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1 Introduction

Theory of cooperative games is quite useful in analyzing decision making situations along
with multiple decision makers who can form coalitions. In an ordinary cooperative game
(transferable utility game), the results of coalitions are described by worths of coalitions,
which are real numbers. On the contrary, in a multiobjective cooperative game, the worth
of each coalition is measured by multiple criteria, and therefore it is given as a set in a
multidimensional real space [4, 2]. This set might be obtained by (Pareto) maximization
of an admissible set [7]. Some researchers have studied multiobjective cooperative games
and discussed solutions, for example the cores, of them [7, 4, 2].

On the other hand, cooperative games with some restrictions on coalitions have been
actively studied recently (for example Bilbao [1] and Slikker and van den Nouweland [6]).
In those cases, the set of feasible coalitions is given as a subset of the power set of the
whole player set, and a new game called a restricted game which reflects the restrictions
on caolitions is defined. Solutions of the original game under the restrictions on coalitions
are obtained as solutions, such as the core or the Shapley value, of the restricted game.

In this paper, we consider a multiobjective cooperative game with restrictions on
coalitions. We define the restricted game of the original game and discuss its proper-
ties, namely inheritance of superadditivity and convexity from the original game to the
restricted game. We also study the core of the restricted game.

2 Maximum and minimum of a set in R?

In multiobjective optimization we consider sets in the p dimensional objective real space
and maxima and/or minima of those sets. In this paper we use the following notations.
First we distinguish two symbols of set inclusions: A C B means that A is a subset of
B, and A C B implies that A is a proper subset of B. Let R? be the p dimensional real
space and R% the nonnegative orthant in R?, i.e.,

Ri ={z=(zy,...,5,) €ERP |2, 20,i=1,...,p}.
We define the sets Y,,Y,;,Y_, and Y__ for a set Y C RP? as follows:

Y=Y +RE, Y, =Y+ (RE\{0}),
Y_=Y"‘Rﬁ-) Y--— =Y—(R?|-\{o})’

where 0 = (0,...,0) € R?. In terms of these notations, we can define the minimum and
maximum of a set in R? as follows.
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Definition 1 For a set Y C RP?, the mintmum and mazimum of Y are defined by

MinY = {yeY|(Y-y)n(-RE)={0}} =Y \Y,,
MaxY = {yeY | (¥ -y)nRE={0}} =Y \Y__,

respectively.

Remark 1 IfY is compact, then Y C [Max Y|_ and hence Y_ = [Max Y]. (Sawaragi et
al. [5]).

A particular type of sets in R” satisfies the condition that the minimum or the maxi-
mum of a set coincides with itself.

Definition 2 A set Y C RP is said to be thin (with respect to RY, ) if one of the following
equivalent conditions is satisfied:

1) Y=MinY
2) Y=MaxY
3) L\Y=Y,,
) Y.\Y=Y__

Equivalence of the above four conditions was proved in Tanino et al. [7].

3 Multiobjective cooperative games

An ordinary cooperative game (transferable utility game) is a pair of a set of -players
N = {1,... ,n} and a characteristic function v : 2V — R satisfying v(@) = 0. A subset
S C N is called a coalition and v(S) is the worth of S. In a multiobjective cooperative
game this worth should be measured by multiple (say, p throughout this paper) criteria,
and therefore it is specified by a subset of R? [7, 4, 2]. Thus a multiobjective cooperative
game (MO-game for short) is a pair (N, V), where V is a set-valued mapping from 2V
to RP, i.e. V(S) C RP for any S C N. We assume that V(@) = {0} and that V(S) is
nonempty, compact and thin for any § C N throughout this paper. The last condition
implies that the multidimensional worth V' (S) of S is Pareto efficient in the MO-game.
Namely there is no Pareto ordering between two points in V(S). If y is contained in
V(S)-, then it should not be contained in V/(S).

We can exetnd fundamental properties of cooperative games to MO-games in straight-
forward and intuitive manners as follows.

Definition 3 An MO-game (N,V) is said to be superadditive if
V(S)+V(T)CV(SUT)-
for all S,T C N such that SNT = 0.

Remark 2 From the above definition, if an MO-game (N, V) is superadditive, then for
any Sy C N (k € K) such that Sy N Sw =0 for k £k, > _V(S) S V(| S)-
kcK k€K
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Definition 4 An MO-game (N,V) is said to be convez if
V(S)+V(T)C[V(SUT)+V(SNT))-
forall S TCN.

It is obvious that convexity is a stronger requirement than superadditiveity.

