0000000000
0 15840 2008 0 132-141 132

On the Generalized Berge Sorting Conjecture

Antoine Deza Feng Xie

December 20, 2007

Abstract

In 1966, Claude Berge proposed the following sorting problem. Given a string of n
alternating white and black pegs, rearrange the pegs into a string consisting of [3] white
pegs followed immediately by | %] black pegs (or vice versa) using only moves which take
2 adjacent pegs to 2 vacant adjacent holes. Berge’s original question was generalized by
considering the same sorting problem using only Berge k-moves, i.e., moves which take
k adjacent pegs to k vacant adjacent holes. The generalized Berge sorting conjecture
states that for any k and large enough n, the alternating string can be sorted in [}]
Berge k-moves. The conjecture holds for k = 2 and n > 5, and for k = 3, n > 5,

and n # 0 (mod 4). We further substantiate this conjecture by showing that it holds for
k=3,n > 20, and n = 0(mod4). The introduced inductive solution generalized previous
approaches and could provide insights to tackle the generalized Berge sorting conjecture.

1 Introduction

In a column that appeared in the Revue Francaise de Recherche Opérationnelle in 1966,
entitled Problémes plaisans et délectables in homage to the 17th century work of Bachet (2],
Claude Berge [3] proposed the following sorting problem:

For n > 5, given a string of n alternating white and black pegs on a one-
dimensional board consisting of an unlimited number of empty holes, we are
required to rearrange the pegs into a string consisting of [%] white pegs followed
immediately by |%] black pegs (or vice versa) using only moves which take 2
adjacent pegs to 2 vacant adjacent holes. Berge noted that the minimum number
of moves required is 3 for n = 5 and 6, and 4 for n = 7. See Figure 1 for a sorting
of 5 pegs in 3 moves.
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Figure 1: Sorting 5 pegs in 3 moves
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This problem was most likely examined and solved within the last 40 years. For example,
Shin-ichi Minato [5] found a solution in [$] moves when he was high-school student in 1981.
However the first published answer to Berge’s question might have been given by Avis and
Deza [1]. The Berge sorting question appeared in the 12th Prolog Programming Contest 7]
held in Seattle in 2006. In the statement of the problem, it is noted that this result is
surprising given that initially half of the white pegs and half of the black pegs are incorrectly
positioned. The following generalization displays an equally surprising pattern. Consider the
same sorting problem using only Berge k-moves, i.e., moves which take k adjacent pegs to
k vacant adjacent holes. After generating minimal solutions for a large number of k and n
which turned out to be all equal to [5] except for the few first small values of n, Deza and
Hua (4] conjectured that, for n large enough, the minimum number of Berge k-moves to sort
the alternating n-string is independent of k and equal to [3]. As the case k = 1 is trivial
and the case k = 2 corresponds to the original Berge’s question, the first case to investigate
is k = 3. A solution in [§] Berge 3-moves was given in [4] for n > 5, and n # 0 (mod 4). We
close the case k = 3 by exhibiting a solution in [5] moves for n > 20 and n = 0 (mod 4).
The introduced inductive solution generalized previous approaches and could provide insights
towards a solution for the generalized Berge sorting conjecture.

