. Homogeneous DFE LFEMIC, Dy =
5.0x 101, D, = 2.5x 10~1, 7 = 1.007734, At = 0.05 £ LT Crank-Nicholson % H]
WTEIEEEZTTS. f=0.020ZBEE L Tk EELETE TS L, 0.0550 < k < 0.05650
DEERTRER F IR VY FIRAVNEET 5. TTT, k(z) DEXIE v iZ X D HlE
5. LTOBESETIE, v =50 CEET S (Fig. 6).
kDOAKEXLIvTDEE clc&k>T, FINU Y FTIYVADRIHE 3 DDT TR
BT %%, #h 5%, penetration, splitting, rcbound LFEST LIi2F 5 (Fig. 8).
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Figurc 4: (k, f)-phase diagram. Here DR-line is the drift-bifurcation line, and SN-line
is the saddle-node bifurcation line. The boundary between the splitting domain and the
traveling domain is a Hopf bifurcation line. The cross point between DR-line and SN-line
is the codim 2 point.

+4K%7% ¢ > 0 (jump-up) Tl rebound HHEN, /NEX € > 0 (jump-up) Tl
penctration B3N 5. Fig. Tid e 2.0 x 107455 1.2 x 1073 A TERILT RO
RiEEHELTWVWA. Fig. 83 kL e BENEFNEILERT L EDHERTHS. e< 0
(jump-down) TIZHIC penctration BHEND. e < 0ZPME LT EBLRERE S
R VT IOVABMEE LRz, Fig. 8 IV T penetration 80D FORISKIT 4
HEZoTW5.

4 BHIBEDINOEN

COETIRERBPE—BBREEPTO RSN VTNV ADRIGZRANS. BEEFEHED
BY RV — RPEH OVADHBICBEL TR T kL, FUT kD A%
VFLVTINADE R IR VT IOVANDERICERD T ENGN>T V5. £
TY RIV/—RRilke FU 7 MEHRIRHCEE 5735 A—& (codim 2) ICEB LT
BRI 2D S,

—RORISHLEARXZUTOL S ICERT 5.

us = Dug, + F(u; k) =: A(u;k), t>0, z€R, (2)

CCT, X = {PR)W, u=(u, - ,un)T € X & NRFERZ MV, D Efff
135, F: RN — RN %7 N VBB, k = (ky + ex(z), ko) ET 5. 772U, ku, ko,
e € R and x(z), O B(L T 3. (2) IS LT (S1) ~ (S4) BRET 3.

(S1) EHEIOVRERD S(z;k) DEHEL, 5 k = ke == (k,k2) € R2iICBWVT
A(S; k) = 0. BETZT.
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Figure 5: The propagating speed of the pulse of Gray-Scott system (1) for f = 0.026 and
e = 0. The drift bifurcation occurs at k = 0.056574.
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Figure 6: The profile of x(z) for v = 5.0.

(2) & k =k AFETEXBTD, /137 A=K 1= (1, m2) ERAVT, b=k +m
and kg = ko + 12 £ T 5. FTAHE, (2) BUTFOLSICBEERS.

uy = A(u; ke) + (M1 + ex()) gy (@) + 1292 (w), (3)

TTT,g; & gyld NRFRY MUVERBTHS. LZu=S5k=koicBl}5 AD
WELIERZ L T 5.

(S2) L DARY MF 2 DDEE, 01 = {0} & 02 C {u € C; Re(u) < —} 25
%, 221, v REDME.

(S3) Li k = k. iKBWVT 3DDLOEAEEED. TATIICHLT 5EHBH
d(x), ¥(z), &(z) FRONZHELT:

L=0, Lp=—¢, LE=0.

d(z) & ¢(x) (ZFRAK, &(z) RBEBTHS. XL ¢ = 05/0z.
L CELTOLERONBRET. $abb, BEME ¢, &, ¢v* BROXE
?ﬁ'f@é‘:
¢*(z) & v*(z) (TETBIH, € (o) XBBKRTDHS.
(S4) [FABI%K ¢, ¢*, ¥, ¥*, §, and & DETNFNDOBRIIIRBIULT 5.
Gray-Scott EFIVDEA, codim 2iCFVF 3 L* DEEMEIL Fig. 90X 3 c& 5.
PEDIREDS &, FERMNT (2) DISIWVARELUTOL S ITRET 5.

u=S(z —p)+qy(z — p) +ré(z —p) + {1z —p) +w, C(4)
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Figure 7: Heterogeneity causes a variety of pulse dynamics. (a) Penetration (f =
0.026, k = 0.0557, € = 2.0 x 10™*), (b) Splitting (f = 0.026,k = 0.0557,¢ = 7.0 X 107%), (c)
Rebound (f = 0.026,k = 0.0557,¢ = 1.2 X 1073). The coefficient k(z) for the Gray-Scott
model (1) has a heterogeneity of jump type as in Fig. 1, which exists at the center of the
interval. The integrations are carried out with At = 0.05, —50 < z < 50 and Az = 0.125.