4 Restricted multiobjective cooperative games by par-
tition systems

In fundamental cooperative games and also in MO-games, it is assumed that an arbitrary
subset S of N can form a coalition, i.e., every S is feasible or admissible. In practical
situations, however, this assumption is not necessarily valid. Some coalitions may not
be feasible because of physical or ideological reasons. Those situations are dealt with by
introducing the concept of feasible coalition system [1]. A set system is a pair (N, F), with
F C 2N, The sets belonging to F are called feasible coalitions. For any S C N, maximal

feasible subsets of S are called components of S. In many cases we impose appropriate
combinatorial structures on (N, F).

Definition 5 ([1]) A partition system is a set system satisfying
1. 0 € F, and {i} € F for everyi€ N, and

2. forallS C N, the components of S, denoted by I1x(S) = {T3,...T;} form a partition
of S. .

Proposition 1 (]1]) A set system (N,F) which satisfies the first condition of the above
definition is a partition system if and only if S,T € F and SNT # 0 imply SUT €F.

A typical example of partition systems is the communication structure by Myerson
[3], which was discussed in detail in Slikker and van den Nouweland [6].

Definition 8 Let (N,V) be an MO-game and let (N,F) be a partition system. The
F-restricted game (N,V7), is defined by

ViS)=Max > V(T),
Tellx(S)

where [1r(S) is the collection of the components of S C N.

Remark 3 Since V(T) is compact for any T C N, Y ren, s V(T) is also compact.
However, it is not thin generally and therefore we consider its mazimum to define the

 restricted game. Thus V7(S) is also compact and thin. If S € F, then IIx(S) = {S} and
hence VZ(S) = V/(8).

Lemma 1 Let (N, F) be a partition system, S,T C N with SNT = @, Ix(S) = {Sk}rex,
Ox(T) = {Tihew, and Nx(SUT) = {Un}mem. Then {Si}rex U{Ti}heL is a subpartition
of{Um}meM-
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(Proof) It is obvious that {Sk}rex U{Ti}ieL is a partition of U, ps Um = SUT. For each
Sy there exists some U, such that S, NU,, # @. Then we can prove that Sy C U,,. In
fact, otherwise, U,, C Sy U U,, € F since F is a partition system, which contradicts the
fact that U,, is a component of S UT. Analogously each T; is contained in a unique Uj,.
Hence {Sk}rex U {Ti1}ieL is a subpartition of {Up }men- O

Due to this lemma we can prove the following theorem which shows the inheritance
of superadditivity of the original game to the F-restricted game.

Theorem 1 Let (N,V) be a superadditive MO-game and (N, F) be a partition system.
Then the F-restricted game (N,V7) is also superadditive.

(Proof) Let H}'(S) = {Sk}keK, H}'(T) = {Tl}leL, and H}'(SUT) = {Um}meM Then
due to Lemma 1 and Remark 2,

VZ(S) + V¥(T)

Max ) "V(Si) + Max Y V(T
keK leL

V(S + D V(T

keK leL

> V(Un)-

meM

[ V(UR))-

meM

Max Y V(Un)l-
— VASUT).

N N

The second last equality follows since Z V(Un) is compact This completes the proof.
meM
O

5 Inheritance of convexity

In this section we consider a more special type of feasible coalition systems called in-
tersecting systems, and prove the inheritance of convexity to the restricted games by
intersecting systems.

Definition 7 A partition system (N, F) is called an intersecting system if for all S,T € F
withSNT # 0 we have SNT € F.

Remark 4 In Bilbao [1], a set system (N,F) is called an intersecting family if for all
S,Te€F withSNT #0 we have SNT € F and SUT € F. Therefore an intersecting

system is an intersecting family satisfying the first condztwn, @ € F and {i} € F, of the
partition system.

Theorem 2 Let (N,V) be a convex MO-game and (N,F) be an intersecting system.
Then the restricted game (N,V7) is also convez.
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(Proof) Let S,T C N. If SNT = @, convexity reduces to superadditiveity and therefore
holds obviously. Hence we assume that SN T # @ in the proof. Let

() = {S1,... , 8}, and A(T) = {T,.... ,Tm}.

We prove the theorem by induction both in ! and in m.
a) First let | = 1, i.e., suppose that IIz(S) = {S} and therefore VZ(S) = V(S). We
prove the relation

V(S)+ V(T) C[V(SUT) + V(SNT)-

by induction with respect to m. Thus we first consider the case m = 1. Then II(T) =
{T} and V*(T') = V(T). Since S,T € F and (N, F) is an intersecting system, SUT, SN
TeF. Then -

VE(S) + VF(T) = V(S)+ V(T)
[V(SUT) + V(SNT))-

[VF(SUT)+ VAT,

N

since (N, V) is convex. Thus we have proved the case m = 1. Next suppose that the result
holds for m = 1,... ,k —1 (I = 1) and prove the case m = k. Let IIx(T) = {T3,... ,Tx}
and we assume without loss of generality that SNT) #@. Thus SUT, SN T € F. Let
T"=T1U...UTx_y. Then H_'F(T') = {T1, ce ;Tk—1}~

VES) + VF(T) = V*(S)+ Max i V(T)

m=1

N

k
VE(S) + 3 V(T)
m=1 k-1

VES) + VE(TW) + D V(Tm)

m=1
VHSUTR) +VF(SNT) + VZ(T') - R,
VI SUTUT)+ VF(SUTH)NT) + VF(SNT:) - RE
VFSUT)+VF(SNT)+VF(SNT:) - RE
VF(SUT)+VF(SNT)U(SNT:)) —RE
VF(SUT)+VF(SNT))]-.

