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Abstract

Our main objective in this lecture is to present some interesting recent
developments concerning inclusion relationships, coefficient bounds, and
neighborhood properties $\mathfrak{B}8\mathrm{O}\mathrm{C}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ with certain families of univalent and
p–valent analytic functions of complex order. Some of the various analytic
and multivalent function classes, which are considered in this lecture, are
defined by means of the familiar Ruscheweyh derivative operator and its
suitably extended $\mathrm{v}\mathrm{e}\mathrm{r}8\mathrm{i}\mathrm{o}\mathrm{n}$ applicable to $\Psi$-valently analytic functions. Several
corollaries and consequences of the main results, including relationships with
known results, will $\mathrm{d}80$ be considered briefly.
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1. Introduction, Deflnitions and Preliminaries

Let $\mathcal{T}(n,p)$ denote the class of (normaltzed) functions $f$ of the form:

$f(z)=z^{\mathrm{p}}- \sum_{k=n+\mathrm{p}}^{\infty}a_{k}z^{k}$ (1.1)

$(a\iota\geqq 0;k\in \mathrm{N}\backslash \{1, \cdots,n+p-1\};n,p\in \mathrm{N};\mathrm{N}:=\{1,2,3, \cdots\})$ ,
which are andytic and p–valent in the open unit disk

$\mathrm{U}:=$ { $z:z\in \mathrm{C}$ and $|z|<1$}.
Throughout this $\mathrm{p}\mathrm{r}\infty \mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ , we shall make use of the following simplified notations:

$\mathcal{T}(n, 1)=:\mathcal{T}(n),$ $\mathcal{T}(1,p)=:\mathcal{T}_{\mathrm{p}}$ and $\mathcal{T}(1,1)=\mathcal{T}_{1}=\mathcal{T}\langle 1)=:\mathcal{T}$.
Following the earlier investigations by Goodman [10] and Ruscheweyh [18], we first define

the $(n, \delta)$-neighborhood of a function $f\in \mathcal{T}(n)$ by (see also [2], [3], [4], and [20])

$N_{n\beta}(f):=\{g:g\in \mathcal{T}(n),$ $g(z)=z- \sum_{k=\mathfrak{n}+1}^{\infty}b_{k^{Z^{k}}}$ and $\sum_{k=n+1}^{\infty}k|a_{k}-b_{k}|\leqq\delta\}$ . (1.2)

In particular, for the $identi\ovalbox{\tt\small REJECT}$ function
$e(z)=z$, (1.3)

we immediately have

$N_{n.\delta}(e):=\{g:g\in \mathcal{T}(n),$ $g(z)=z- \sum_{k=n+1}^{\infty}b_{k}z^{k}$ and $\sum_{k=\mathrm{n}+1}^{\infty}k|b_{k}|\leqq\delta\}$ . (1.4)

The above concept of $(n,\delta)$-neighborhoods was extended and applied recently to families
of analytically multivalent functions by Altintae et al. [6] and to families of memmofphicdly
multivalent functions by Liu and Srivagtava ([12] and [13]) (see also the more recent works
[17] and [23] $)$ . Thus, more generally, we can also define the $(n, \delta)$-neighborhood of a function
$f(z)\in \mathcal{T}(n,p)(p\in \mathrm{N})$ by means of the following equation:

$N_{\hslash,\delta}(f;p):= \{g:g\in \mathcal{T}(n,p):g(z)=z^{\mathrm{p}}-\sum_{k=n+\mathrm{p}}^{\infty}b_{k^{Z^{k}}}$ and $\sum_{k=n+p}^{\infty}k|a_{k}-b_{k}|\leqq\delta\}$ ,

(1.5)
so that, obviously,

$N_{\mathrm{n}\beta}(h;p):=\{g:g\in \mathcal{T}(n,p)$ : $g(z)=z^{\mathrm{p}}- \sum_{k=\mathfrak{n}+\mathrm{p}}^{\infty}b_{k}z^{k}$ and $\sum_{k=n+\mathrm{p}}^{\infty}k|b_{k}|\leqq\delta\}$ , (i.6)

where [ $\epsilon f$. Equation (1.3) above]
$h(z)=z^{p}$ $(p\in \mathrm{N})$ (1.7)
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denotes the corresponding identity function.
In Sections 2 and 3 of this presentation, we propose to investigate the $(n, \delta)$-neighborhoods

of several subclasses of the class $\mathcal{T}(n)$ of normalized analytic and univalent functions in
$\mathrm{U}$ with negative and missing coefficients, which are introduced here by making $\mathrm{U}8\mathrm{e}$ of
the Ruscheweyh derivative operator defined by (1.14) or (1.15) below. The rest of this
paper deak mainly with the coefficient bounds and inclusion relationships involving the
$(n,\delta)$-neighborhoods $N_{n,\delta}(h;p)$ and $N_{n,\delta}(f;p)$ for two other subclasses of the function class
$\mathcal{T}(n,p)$ , which are introduced in Section 4 of this presentation.