TTT,pqridt DAAT—BBTHD, ¢t = PG+l + ars + mls + més.
¢ € B BROBGRXERICT:

Lot sF S 44 = aif,

G+ F(S)E = asf,

LG+ F'S)y-t+& = asy+aze,
Lis+9:(8) = oauf,
L{s +92(8) = os¢.

272U ,a; and o ZRDOBFAZRZT:

AP + e, £) =0, (GF(S)E* = cak, £ =0,

(F"(8)y - & + & — sy, ¢*) =0, (F'(SW- &+ & — e, ¥*) =0,
(gl(s) - a4€7 f*) =0, (gz(S) — 055, f‘) = ().

(4) & (3) CARAL, BT L,
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Figure 8: Response of the pulse in heterogeneous media for the Gray-Scott model with
k(z) given by (1) with respect to k and e.
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Figure 9: The profiles of the associated adjoint cigenfunctions at the codim 2 point

for the Gray-Scott model. The black and gray line are for v-componcent and u-
component respectively.

1 . 1 _K+61+aé IC]_I

+0 (10 + 1w + 03/ + el (1ol + ] + Inlz + D),
) b= p(sps + 01w) + €eT'1(p)

+0 (1o + (ol + ] + [ml2) (10 + wf* + Inf3"%) + lel ol + ] + Imla +1¢]) ),
W = pg +w? — 020% + ['3(p)

+0 (ol + kol + Inla)(1pl® + |l + nf3/*) + el + Il + Inlz + IeD)

(5)



T T T, s =sign|[Cy] = £1, C1,Cy, C3 I3EH,
o) = [ x(@ax(S(a=p) 9"z - i,
N = [ x@)an(Sa-r) -8~ )s ®)
N = [ x)a(Sle ) - Ee - )i )

LEBEFTES. B8P, qld plc, ri3wic, BREBRETH 2.
Fig. 91CB\T, 6; ~0.93, 6, = 0.11 £ x> TV B b RDRERBL.

(S5) Cl T,é 0 75\9, Cz, 01, 02 >0&95.

+43/N& 7% py and take g = O([p1|*7%) and € = O(|u1|>7) BEA BT LIC &K
D, (5) DE—RIL, O(p) BEEMEIxB T, p DARDOFZEITS. N L
SRICELTIE, p=0(m'™) & w=0(|u|* V) BEAB T LICED, |m|> &b
LERDEXERTS. 75L&, (5) DEREDI,

13=P/CZ,

p = p(sp1 + 01w) + €e'1(p), (8)
W = pg +w? — Oap% + el'a(p),

%3,

LTW3. (6) & (7) B EMIE—REORBIEREN TS, E5IC, (8) I—HR
THRENTWA D EDE S BHOEMIE—RMEICHT L THLBARIRETH S.

5 AR ORMN

5.1 Homogeneous case
R UBIC, 785 A—RHEM—REBBEEZ S, e=0THBDT (8) RN IC
15.

p = p(sp1 + b1w), )
W= pg +w? — O2p°.

p=0XEHE/ VARG L, p# O R SRNY V FIOVABICIIET 5. (8) A
5, REEREE IV AR
Ef i (p, w) = (0, +v—p2),
Thb, RERERE WVARZ
E; i (p, w) = (0, —V—pa).