N NN

Thus the theorem is proved for ! =1and m =1,2,....
b) Now we soppose that the result is valid for [ =1,... ,k—1and m =1,2,... and
prove the case | = k and m is arbitrary. In this case I1x(S) = {S},... ,S}. We assume
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without loss of generality that S, NT # @ and letS’ = S; U...U Sip_1. Then

VE(S) + VF(T) = Maxf: V(Sk) + VZ(T)
=1

k

C Y V(S +VI(T)
=1
k-1

D V(S) +V(S) + V(D)

=1

VF(S') + VZ(Sk) + VF(T) -

VF(S)+ VI (S UT)+VF(S:NT) —
VES'USUT)+VF(S'N(SkUT))+VZ(SnT)-RE
VF(SUT)+VF(S'NT)+V*(S.NT) - RE,
VF(SUT)+VZ(S'NT)U(SkNT)) - R,
VF(SUT)+VF(SNT)-.

N 1 iNniNin

" This completes the proof of the theorem. O

6 The core of restricted games

In a cooperative game, allocation scheme of the profit among the players is regarded as
a solution of the game. For an MO-game, this allocation is described by np dimensional
vector ¢ = (z*,... ,2"), whereeach z* (i = 1,... ,n) is a p dimensional vector representing
a payoff vector received by player 3.

Core is a fundamental solution concept not only in cooperative games, but also in
MO-games [7, 4, 2]. It is characterized by two types of requirements: group rationality
and coalition rationality.

Definition 8 The core of an MO-game (N,V) is defined by

C(V)={z e R"™| Zm € V(N), Z:c € V(9)4+ for allS c N}.
ieN €S

Theorem 3 Let (N,V) be an MO-game and let (N,F) be a partztzon system such that
V(N)= V*(N), which is true when N € F. Then

C(VF) C{z eR™| Y o' € V(N),) o € V(S), for all S€ F}
ieN ics
Moreover, if ZT&!‘I;—(S) V(T) is thin for any S € N, then the equality hods in the above
relation, and therefore C(V) C C(V¥).

(Proof) First let z € C(V*). Then Zwi € VF(N) = V(N) and Zx‘ € VF(S); =
i€N i€S
V(S)+ for any S € F. Conversly, assume the thinness condition and suppose that Z T’ e
€N
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V(N) = VX(N) and Y "a* € V(8); = VZ(S), for all S € F. Take S ¢ F and let
i€eS
H}'(S) = {Sk}keK- Then

DTt =2 > a €Y V(S)y =3 V(Su)le = Max Y V(S = V7(S)s.

i€sS keK i€S) keK keK keK

Hence z € C(V¥), as was to be proved. (0

7 Conclusion

We have defined the F-restricted game (N,V7) for a multiobjective cooperative game
(N,V) and a partition system (N, F). It is shown that superadditivity is inherited from
(N,V) to (N, V7). Inheritance of convexity is guaranteed when (N, F) is an intersecting
system. We have also considered the core of (N, V) and proved that it can be specified
by the original game (N, V) under some condition.

References

[1] Bilbao, J.M.: Cooperative Games on Combinatorial Structures, Kluwer Academic Pub-
lishers, Boston (2000).

[2] Fernéndez, F.R., Hinojosa, M.A. and Puetro, J: Set-valued TU-games, European Jour-
nal of Opemtwnal Research 159, pp. 181-195 (2004).

[3] Myerson, R.: Graphs and cooperation in games, Mathematics of Opemtions Research
2, pp. 225-229 (1977).

[4] Nishizaki, I. and Sakawa, M.: Fuzzy and Multiobjective Games for Conflict Resolution,
Physxca-Verlag, Heidelberg (2001).

[5] Sawaragi, Y., Nakayama, H. and Tanino, T.: Theory of Multiobjective Optimszation,
Academic Press, Orland (1985).

[6] Slikker, M. and van den Nouweland, A.: Social and Economic Networks in Cooperative
Game Theory, Kluwer Academic Publishers, Boston (2001).

[7] Tanino, T., Muranaka, Y. and Tanaka, M.: On multiple criteria characteristic mapping
games, Proceedings of MCDM ’92, Taipei 2, pp. 63-72 (1992).