First of all, we say that a function $f\in \mathcal{T}(n)$ is $sta;\{\phi e$ of complex order 7 $(\gamma\in \mathrm{C}\backslash \{0\})$ ,
that is, $f\in S_{n}^{k}(\gamma)$ , if it also satisfies the following inequality:

$\Re(1+\frac{1}{\gamma}[\frac{z[’(z)}{f(z)}-1])>0$ ($z\epsilon \mathrm{U}$; or $\epsilon \mathrm{C}\backslash \{0\}$ ). (1.8)

Furthermore, a function $f$ $\in$ $\mathcal{T}(n)$ is said to be convex of complex order 7
$(\gamma\in \mathrm{C}\backslash \{0\})$ , that is, $f\in C_{n}(\gamma)$ , if it also satisfies the following inequality:

$\Re(1+\frac{1}{\gamma}[\frac{zf’’(z)}{f\langle z)},])>0$ $(z\in \mathrm{U};\gamma\in \mathrm{C}\backslash \{0\})$. (1.9)

The classes $S_{n}^{\star}(\gamma)$ and $C_{n}(\gamma)\epsilon \mathrm{t}\mathrm{e}\mathrm{m}$ essentially from the classes of starlike and
convex functions of complex order, which were considered earlier by Nasr and Aouf [15]
and Wiatrowski [24], respectively (see also [5], [7], [8], [14] and [16] and the relevant other
citations in each of these works).

Let $S_{n}(\gamma, \alpha,\mu, \beta)$ denote the subclass of the function class $\mathcal{T}(n)$ consisting of functions
$f(z)$ which $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\theta$ the following inequality:

$| \frac{1}{\gamma}$ ( $\frac{\alpha\mu z^{\theta}f’’’(z)+(\mathit{2}\alpha\mu+\alpha-\mu)z^{2}f’’(z)+zf’(z)}{\alpha\mu z^{2}f^{n}(z)+(\alpha-\mu)zf(z)+(1-\alpha+\mu)f(z)}$, – $1$) $|<\beta$ (1.10)

$(z\in \mathrm{U};\gamma\epsilon \mathrm{C}\backslash \{0\};0\leqq\mu\leqq\alpha;0<\beta\leqq 1)$ .
Suppose also that $R_{n}(\gamma,\alpha,\mu,\beta)$ denotes the subclass of the function class $\mathcal{T}(n)\infty \mathrm{n}\mathrm{s}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$

of functions $f\langle z$) which $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\phi$ the the following inequality:

$| \frac{1}{\gamma}(\alpha\mu z^{2}f^{m}(z)+(2\alpha\mu+\alpha-\mu)zf^{n}(z)+f’(z)-1)|<\beta$ (1.11)

$(z\in \mathrm{U};\gamma\in \mathrm{C}\backslash \{0\} ; 0\leqq\mu\leqq \alpha; 0<\beta\leqq 1)$ .
The classes $\mathrm{f}\mathrm{i}(\gamma,\alpha,\mu,\beta)$ and $\mathcal{R}_{n}(\gamma,\alpha, \mu,\beta)$ were studied recently by Orhan and Kamali [16].

Next, for the functions $f_{j}(z)(j=1,\mathit{2})$ given by

$f_{\dot{g}}(z)=z+ \sum_{k=2}^{\infty}a_{k,j}z^{k}$ {$j=1,2)$, (1.12)
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we denote by $(f_{1}\star f_{2})(z)$ the Hadamard product (or convolution) of $f_{1}(z)$ and $f_{2}(z)$ , defined
by

$(f_{1} \star f_{2})(z):=z+\sum_{k=2}^{\infty}a_{k,1}a_{k,2}z^{k}=:(f_{2}\star f_{1})(z)$ . (1.13)

Thus the Ruscheweyh derivative operator
$D^{\lambda}:\mathcal{T}arrow \mathcal{T}$ $(\mathcal{T}:=\mathcal{T}(1)=\mathcal{T}_{1}=\mathcal{T}(1,1))$

is defined by

$D^{\lambda}f(z):= \frac{z}{(1-z)^{\lambda+1}}\star f(z)$ $(\lambda>-1;f\in \mathcal{T})$ . (1.14)

or, equivalently, by

$D^{\lambda}f(z):=z- \sum_{k=2}^{\infty}a_{k}z^{k}$ $(\lambda>-1;f\in \mathcal{T})$ (1.15)

for a function $f\in \mathcal{T}$ of the form (1.1). Here, and in what follows, we make use of the
following standard notation for a binomial coefficient:

$:= \frac{\kappa(\kappa-1)\cdots(\kappa-n+1)}{n!}$ $(\kappa\in \mathrm{G}n\in \mathrm{R}:=\mathrm{N}\cup\{0\})$ . (1.16)

In particular, we have

$D^{n}f(z)= \frac{z(z^{n-1}f(z))^{(n)}}{n!}$
$(n\in \mathrm{R})$ . (1.17)

Finally, in terms of the Ruscheweyh derivative operator $D^{\lambda}(\lambda>-1)$ defined by (1.14) or
(1.15) above, let $S_{n}(\gamma, \lambda,\alpha,\mu, \beta)$ denote the subclass of the function class $\mathcal{T}(n)$ consisting of
functions $f(z)$ which satisfy the following inequality:

$| \frac{1}{\gamma}(,,\frac{\alpha\mu z^{\mathrm{s}}(D^{\lambda}f(z))’’’+(\mathit{2}\alpha\mu+\alpha-\mu)z^{2}(D^{\lambda}f(z))^{n}+z(D^{\lambda}f(z))’}{\alpha\mu z^{2}(D^{\lambda}f(z))+(\alpha-\mu)z(D^{\lambda}f(z))+(1-\alpha+\mu)D^{\lambda}f\{z)},-1|<\beta$ (1.18)