2 Notations and Previous Results
2.1 Notation

We follow and adapt the notation used in [1, 3, 4]. The starting game board consists of n
alternating white and black pegs sitting in the positions 1 through n. A single Berge k-move
will be denoted as { j ¢ }, in which case, the pegs in the positions ,i+1,...,i+k—1 are moved
to the vacant holes j,j+1,...,j+k—1. Successive moves are concatenated as { ji } U {1l k },
which means perform { j ¢ } followed by { I k¥ }. Often, a move fills an empty hole created as
an effect of the previous move, and the resulting notation { j £ } U { k i } is abbreviated as
{J ki }. This can be extended to more than two such moves as well. Let h(n, k) denotes the
minimum number of required k-moves, i.e., the length of a shortest solution, and O, x denotes
an optimal solution for n pegs, i.e., a solution using h(n, k) Berge k-moves. For example,
we have h(5,2) = 3 and the optimal solution given in Figure 1is Os2 = {6251 }. Up to
symmetry, we can assume that the first move is to the right. Let Oy x be the set of all optimal
solutions starting with a move to the right. For example, there are 7 such optimal solutions
in 10 Berge 3-moves to sort the alternating 20-string; that is, we have h(20,3) = 10 and
Oxns={{21271217}U{24132261} U {17824}, {21213617}u{24722121} U
{17824}, {21213817}U{24622121}uU {17724}, {21613217}u{24722121}U
{17824}, {21813217}U{24622121}uU{17724}, {21127217}U{24132261}U
{17824}, {2116310} U {24172251} U {10156 24 } }. See Figure 2 for an
illustration of the optimal solution Oz03 = {21271217} U {24132261} U {17824 }.
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Figure 2: Sorting the alternating 20-string in 10 Berge 3-moves

2.2 Previous results
We recall the main results concerning the generalized Berge sorting conjecture.
Proposition 1. [1, 4]

(i) Forn > 3, we have hyn3 = [3] for n # 3 (mod 4) and hny = || for n = 3 (mod 4).

(i7) Forn > 5, we have hn2 = [3].

(4it) For n > 5, we have hy3 = [§] for n # 0 (mod 4).

(tv) For 4 < k <14 and 2k + 11 < n < 50, we have hy} = [3].

(v) Forn >k > 1, we have hpx > [§].
Conjecture 2. [4] Fork > 2 andn > 2k +11, a string of n alternating white and black pegs
can be sorted in [3] Berge k-moves. In other words, h(n,k) = [§] for k > 2 andn > 2k+11.
3 Sorting the n-string in [7] Berge 3-moves for n = 0 (mod 4)
3.1 Inductive strategies
The solutions given in [4] are inductive and based on the following 3 step strategy.
IGNORE-AND-MAKEUP STRATEGY

Initialization: Find an optimal solution for the first values of n,

Induction from n — p to n: Ignore a given number p of positions and use the moves
corresponding to the solution O,,_p 3 to sort the alternating n-string, and
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Makeup: Reintroduced the ignored p positions and complete the sorting by [§]—[232]
additional moves.

For example, an optimal solution in [%] Berge 3-moves can be obtained for n = 2 (mod 4)
by the following version of the ignore-and-makeup strategy:

Initialization: Og3 ={7261},

Induction from n — 4 to n = 4 + 2 > 10: Ignore the 4 positions 1,2,2i + 3,2 + 4 and
use the moves corresponding to the solution O,_43, and

Makeup: Reintroduced the ignored positions and complete the sorting by the 2 addi-
tional moves { 32i+41 }. '

The ignore-and-makeup strategy seams to fail for n = 0 (mod 4) and to be hard to extend to
any k. We introduce the ignore-and-knit strategy which solves the case n = 0 (mod 4) and
sounds more suitable to tackle the generalized Berge sorting conjecture. The ignore-and-knit
strategy is also inductive but a bit more complicated as a move of the solution for On_p 3 is
replaced by new knitted moves, and other makeup moves are added in the middle, instead of
being added at the end as in the ignore-and-makeup strategy.