LBBC LN G, CHBIEY FV) — RO ug = 0 Tbd. hIY VY
IIVRICH T AR

55+ o, ) = (/a4 278D s, o /01) (10)

LIt pp=—p2/021CT, Ef BRRV T bEERTTTENTNS.
SiEREEXACEFNTHSB L Fig. 10(a) D& S ICE 5. Fig. 10(b) &7 RN
DFEE L I ILICFNTNAMIGT BT MVBORTFZRL TS,

p I/ VVADMBIC, p IB/SAADAE—RIC, w EFRBHOKEZILENTNLG
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Figure 10: Schematic bifurcation diagram (Fig. a) and Phase portrait (Fig. b) for (9) with
fixed sp1 > 0. Here SSP and USP are stable and unstable standing pulse respectively. STP
is stable traveling pulse. Gray line corresponds to existence region of STP, and dark gray
line is for SSP. Black and white circles indicate stable and unstable solution respectively.
In Region II, unstable manifolds emanating from Ef: connect to Ef
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5.2 Heterogeneous case

Kic, TERPE—-RITIEeEEXD. TORE, I(p) & Da(p) DHEEEERT SHEDN
55, BUEERM ST, & T O Fig. 11 £2->TWAI LATNB. EHIC S(z)
HMBRIYL, ¢* HEFRAE, & BB TH BT LESERAT, ROREZBAT 5.

(S6) I'y(p) EIFEMIMBTH YD, p— oo ICT OITUURL, T5. D p=0ICTin
IMER L. Ta(p) RIFEMEBEBTHY, p— —00lCTO IR L, p— +oo i
TRDEEREZHD Ty ICIERT 5.
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Figure 11: The profiles of the heterogeneous perturbations for jump type. Here black line
is for T'1, and gray line is for I'z. This figure is obtained by numerical computation of the

Gray-Scott model.

- limp s yoo T1(p) =0 & limp 400 I'2(p) = T <0 THABT & HFHRUL,

Ef:(pw) = (0, Ty —pz — 61—"2) ,
Ef:(pw) = (:l:\/(uz + el'z + p2/6%) /62, -u1/01) .

LB, po —oo kBB R IR Y IIOVAMIE By IKHIET B, HRFE—HRED
FOHBO p It BV TR CZOK S HEHRARBEELZL.

LIRE, WIEAZME X LT p(0) 2+ Rk ERALME, p(0) >0, w(0) <0&F5. TTT,
Penetration, splitting, rebound &Y 5.

Definition 5.1 t — 400 i LT (p,w) H EF ICINRT B L &, penetration 15 .
Definition 5.2 p & w DT AKREL wrp> 1 ol L&, splitting 1 5.
Definition 5.3 t — 400 I LT, (p,w) B Ey WY 5 & &, rebound &\ 5.

Fig. 12 i (8) DR T% 5. Penetration, splitting, rebound FREAYFLE L, split-
ting §B18iH° penetration FEI & rebound FEBIOMICEFHET BT & H 5. COT L
W5 (8) i2® L D PDE (1) 25 EL ML TVBT LAADMS. Fig. 13 IZIRAMIC
BT 21— XDBRTFTHS.

T TOBIIEBTIZEMNIE—-REDORE L  ZEIETHT LICKD/VUVAD
RISHRBTE . (8) DI S EMIE—RIEE I & el DFICK>TRENS T
LHbhE. e REILEEBRDDICY v T (ZRIE—HE) DEE I x(z) D
yEELERBCETEINETLARDRISEHD T LN TES. Fig. 4R (1)1
BT e # rebound BEUBEICEE L THWT v ZEILERTIIBEDRISTH S.
';/;Z”J\?S ¢ 3T & T rebound H* 5 penetration NF A F Iy Y ADNELTH LA
Dh3.
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Figure 12: Phase diagram for (8) with parameter values corresponding to the Gray-Scott
model. Here p1 = —0.1, s = —1, §; = 0.93, §2 = 0.11, C> = 0.85. SSP stands for stable
standing pulse, DR means drift bifurcation, and SN presents saddle-node bifurcation.
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Figure 13: Schematic phase portrait for (8). Black and white circles indicate stable and
unstable stationary solutions respectively.
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AT ZE IR L0y UL R DR TN, TRISE— RIS v o TR
BT EIEEBRE T Tr. BIEEBR Y ) UVA LA F I v & R X BN 5, UL
A D penetration, splitting, rebound O 3 DDV 5 ABEFEHT BT EHTH -

7=.

ISWABAF Iy JRC KBTI R 7 bl & F)L ./ — R Ik RIEFIC

22 3 codim 2 DIAETILBI LIT » F. T O TIZeiIE—REIZ Y D & 5 %2
TEZNTEHhEDRVEY, —ROEMFE—HFUBEE L CHRTIEHTES.
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Figure 14: When the slope of heterogeneity becomes less steep, the pulse can penetrate.
The profile of x(z) is illustrated by (a). For f = 0.026,k = 0.05652,¢ = 3.2 x 107", the
pulse penetrate when v = 1 (see (b)), however it turns back when v =5 (see (c)).
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