$(z\in \mathrm{U};\gamma\epsilon \mathrm{C}\backslash \{0\};\lambda>-1;0<\beta\leqq 1;0\leqq\mu\leqq\alpha)$ .
Also let $\mathcal{R}_{\mathrm{n}}(\gamma, \lambda, \alpha,\mu,\beta)$ denote the subdass of the function class $\mathcal{T}(n)$ consisting of functions
$f(z)$ which satisfy the following inequality:

$| \frac{1}{\gamma}(\alpha\mu z^{2}(D^{\lambda}f(z))’’’+(\mathit{2}\alpha\mu+\alpha-\mu)z(D^{\lambda}f(z))’’+(D^{\lambda}f(z))’-1|<\beta$ (1.19)

$(z\in \mathrm{U};\gamma\in \mathrm{C}\backslash \{0\};\lambda>-1;0<\beta\leqq 1;0\leqq\mu\leqq\alpha)$ .
Various $fi\iota\hslash her$ subclasses of the function class $S_{n}(\gamma, \lambda, \alpha,\mu, \beta)$ with

$\gamma=1$ and $\alpha=\mu=0$ (1.20)
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were studied in many earlier works (cf., $e.g.,$ $[9],$ $[11\mathrm{J}, [21]$ and [22]; see also the references
cited in each of these earlier works). Clearly, in these cases of (for example) the class
$S_{n}(\gamma, \lambda, \alpha, \mu, \beta)$ , we have the following relationships:

$S_{n}(\gamma, 0,0,0,1)\subset S_{n}^{k}(\gamma)$ and $S_{\hslash}(\gamma, 0,1,0,1)\subset C_{n}(\gamma)$ (1.21)

$(n\in \mathrm{N};\gamma\epsilon \mathrm{C}\backslash \{0\})$ .

2. Inclusion Relationships Involving the $(n, \delta)$-Neighborhood $N_{n,\delta}(e)$

In our investigation of the inclusion relationships involving the $(n, \delta)$-neighborhood $N_{n,\delta}(e)$

defined by (1.4), we shall require the following lemmas.
Lemma 1. Let $f\in \mathcal{T}(n)$ be defined by (1.1) (with $p=1$). Then $f$ is in the class

$S_{\mathfrak{n}}(\gamma, \lambda,\alpha,\mu, \beta)$ if and only if

$\sum_{k=n+1}^{\infty}\eta\langle k$) $a_{k}\leqq\beta|\gamma|$ , (2.1)

where

$\eta=\eta\langle k):=(\alpha\mu k^{3}+(\alpha-\mu-2\alpha\mu+\alpha\mu\beta|\gamma|)k^{2}$

$+(\alpha\mu-2\alpha-2\mu+1+(\alpha-\mu-\alpha\mu)\beta|\gamma|)k+(1-\alpha+\mu)\{\beta|\gamma|-1))$ .

$P|vof$. We first suppose that $f\in S_{\mathfrak{n}}(\gamma, \lambda, \alpha,\mu, \beta)$. Then, by appealing to the condition
(1.18), we readily flnd that

$\Re(\frac{\alpha\mu z^{\theta}(D^{\lambda}f(z))^{u\prime}+(2\alpha\mu+\alpha-\mu)z^{2}(D^{\lambda}f(z))’’+z(D^{\lambda}f(z))’}{\alpha\mu z^{2}(D^{\lambda}f(z))^{l\prime}+(a-\mu)z(D^{\lambda}f(z))+(1-\alpha+\mu)D^{\lambda}f\langle z)},-1)$

$>-\beta|\gamma|$ $(z\in \mathrm{U})$ (2.2)

or, equivalently, that

$\Re(_{(\begin{array}{l}\overline{\lambda+k-1}k-1\end{array})k}^{-\sum_{k=n+1}^{\infty}(_{k1}^{\lambda+k-1})[a\mu k^{S}+(\alpha-\mu-2\alpha\mu)k^{2}+(\alpha\mu-2\alpha+2\mu+1)k-(1-\alpha+\mu)]a_{k}z^{k}}z=\sum_{k=\mathfrak{n}+1}^{\infty}[a\mu k^{2}+(\alpha-\mu-a\mu)k+(1-a+\mu)]a_{k}z)$

$>-\beta|\gamma|$ $\langle$ $z\in \mathrm{u})$ , (2.3)

where we have made use of the explicit representation (1.15) and the deflnition (1.1) (Wtth
$p=1)$ . We now choose values of $z$ on the real axis and let $zarrow 1$-through $\ovalbox{\tt\small REJECT}$ values.
Then the inequality (2.3) immediately yields the desired condition (2.1).
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Conversely, by applying the hypothoeis (2.1) and letting $|z|=1$ , we find that

$|, \frac{\alpha\mu z^{3}(D^{\lambda}f(z))^{m}+(\mathit{2}\alpha\mu+\alpha-\mu)z^{2}(D^{\lambda}f(z))’’’+z(D^{\lambda}f(z))’}{\alpha\mu z^{2}(D^{\lambda}f(z))’+(\alpha-\mu)z(D^{\lambda}f(z))+(1-\alpha+\mu)D^{\lambda}f(z)},-1|$