1 5 10 15 20 25 30 stages pegs moved
0008000000000 00000000000000 8
) 0800080008000 000000800000080 1) ece
coeocoe ©00000000000000000000 0 1) oeo
0O0e0cO0Oe®OCE®OG0CRO 0ce0®O®OCGOCBGOS (1) ece
0080080000 000000000808 eceece (1) ceo
008000@0®EO 0080000000000 00O0S (1) eoe
coeocoeeceeo oo sceeceeceecesco (2) eo0o0
00800000000 0coc0eeeceeceecee oo (2) cee
00800000000 co0cee®eceeO0 eeeecoo (2) ee0
00800800000 cococeee coeeeeeecoco (2) cee
0coeoo0 eeo0 cooceeeeeccoeeeeeecco (2) eeo0
0cococceeeo cooceeseeccceeeesecco (2) ooe
0000008000000 00GES eeeeeecco (3) ooo
0000 000000OCeeeeeeseesseeecco (3) eee
00000000000000000000CGGGGOGIEES 3) 000
i T T

-6 -2 B+3
Figure 3: Sorting the alternating 28-string by 14 Berge 3-moves
We introduced 3 features that characterize the optimal solutions obtained by the ignore-and-

knit strategy: stage, pivot and anchor. The moves of an optimal solutions obtained by the
ignore-and-knit strategy are divided into 3 stages: stage (1) only alternating triples o o or
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e o0 e are moved, stage (2) only sorted bicolour triples o 0 ¢, 00,0 @ @ or ¢ @ 0 are moved,
and stage (3) only unicolour triples e @  or o 0 o are moved. Another characteristic is that
some pegs are never moved throughout the solution, and the corresponding positions are
called pivots. The 3 positions emptied after the last move of stage (1) form the anchor.
The anchor is surrounded by 2 pivots and remains empty throughout stage (2) before being
filled by the first move of stage (3). To simplify the notation, let 3 be the position of the
rightmost white peg after the last move; that is, without loss of generality, when [%] white
pegs are followed immediately by | %] black pegs. As the optimal solutions obtained by the
ignore-and-knit strategy for n = 0 (mod 4) are shifted to the right by 3 positions, we have
B = % +3. See Figure 3 for an illustration of the 3 stages of the solution Oz 3, where 8 = 17,
and the associated anchor corresponds to the positions 3—5,3—4 and 3—3 and the positions
B8—-12,8-6,8—2,8+ 3 and B + 11 are pivots.

3.2 Sorting the n-string in [}] Berge 3-moves for n = 0 (mod 4)
3.2.1 Sorting the n-string in [3] Berge 3-moves for n = 4 (mod 8)
The ignore-and-knit strategy for n = 4 (mod 8) and the solutions obtained are as follows:

Initialization: O3 ={21271217} U {24132261} U {17824 }, Oxss
{2927162312} U {321730252161} U {1223 832}, and Osgg
{372720311425} U {4012162138332961} U { 251431840 }.

Induction and Knitting from n — 8 to n > 44:

If n = 12 (mod 16), ignore the 8 positions -6, 3—-5,3—-4,0-3,8+4,8+5,5+9,
B + 10. Use the moves of stage (1) of the solution O,_g 3 followed by the additional
move { 3+6 B —5} to obtain stage (1) of the solution Op 3. Use the moves of stage
(2) of the solution O,_g3, except the penultimate move which is replaced by the 3
additional moves { 8+12 S+8 [ +4 6} to obtain stage (2) of the solution Op, 3.
Perform the additional move { 5—5 B+ 6 } before using the moves of stage (3) of the
solution On_g 3 to obtain stage (3) of the solution O 3.

If n = 4 (mod 16), ignore the 8 positions 3—~9,3—-8,5—-4,3-3,8+4, 3+5, 3+6,
B+ 7. Use the moves of stage (1) of the solution O,_g3 followed by the additional
move { 8 —7 [ +4 } to obtain stage (1) of the solution O, 3. Use the moves of stage
(2) of the solution O3 3, except the first move which is replaced by the 3 additional
moves { n+4 -9 B-5 (-17 } to obtain stage (2) of the solution Op 3. Perform
the additional move { 3+4 (— 7 } before using the moves of stage (3) of the solution
On-g,3 to obtain stage (3) of the solution Oy 3.