$=| \frac{\sum_{k=n+1}^{\infty}(\begin{array}{ll}\lambda+k -1k -1\end{array})[\alpha\mu k^{\theta}+(\alpha-\mu-2\alpha\mu)k^{2}+(\alpha\mu-\mathit{2}\alpha+2\mu+1)k-(1-\alpha+\mu)]a_{k}z^{k}}{1-\sum_{k=n+1}^{\infty}(\begin{array}{ll}\lambda+k -1k -\mathrm{l}\end{array})[\alpha\mu k^{2}+(\alpha-\mu-\alpha\mu)k+(1-\alpha+\mu)]a_{k}z^{k}}|$

$\leqq\frac{\beta|r|[1-\sum_{h=’\iota+1}^{\infty}[\alpha\mu k^{2}+(\alpha-\mu-\alpha\mu)k+(1-\alpha+\mu)\mathrm{J}a*]}{1-\sum_{\llcorner-\mathfrak{n}+1}^{\infty}[\alpha\mu k^{2}+(\alpha-\mu-\alpha\mu)k+(1-\alpha+\mu)]a_{k}}$

$\leqq\beta|\gamma|$ . (2.4)
Hence, by the maximum mdulus $p\dot{n}n\dot{\alpha p}le$ , we have

$f\in S_{n}(\gamma, \lambda, \alpha,\mu,\beta)$ ,
whii evidently completae the proof of kmma 1.

Similarly, we can prove the following raeult.
Lemma 2. Let the flnction $f\in \mathcal{T}(n)$ be defined by $\langle$ 1.1) $(|\mathit{1}\dot{n}thp=1)$ . Then $f\dot{u}$ in the

class $\mathcal{R}_{n}(\gamma, \lambda, \alpha,\mu,\beta)$ if only if

$\sum_{k=n+1}^{\infty}[\alpha\mu k^{\mathrm{a}}+(\alpha-\mu-\alpha\mu)k^{2}+(1-\alpha+\mu)k]a_{k}\leqq\beta|\gamma|$ . (2.5)

Remark 1. A specid case of Lemma 1 when
$n=1,$ $\mu=\alpha=0,$ $\gamma=1$ td $\beta=1-c$ $(0\leqq c<1)$

$\mathrm{w}\mathrm{a}8$ given by Ahuja [1]. Furthermooe, in Lemma 1 with
$n=1,$ $\mu=\alpha=0,$ $\gamma=1$ and $\beta=1-c$ $(0\prec=^{C}<1)$ ,

if we aet
$\lambda=0$ and $\lambda=1$ .

$m\mathrm{o}\mathrm{b}\mathrm{t}\dot{\mathrm{a}}\mathrm{n}$ the relatively more familiar raeult\S of Silverman [19].
Our firt main rrult i8 $\dot{p}\mathrm{v}\mathrm{e}\mathrm{n}$ by $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}1$ below.
$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}1.$ ff

$\delta:=\frac{(n+1)\beta|\gamma|}{(\begin{array}{l}\lambda+nn\end{array})\rho}$

, (2.6.)
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then
$S_{\mathrm{n}}(\gamma, \lambda,\alpha,\mu,\beta)\subset N_{n,\delta}(e)$ , (2.7)

where

$\rho:=[\alpha\mu(n+1)^{\theta}+(\alpha\mu\beta|\gamma|+\alpha-\mu-2\alpha\mu)(n+1)^{2}$

$+((\alpha-\mu-a\mu)\beta|\gamma|+1-2\alpha+2\mu+\alpha\mu)(n+1)$

$+(1-\alpha+\mu)(\beta|\gamma|-1)]$ . (2.8)

Proof. For a function $f\epsilon S_{\hslash}(\gamma, \lambda, \alpha,\mu,\beta)$ of the form (1.1) (with $p=1$) and for $\rho$ defined
already by (2.8), Lemma 1 immediately yields

$\rho\sum_{k=n+1}^{\infty}a_{k}\leqq\beta|\gamma|$ ,

so that

$\sum_{k=n+1}^{\infty}a_{k}\leqq\frac{\beta|\gamma|}{(\begin{array}{l}\lambda+nn\end{array})\rho}$

. (2.9)

On the other hand, we also find from (2.1) that

$\tau\sum_{k=\hslash+1}^{\infty}ka_{b}\leqq\beta|\gamma|$ ,

where

$\tau=[\alpha\mu(n+1)^{2}+(\alpha\mu\beta|\gamma|+\alpha-\mu-2\alpha\mu)(n+1)$

$+((\alpha-\mu-\alpha\mu)\beta|\gamma|+1-2\alpha+2\mu+a\mu)$

$+( \frac{(1-\alpha+\mu)(\beta|\gamma|-1)}{n+1})]$ , {2.10)

that is, that

$\sum_{k=n+1}^{\infty}ka_{k}\leqq\frac{\beta|\gamma|(n+1)}{(\begin{array}{l}\lambda+nn\end{array})\rho}:=\delta$

, (2.11)

which, in view of the definition (1.4), $\mathrm{p}\mathrm{r}\mathrm{o}\backslash \dagger \mathrm{o}\mathrm{e}$ Theorem 1.
In a similar manner, by applying Lemma 2 instead of Lemma 1, we can prove Theorem 2

below.
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Theorem 2. If

$\delta:=\frac{\beta|\gamma|}{(\begin{array}{l}\lambda+nn\end{array})[\alpha\mu(n+1)^{2}+(\alpha-\mu-\alpha\mu)(n+1)+(1-\alpha+\mu)]}$
, (2.12)

then
$R_{\mathfrak{n}}(\gamma, \lambda,\alpha,\mu, \beta)\subset N_{n,\delta}(e)$.

3. Neighborhood Properties for the Function Classes
$S^{(b)}(\gamma, \lambda, \alpha, \mu, \beta)$ and $\mathcal{R}_{n}^{\langle b)}(\gamma, \lambda, \alpha, \mu, \beta)$

In this section, we determine the neighborhood for each of the function classes
$S_{\mathfrak{n}}^{(b)}(\gamma, \lambda,\alpha, \mu,\beta)$ and $\mathcal{R}_{n}^{(b)}(\gamma, \lambda, \alpha,\mu, \beta)$,

which we deflne here as follows.
Ddnition 1. A function $f\in \mathcal{T}(n)$ is said to be in the $\mathrm{c}1_{\mathrm{K}}d^{b)}(\gamma, \lambda,\alpha, \mu, \beta)$ if there

exists a function
$g\in S_{\mathfrak{n}}(\gamma, \lambda,\alpha,\mu,\beta)$

such that the following inequality holds true:

$| \frac{f(z)}{g(z)}-1|<1-b$ $(z\in \mathrm{U};0\leqq b<1)$ . (3.1)

Deflnition 2. A function $f\in \mathcal{T}(n)$ is said to be in the class $R_{n}^{(b)}(\gamma, \lambda,\alpha,\mu,\beta)$ if there
exists a fimction

$g\in \mathcal{R}_{n}(\gamma, \lambda, \alpha,\mu,\beta)$

such that the inequality (3.1) holds true.
Theorem 3. If $g\in$ a$(\gamma, \lambda,\alpha,\mu,\beta)$ and

$b=1- \frac{(\begin{array}{l}\lambda+\mathrm{n}n\end{array})\delta\rho}{(n+1)[(\begin{array}{l}\lambda+nn\end{array})\rho-\beta|\gamma|]}$ , (3.2)

then
$N_{\mathrm{n},\delta}(g)\subset S_{n}^{(b)}(\gamma,$ $\lambda,$ $\alpha,\mu,\beta\rangle$ , (3.3)

where $\beta\dot{\mathrm{B}}f\dot{fl}ven$ almdy by (2.8).

Proof. Assuming that $f\in N_{\mathfrak{n},\delta}\langle g$), we find from the definition (1.2) that

$\sum_{\mathrm{k}=n+1}^{\infty}k|a_{k}-b_{k}|\leqq\delta$, (3.4)
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which readily implies the following coefficient inequality:

$\sum_{k=n+1}^{\infty}|a_{k}-b_{k}|\leqq\frac{\delta}{n+1}$ $(n\epsilon \mathrm{N})$ . (3.5)

Since $g\in S_{n}(\gamma, \lambda,\alpha,\mu,\beta)$ , we have [of. Equation (2.9)].

$\sum_{k=n+1}^{\infty}b_{h}=\frac{\beta|\gamma|}{(\begin{array}{l}\lambda+nn\end{array})\rho}$

, (3.6)

so that

$| \frac{f(z)}{g(z)}-1|<\frac{\sum_{k=\mathfrak{n}+1}^{\infty}|a_{k}-b_{k}|}{1-\sum_{\mathrm{k}=n+1}^{\infty}b_{k}}$

$\leqq\frac{\delta}{n+1}\cdot\frac{(\begin{array}{l}\lambda+nn\end{array})\delta\rho}{[(\begin{array}{l}\lambda+nn\end{array})\rho-\beta|\gamma|]}=:1-b$, (3.7)

provided that $b$ is given precisely by (3.2). Thus, by Definition 1, we conclude that
$f\epsilon S_{n}^{\{b)}(\gamma, \lambda,\alpha,\mu,\beta)$

for $b$ given by (3.2). This evidently completes the proof of Theorem 3.

The proof of Theorem 4 below is much akin to that of Theorem 3, and so the details
involved are being omitted here.

Theorem 4. If $g\in h(\gamma, \lambda,\alpha,\mu,\beta)$ and

$N_{n,\delta}(g)C\mathcal{R}_{n}^{(l)}(\gamma, \lambda,a, \mu,\beta)$ . (3.9)

Remark 2. A special case of Theorem 3 when $\alpha=\mu=0$ was proven recently by
Murugusundaramoorthy and Srivastava [14].
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4. A Set of Coefflcient Bounds for the Function Classes
$\mathcal{H}_{n_{1}m}^{\mathrm{p}}(\lambda, b)$ and $p_{n,m}(\lambda, b;\mu)$

With a view to introducing the function classes
$\mathcal{H}_{\mathfrak{n}_{l}n}^{\mathrm{p}}(\lambda,b)$ and $P_{n,m}\{\lambda,b;\mu)$ ,

we begin by considering the Hadamard product (or convolution) of the imction $f\in \mathcal{T}(n,p)$

$\dot{g}\mathrm{v}\alpha \mathrm{l}$ by (1.1) and the function 9 $\epsilon \mathcal{T}\{n,p$) given by

$g(z)=z^{p}- \sum_{k=’ 1+p}^{\infty}b_{k}z^{k}$ $(b_{k}\geqq 0;n,p\in \mathrm{N})$ , (4.1)

which is defined (as us$\mathrm{u}al$) by

$(f*g)(z):=z^{p}+ \sum_{k=n+\mathrm{p}}^{\infty}a_{k}b_{k}\oint=:(g*f)(z)$ . (4.2)