Some features of the solution Op, 3 for n = 4(mod 8) and n > 20 are presented in Proposition 3.
The additional move appended at the end of stage (1) creates the anchor which remains empty
till the additional move inserted at the beginning of stage (3), and the 3 additional moves
of stage (2) fit in the sequence of used moves of stage (1) and (2) of O,_s3. Note also that
the ignored positions include or are followed or preceded by pivots. These observations and
the features presented in Proposition 3 can be checked by induction. See Figures 4 and 5 for
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an illustration of the features of the solutions O, 3 for n = 4 (mod 8) where the j-th move of
stage i is numbered (i.j). The 8 ignored positions for n = 44 are coloured grey in Figure 5.
See Table 1 for an illustration of the induction from Oszg3 to O443 for the ignore-and-knit
strategy for n = 4(mod8). The additional moves (1.7),(2,7), (2.8), (2.9) and (3.1) are bolded

in Figure 5 and Table 1. The optimal solutions O, 3 for n = 4 (mod 8) and n < 84 are
available online at [6].

1 5 10 15 20 25 30 35 40 moves
0®08080008080008000000000080800000808
) 08000000000000000000000008008000000@ (1.1)
cceocoe ©00000000000000000000000000800 (1.2)
0C0800000000000000 00 0000000000000 0EO0S (1.3)
000000000000000000000000000008@ ecee0e (1.4)
00e00ee0ee0 0O 0C®0000000000000000000080 (1.5)
000000000000000008008008 eceeceeceece ©(1.6)
0coeoco0eecee0 ecceco0e0Oe eceeceeceeceeco (2.1)
0co0eo00ee0ee0O0O0ee coeocoe eceeceeceecesco (2.2)
0080000000000 0000000 ) esceeceeceeceecoc (2.3)
008000000000000000000008 eceec0eecee oo (24)
008000000000 00800000000 eceeo eeeecco (2.5
0C0e00Oee0O®Ee0O0O00EE0O0OO00COESS . coceeeeeecoco (2.6)
coeoo ©0000000000000GS® seecc0eeeeeecoo (2.7)
00000000000000000000S seec00eeeeeecco (2.8)
0000eee000 0coococceeeseeseseccceeseeecco (3.1)
000000800000000000C0EGE0GGGSS eeeeeecoo (3.2)
coo0o0 00000000000 eeeGGEGeeceeceeeeeccO (3.3)
000000000000000000000000000000000000 (3.4)

Figure 4: Sorting the alternating 36-string by 18 Berge 3-moves

Proposition 3. The solution O, 3 for n=4 (mod 8) and n > 20 obtained by the ignore-and-
knit strategy satisfies the following properties:

(i) The solutions Op 3 consist of I'%'I Berge 3-moves and shift the string three positions to
the right overall with the white pegs placed to the left of the black pegs.

(#) If n = 4 (mod 16), the positions 8 — 2,8 — 10,8 + 3 and B + 7 are pivots, and the
positions B+ 4,8 + 5 and B + 6 form the anchor. If n = 12 (mod 16), the positions
B—6,8-2,8+3 and B+ 11 are pivots, and the positions 8 — 5,8 — 4 and B — 3 form
the anchor. '

(i) The first move of stage (2) places a triple eoo at the end of the string on the 8 positions

starting from B + "2—"3 The last move { 6 1 } of stage (2) places a triple o o e on the
positions 6,7 and 8.
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Figure 5: Sorting the alternating 44-string by 22 Berge 3-moves

3.2.2 Sorting the n-string in [3] Berge 3-moves for n = 0 (mod 8)

138

moves

1.1)
(1.2)
(1.3)
(1.4)
(1.5)
(1.6)
(1.7)
(2.1)
(2.2)
(2.3)
(2.4)
(2.5)
(2.6)
(2.7)
(2.8)
(2.9)
(2.10)
(3.1)
(3.2)
(3.3)
(3.4)
(3.5)

The ignore-and-knit strategy for n = 0 (mod 8) and the solutions obtained are as follows:

Initialization: O3 = {2561318} U { -248241422} U {18312 —125},
Os3 ={3327121724} U {366311320191} U {24113518284 },
Os3={41271621283512} U {4417272342373361} U {12358291944 },
and O3 ={4927202532431437} U {52121622312749454161} U

{3714438332352}.