We next introduce an extendd linear derivative operator of the Ruscheweyh type given
already by (1.11) or (1.12) above:

$D^{\lambda,\mathrm{p}}:\mathcal{T}_{\mathrm{p}}arrow \mathcal{T}_{\mathrm{p}}$ $(\mathcal{T}_{\mathrm{p}}:=\mathcal{T}(1,p))$ ,
vhich is defined here by the following convolution:

$D^{\lambda p}f(z):= \frac{z^{p}}{(1-z)^{\lambda+p}}*f(z)$ $(\lambda>-p;f\epsilon \mathcal{T}_{p})$ . (4.3)

In terms of the binomial coefficients in (1.16), we can rewrite (4.3) as follows:

$\mathcal{D}^{\lambda,\mathrm{p}}f(z)=z^{p}-\sum_{k=1+p}^{\infty}a_{k}z^{k}$ $(\lambda>-p;f\epsilon \mathcal{T}_{\mathrm{p}})$ . (4.4)

In particular, when $\lambda=n(n\epsilon \mathrm{N})$ , it is easily obeerved $\mathrm{h}\mathrm{o}\mathrm{m}(4.3)$ and (4.4) that

$D^{n_{\theta}}f(z)= \frac{z^{p}(z^{n-p}f(z))^{[n)}}{n!}$ ($n\in$ Ng $:=\mathrm{N}\mathrm{U}\{0\};p\epsilon \mathrm{N}$), (4.5)

so that
$\mathcal{D}^{1_{1}\mathrm{p}}f(z\rangle$ $=(1-p)f(z)+zf’(z)$ , (4.6)

$\mathcal{D}^{2p}f(z)=\frac{(1-p)(\mathit{2}-p)}{2!}f(z)+(2-p)zf’(z)+\frac{z^{2}}{2!}f’’(z)$, (4.7)

and so on. In fact, by comparing the definitions (1.14) and (4.3), we readily have
$D^{\lambda,1}f(z)=:D^{\lambda}f(z)$ $(\lambda>-1;f\epsilon \mathcal{T})$ . (4.8)

By using this extended Ruecheweyh derivative operator
$D^{\lambda_{1}\mathrm{p}}f(z)$ $(\lambda>-p;p\epsilon \mathrm{N})$
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given by (4.4), we now introduce a new subclass $\mathcal{H}_{n,m}^{p}\{\lambda,$ $b$) of the $\Psi$valently analytic function
class $\mathcal{T}(n,p)$ , which includes functions $f(z)$ satisfying the following inequality:

$| \frac{1}{b}(\frac{z(\mathcal{D}^{\lambda,\mathrm{p}}f(z))^{(m+1)}}{(\mathcal{D}^{\lambda p}f(z))^{(m)}}-(p-m))|<1$ (4.9)

$(z \in \mathrm{U}\cdot, p\in \mathrm{N};m\in*;\lambda\in \mathrm{R}\mathrm{p}>\max(m, -\lambda);b\in \mathrm{C}\backslash \{0\})$ .
We also denote by $\mathcal{L}_{n,m}^{p}(\lambda,b;\mu)$ the subclass of $\mathcal{T}(n,p)$ consisting of functions $f(z)$ which
$\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\Psi$ the inequality (4.10) below:

$| \frac{1}{b}(p(1-\mu)(\frac{\mathcal{D}^{\lambda_{\mathrm{P}}}f(z)}{z})^{(m)}+\mu(\mathcal{D}^{\lambda,\mathrm{p}}f_{\backslash }lz))^{(m+1)}-(p-m))|<p-m$ (4.10)

($z\in \mathrm{U};p\epsilon \mathrm{N};m\epsilon$ No; $\mathrm{A}\in \mathrm{R}p>\max(m,$ $-\lambda);\mu\geqq 0;b\epsilon \mathrm{C}\backslash \{0\}$).
Our definitions of the function classes

$\mathcal{H}_{n,m}^{p}(\lambda,b)$ and $\mathcal{L}_{\mathfrak{n},m}^{\mathrm{p}}(\lambda,b;\mu)$

are motivated essentially by two earlier investigations [4] and [14], in each of which
further details and references to other closely-related subclasses can be found. In
particular, in our definition of the function class $\mathrm{f}\mathrm{l}_{m},(\lambda,b;\mu)$ involving the inequality (1.13),
we have relaxed the parametric constraint $0\leqq\mu\leqq 1$ , which was impmd earlier by
Murugusundaramoorthy and Srivastava [14, p. 3, Equation (1.14)] (see also Remark 5 be-
low).

We now prove the following results which yield the coefficient inequalities for functions in
the $\epsilon \mathrm{u}\mathrm{b}\mathrm{c}\mathrm{l}m$ (see also $[1\eta$ )

$\mathcal{H}_{\hslash,m}^{\mathrm{p}}(\lambda,b)$ and $\mathcal{L}_{n,m}^{p}(\lambda,b;\mu)$ .
Theorem 5. Let $f(z)\in \mathcal{T}(n,p)$ be given by (1.1). Then $f(z)\in \mathcal{H}_{n,m}^{\mathrm{p}}(\lambda,b)$ if and only if

$\sum_{k=n+\mathrm{p}}^{\infty}(k+|b|-p)a_{k}\leqq|b|$ . (4.11)

Proof. Let a function $f(z)$ of the form (1.1) belong to the class $\mathcal{H}_{n,m}^{\mathrm{p}}(\lambda, b)$ . Then, in view
of (4.4), (4.9) yields the following inequality:

se $( \frac{\sum_{k\supset*+p}^{\infty}(\begin{array}{ll}\lambda+k -1k-p \end{array})(\begin{array}{l}km\end{array})(p-k)\oint-p}{(\begin{array}{l}pm\end{array})-\sum_{k=\mathfrak{n}+p}^{\infty}(\begin{array}{ll}\lambda+k -1k-p \end{array})(\begin{array}{l}km\end{array})z^{k-\mathrm{p}}})>-|b|$ $(z\in \mathrm{U})$ . (4.12)

Putting $z=r\langle 0\leqq r<1$ ) in (4.12), we observe that the $\alpha \mathrm{p}\mathrm{r}\infty \mathrm{i}\mathrm{o}\mathrm{n}$ in the denominator on
the left-hand side of (2.2) is positive for $r=0$ and also for all $r(0<r<1)$ . Thus, by letting
$rarrow 1$-through real values, (4.12) leads us to the desired assertion (2.1) of Theorem 5.
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Conversely, by applying (4.11) and setting $|z|=1$ , we find by using (4.4) that

$| \frac{z(D^{\lambda_{\phi}}f(z))^{(m+1\rangle}}{(\mathcal{D}^{\lambda_{1}\mathrm{p}}f(z))^{(m)}}-(p-m)|$

$=| \frac{\sum_{k=n+p}^{\infty}(\begin{array}{ll}\lambda+k -1k-\mathrm{p} \end{array})(\begin{array}{l}km\end{array})(p-k)z^{h-m}}{(\begin{array}{l}pm\end{array})z^{\mathrm{p}-m}-\sum_{k=n+p}^{\infty}(\begin{array}{ll}\lambda+k -1k-p \end{array})(\begin{array}{l}km\end{array})z^{k-m}}|$

$\leqq\frac{|b|[(\begin{array}{l}pm\end{array})-\sum_{k=n+p}^{\infty}(\begin{array}{ll}\lambda+k -\mathrm{l}k-p \end{array})(\begin{array}{l}km\end{array})a_{k}]}{(\begin{array}{l}pm\end{array})-\sum_{k=n+p}^{\infty}(\begin{array}{ll}\lambda+k -1k -p\end{array})(\begin{array}{l}km\end{array})a_{k}}=|b|$. (4.13)

Hence, by the maximum modulus principle once again, we infer that $f(z)\in \mathcal{H}_{\mathfrak{n},m}^{P}(\lambda, b)$ , which
completes the proof of Theorem 5.

Remark 3. In the special case when

$m=0,$ $p=1$ , and $b=\beta\gamma$ $(0<\beta\leqq 1;\gamma\epsilon \mathrm{C}\backslash \{0\})$ , (4.14)

Theorem 1 corresponds to a result given earlier by Murugusundaramoorthy and
Srivastava [14, p. 3, Lemma 1].

By uning the same arguments as in the proof of Theorem 5, we can establish Theorem 6
below.

Theorem 6. Let $f(z)\in \mathcal{T}(n,p)$ be given by (1.1). Then $f(z)\in \mathcal{L}_{n,m}^{p}(\lambda, b;\mu)$ if and only
if

$\sum_{k=||+p}^{\infty}[\mu(k-1)+1]a_{k}$

$\leqq(p-m)[\frac{|b|-1}{m!}+]$ . (4.15)

Remark 4. Making use of the same pwtletric substitutions as mentioned above in (2.3),
$\mathrm{T}\mathrm{h}\infty \mathrm{o}\mathrm{e}\ln 2$ yields another known result due to Murugusundaramoorthy and Srivastava [14,
p. 4, Lemma 2].
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5. Inclusion Relationships Involving the $(n,\delta)$-Neighborhood $N_{n,\delta}(h;p)$

In this section, we establish several inclusion relationships for the function classes
$\mathcal{H}_{n,m}^{\mathrm{p}}(\lambda, b)$ and $\mathcal{L}_{n,m}^{p}(\lambda, b;\mu)$

involving the $(n,\delta)$-neighborhood defined by (1.6).

Theorem 7. If

$\delta=\frac{(n+p)|b|(\begin{array}{l}pm\end{array})}{(n+|b|)(^{\lambda+n+p-1}n)(\begin{array}{l}n+pm\end{array})}$ $(p>|b|)$ , (5.1)

then
$\mathcal{H}_{\mathfrak{n},m}^{p}(\lambda,b)\subset N_{n,\delta}(h;p)$ . (5.2)

Proof Let $f(z)\in \mathcal{H}_{\mathfrak{n},m}^{\mathrm{p}}(\lambda, b)$ . Then, in view of the assertion (4.11) of Theorem 5, we have

$(n+|b|) \sum_{k=n+p}^{\infty}a_{k}\leqq|b|$ . (5.3)

This yields

$\sum_{k=n+p}^{\infty}a_{k}\leqq\frac{(\begin{array}{l}p\underline{m}\end{array})}{(n+|b|)(^{\lambda+n+p-1}n)(\begin{array}{ll}n +p m\end{array})}|b|$. (5.4)

Applying the assertion (4.11) of Theorem 5 again, in conjunction with (5.4), we observe that

$\sum_{k=n+\mathrm{p}}^{\infty}ka_{k}$

$\leqq|b|+(\mathrm{p}-|b|)\sum_{-+\mathrm{p}}^{\infty}a_{k}$

$\leqq|b|+(p-|b|)$
$|b|$.