Induction and Knitting from n — 8 to n > 56:

If n = 8(mod 16), ignore the 8 positions 8 —-12,3-11,3-10,8-9,8+10,8+11,3+15
and 3+ 16. Use the moves of stage (1) of the solution O,,_g 3 followed by the additional
move { #+12 [ — 11 } to obtain stage (1) of the solution Op 3. Use the moves of
stage (2) of the solution O,_g 3, except the penultimate move which is replaced by the
3 additional moves { 3+18 B+14 +10 6 } to obtain stage (2) of the solution O, 3.
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the 18 moves of Ozg 3 the 22 moves of O4q4,3

(1.1) {372} { 45 2} (1.1)
(1.2) {27} {27} (1.2)
(1.3) {7p6-1} {76-1} (1.3)
(14) [ {B-1B8+10}| {B—-1 B+14} | (1.9
(15) | {B+10 -7} |{B+14 f—11}| (L5)
(16) | {B-7 B+4} | {B-11 B+6} | (16)
- — {B+6 -5} | (1.7)
(21)| {40 B-9} {48 -13} (2.1)
(22) | {B-9 B-5} | {B-13 -9} | (22)
(2.3) {B-5 g} {B-9 B} (2.3)
(2.4) {B 38} {B 46} (2.4)
(25)| {38 B+12} {46 B+16} (2.5)
(26) | {B+12 B+8} | {B+16 B+12} | (2:6)
- — {B+12 g+8} | (2.7)
27| {B+86} {B+8 B+4} | (2.8)
- — {B+46} (2.9)
(2.8) {61} {61} (2.10)
- - {B-5pB+6} | (3.1)
81)| {B+4 B-7} | {B+6 B—-11} | (3.2)
(32)|{B-7B8+10}|{B—-11 B+14} | (3.3)
(3.3) {B+10 8} {B+14 8} (3.4)
(3.4) {8 40} {8 48} (3.5)

Table 1: Induction from 036,3 to Oy4,3 for the ignore-and-knit strategy

Perform the additional move { 8 — 11 B+ 12 } before using the moves of stage (3) of

the solution O,,_g3 to obtain stage (3) of the solution O 3.

If n = 0(mod 16), ignore the 8 positions 3— 15, 3—14,3-10,8-9, 8+10,3+11,5+12
and 8+ 13. Use the moves of stage (1) of the solution O,_g 3 followed by the additional
move { 3—13 B+10 } to obtain stage (1) of the solution Oy 3. Use the moves of stage
(2) of the solution Op_g 3, except the first move which is replaced by the 3 additional
moves { n+4 #—15 S~11 B—23 } to obtain stage (2) of the solution Op, 3. Perform
the additional move { +10 3—13 } before using the moves of stage (3) of the solution
On-8,3 to obtain the stage (3) of the solution Oy, 3.

The solutions Oy, 3 for n = 4 (mod 8) and n = 0 (mod 8) have similar features, see [6] for the

optimal solutions O, 3 for n = 0 (mod 8) and n < 88. In particular we have:

Proposition 4. The solution O, 3 for n = 0 (mod 8) and n > 24 obtained by the -and-knit
strategy satisfies the following properties: :

(i) The solutions Oy, 3 consist of 3| Berge 3-moves and shift the string three positions to

the right overall with the white pegs placed to the left of the black pegs.
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(i) If n = 8 (mod 16), the positions B — 12,3 — 8,8+ 9 and 8 + 17 are pivots, and the
positions B — 11,8 — 10 and 8 — 9 form the anchor. If n = 0 (mod 16), the positions
B—16,8—8,8+9 and B+ 13 are pivots, and the positions 8+ 10,3 + 11 and 5+ 12
form the anchor.