$\overline{(n+|b|)(\begin{array}{l}\lambda+n+p-\mathrm{l}n\end{array})(\begin{array}{l}n+pm\end{array})}$

$=|b|( \frac{n+p}{n+|b|})$ .
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Hence we have

$k \neg+\mathrm{p}\sum_{-}^{\infty}ka_{k}\leqq\frac{|b|(n+p)(\begin{array}{l}pm\end{array})}{(n+|b|)(\begin{array}{l}\lambda+n+p-1n\end{array})(\begin{array}{l}n+pm\end{array})}=:\delta$ $(p>|b|)$ , (5.5)

which, by virtue of (1.6), establishes the inclusion relation (5.2) of Theorem 7.
In an analogous manner, by applying the assertion (4.15) of Theorem 6 instead of the

assetion (4.11) ofTheorem 5 to functions in the class $\mathcal{L}_{n,m}^{p}(\lambda, b;\mu)$ , we can prove the following
inclusion relationship.

Theorem 8. If

$\delta=(p-m)(n+p)[\frac{|b|-1}{(\begin{array}{l}\lambda+n+p-1n\end{array})}+][\mu(n+p-1)+1]$ $(\mu>1)$ , (5.6)

then
$P_{\mathfrak{n},m}(\lambda,b;\mu)\subset N_{n,\delta}(h;p)$ .

Remark 5. Applying the paranetric substitutions listed in (4.14), Theorems 7 and 8
would yield the known results due to Murugusundaramoorthy and Srivastava [14, p. 4,
Theorem 1; p. 5, Theorem 2]. Incidentally, just as we indicated in Section 4 above, the
condition $\mu>1$ is needed in the proof of one of these known results [14, p. 5, Theorem 2].
$\psi \mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\varpi\S \mathrm{t}\dot{\mathrm{n}}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{t}\mu\geqq 0(\mathrm{s}\mathrm{a}\mathrm{e}\mathrm{a}\mathrm{l}\epsilon 0)\mathrm{T}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{i}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{o}\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{t}0\leqq\mu\leqq \mathrm{l}\mathrm{i}\mathrm{n}$

.
should be replaced

6. Further Neighborhood Properties Involving $N_{n,\delta}(f;p)$

In this last section, we determine the neighborhood properties for each of the following
(slightly modified) function classes:

$\mathcal{H}_{n,m}^{\mathrm{p}.a}(\lambda, b)$ and $\mathcal{L}_{\mathfrak{n},m}^{\mathrm{p},a}(\lambda,b;\mu)$.
Here, by deflnition, the class $\mathcal{H}_{n,m}^{p,a}(\lambda,b)$ consists of functions $f(z)\in \mathcal{T}(\mathrm{n},p)$ for which there
exists another fimction

$g(z)\in \mathfrak{R}_{m},\langle\lambda,$ $b)$

such that
$| \frac{f(z)}{g(z)}-1|<p-\alpha$ $(z\in V;0\leqq\alpha<p)$ . (6.1)

Analogously, the dass $\mathcal{L}_{n\rho\iota}^{\mathrm{p},0}(\lambda, b;\mu)$ consists of functions $f(z)\in \mathcal{T}(n,p)$ for which there ertists
another function

$g(z)\in P_{n,m}(\lambda,b;\mu)$

95



Some Families of Analytic Functions of Complex Order

satisfying the inequality (6.1).

The proofs of the following results (Theorems 9 and 10) involving the neighborhood prop-
erties for the classes

$\mathcal{H}_{n,m}^{p,0}(\lambda,b)$ and $\mathcal{L}_{n,m}^{\mathrm{P}^{\mathrm{Q}}}’(\lambda, b;\mu)$

are similar to those given already by $\mathrm{A}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{t}\Re$ et al. [4] and, more recently, by
Murugusundaramoorthy and Srivastava [14]. We, therefore, choose to skiP their proob here.

Theorem 9. Suppose that
$g(z)\epsilon \mathcal{H}_{n,m}^{p}(\lambda,b)$ .

$Ako$ let

(6.2)

Then
$N_{n,\delta}(g;p)\subset \mathcal{H}_{\mathfrak{n},m}^{p,a}(\lambda,b)$ .

Theorem 10. Suppose that
$g(z)\epsilon \mathcal{L}_{n,m}^{\mathrm{p}}(\lambda,b;\mu)$ .

Also let

$a=p- \frac{\delta[\mu(n+p-1)+1](\begin{array}{l}\lambda+n+p-1n\end{array})(\begin{array}{l}n+p-\mathrm{l}m\end{array})}{(n+p)[[\mu(n+p-1)+1](^{\lambda+n+p-1}n)(^{n+p-1}m)-\{p-m)\{\frac{|b|-1}{m!}+(\begin{array}{l}pm\end{array})\}]}$.

(6.3)
Then

$N_{n,\delta}(g;p)\subset \mathcal{L}_{\mathfrak{n},m}^{p,\alpha}(\lambda, b;\mu)$ .
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