(iii) The first move of stage (2) places a triple oo at the end of the string on the 3 positions

starting from B+ 2. The last move { 6 1 } of stage (2) places a triple o o ® on the
positions 6,7 and 8.

The solutions Op 3 in [§] Berge 3-moves obtained by the ignore-and-knit strategy for n =
0(mod4), and items (iii) and (v) of Proposition 1, yield that hn3 = [%] for n > 17; combined
with the values of hy, 3 for 5 < n < 16, see [6], we have:

Theorem 5. Forn > 5, n # 12 and n # 16, a string of n alternating white and black
pegs can be sorted in [3] Berge 3-moves. In other words, h(n,3) = [§] for n > 5 except
h(12,3) = 7 and h(16,3) = 9.

1 5 10 15 20 25 30 35 40 pegs moved
0000000000000 0000000000000000060000C
o] 0000000000000 000000000000000O00SO0TS [ Nl NeoX J
Q0000000000000 0000000000000® e00O0000 [oN NeN Nel
[eReN Nol Neloi Je 0000000000000 000000000000O [ Nol Mol J
[Nl Mol NoNoN NeleN Nol Nele} ] .0.0.0..0.0...0‘.0. oOeo0eo
0000000000000 0O0e [ Wl Nel [ Nl N N Nel Nol N Neoll N NeJ [ Nl N XNeo
[ XX No¥ NoloN NoNol Nell NoNoj ] [ Nel NoNol NoN N N NoN N N J [o N Ne [eX NoN N J
o0 [ NeloR Nol NeNoN ] 0000000000000 0000000000 [ Bel Nelel
[oNeNeNoNeN N N NoNoN NoX NeoNoN ] [ Mol NoNelN Nell N N NelN N N N NoN ] (o] [eNeloN X J
[eNeNoNoNN N N Nolel } [ ] 00000000000 00O0NONOOOOOO0OO0O0 [ WeR Nele]
[eNoNoNo NN N N NeNoNoN N Noi N ] 000000000 OGOOGGOGS 000 ceece
[eNoNeNeNeN N N NeloNol N NoN N J ® O [ N N NN N N N N Nollol NolieNeNeol [ JeleN Mol
[oNeNeNoNoN X N J cee [ NoNeNeoNoN N N N N Nell N N X K NeloN NolNoNeNeol [oNoNoN X J
[cNeNoRoNoN X N N NeNoNoNoNo} N ] 000000000000 OG®OGOOONO0OO 0000
[oNoNoNeNoN N N N NoloeNoNeN-X N N N N N N N NelNeloNeo] o N N N B Nele] [ X N N N J
[oNoNeNoNoN N N N J [ F N N E N N X NelloNeNoNoNeNoNaNoNoN N N N N Nelo] 00000
Q000000000000 OGOOGOOGOOGOEOIOODO0000000 oo [ XXX N ]
0000000000000000000000000000000OD0O0O0 00000

Figure 6: Sorting the alternating 34-string by 17 Berge 5-moves
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4 Towards Tackling the Generalized Berge 'Sorting Conjec-
ture

Many optimal solutions generated for larger k by computational search exhibit the features
of the ignore-and-knit strategy. In particular, an anchor consisting of k consecutive positions
which is emptied after stage (1) where only alternating k-tuples are moved, and remains
empty till the first move of the last stage where only unicolour k-tuples are moved. The
anchor is also surrounded by 2 pivots. See Figure 6 for an illustration of the optimal solution
O34,5 sorting the alternating 34-string in 17 Berge 5-moves. While the complexity of knit-
ting additional moves certainly increases with k, we believe that the ignore-and-knit strategy
could yield insights toward solving the generalized Berge sorting conjecture.
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