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Abstract. In this article, we prove strong and weak convergence theorems for finding a
common element of the set of solutions for an equilibrium problen $td$ the set of fixed points of
arelatively nonexpansive mapping in aBanach space. Next, we prove two strong convergence
theorems for finding aconmon element of the zero point set of amaximal monotone operator
and the fixed point set of arelatively nonexpaoive mapping in aBanai spaoe by using
the normal hybrid method and anew hybrid method called the $shr\dot{i}ingproj\infty tion$ method.
$E\backslash lrther$ , we obtain a $n\infty essary$ and sufficient conition for the existence of $8olutions$ of the
euquihbrium problem by using the metric resolvents. Finally, we prove a $\epsilon trong$ convergence
thmrem for findin$g$ asolution of an equihbrium problem in aBanach space by using the
$shr\dot{i}$king projection method.

1 lntroduction
Let $E$ be a real Banach space and let $E$“ be a dual space of $E$. Let $C$ be a closed convex

subset of $E$ and let $f$ be a bifunction from $CxC$ to $R$ , where $R$ is the set of real numbers.
The equilibrium problem is formulated as follows: Find $\hat{x}\in C$ such that

$f(\hat{x},y)\geq 0$ for all $y\in C$ .
$\ln$ this case, such apoint $\hat{x}\in C$ is called asolution of the problem. The set of $su\bm{i}$ solutions $\hat{x}$

is denoted by $EP(f)$ . Many problems in physics, optinization, and $economic8$ rduce to find
asolution of the equihbrium problen. Blum and Oettli [5] widely discussed the nistence of
solutioo of such an equilibrium problem. Combettes-Hirstoaga [9], Tada and Tahhaei [46],
and Talaehashi and $TaRha\epsilon hi[48]$ proposed some metho&for approximtion of solutions of
the equihbrium problem in aHilbert space. However, the problem of apprRating $solution\epsilon$

of the equihbrium problem in a $Bana\iota h$ space is difficult. We ako know the problem of finding
apoint $u\in Esatis\theta ing$

$0\in Au$ ,

where $A$ is a maximal monotone operator from $E$ to $E^{*}$ . Such a problem contains numerous
problems in physics, optimization and economics. A well-known method to solve this problem
is called the proximal point algorithm: $x_{1}\in E$ and

$x_{n+1}=J_{r_{n}}x_{\mathfrak{n}},$ $n=1,2,$ $\ldots$ ,
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where $\{r_{n}\}\subset(0, \infty)$ and $J_{r_{n}}$ are the resolvents of $A$ . Many researchers have studied this
algorithm in a Hilbert space, see, for instance, [11, 18, 27, 42, 45] and in a Banach space, see,
for instance, [17, 19, 20, 33]. A mapping $S$ of $C$ into $E$ is $can_{ed}$ nonexpansive if

$\Vert Sx-Sy\Vert\leq\Vert x-y\Vert$

for all $x,y\in C$. We denote by $F(S)$ the set of fixed points of $S$ . There are some methods for
approximation of fixed points of a nonexpansive mapping; see, for instance, [12, 26, 36, 43, 64].
In particular, in 2003 Nakajo-Takahashi [32] proved the following strong convergence theorem
by using the hybrid method:

Theorem 1.1 (Nakajo and Imhas$h1[32]$ ). Let $C$ be a nonempty dosed convex subset of
a Hilbert space $H$ and let $T$ be a nonexpansive mapping of $C$ into itsdf such that $F(T)\neq\emptyset$ .
Suppose $x_{1}=x\in C$ and $\{x_{n}\}$ is given by

$\{\begin{array}{ll}y_{n}=\alpha_{n}x_{n}+(1- )Tx_{n},C_{n}=\{z\in C : \Vert y_{n} z\Vert\leq\Vert x_{n}-z\Vert\},Q_{n}=\{z\in C : (x_{n} z, x-x_{n}\rangle\geq 0\},u_{n+1}=P_{G_{n}\cap Q_{n}}x, n\in N,\end{array}$

where $P_{C_{n}\cap Q_{n}}$ is the metnc projection ffom $C$ onto $C_{n}\cap Q_{n}$ and $\{\alpha_{n}\}$ is chosen so that
$0\leq\alpha_{n}\leq a<1$ . Then, $\{x_{n}\}$ converges strongly to $P_{F(T)}x$ , where $P_{F(T)}$ is the metric
projection jfinom $C$ onto $F(T)$ .

Let us call the hybrid method in Theorem 1.1 the normal hybrid method. Very recently,
Takahashi, Takeuchi and Kubota [61] proved the fofowin$g$ theorm by using another hybrid
method called the shrinking projection method.

Theorem 1.2 (rhi, Ibkeuii and Kubota $[61|$ ). Let $H$ be a Hilbert space and let
$C$ be a nonempty dosed convex subset of H. Let $T$ be a nonezpansive mapping of $C$ into itsdf
such that $F(T)\neq\emptyset$ and let $x_{0}\in H$ . For $C_{1}=C$ and $u_{1}=P_{C_{1}}x_{0}$ , define a $s$equence $\{u_{n}\}$ of
$C$ as follows:

$\{\begin{array}{ll}y_{n}=\alpha_{n}u_{n}+(1- \alpha_{n})Tu_{n},C_{\mathfrak{n}+1}=\{z\in C_{n} : \Vert y_{n}-z\Vert\leq\Vert u_{n}-z\Vert\},u_{n+1}=P_{C_{n+1}}x_{0}, n\in N,\end{array}$

where $0\leq\alpha_{\mathfrak{n}}\leq a<1$ for all $n\in N$ . Then, $\{u_{n}\}$ converges strongly to $z_{0}=P_{F(T)}x_{0}$ .
In this article, we prove strong and we&convergence theorems for finding acommon element

of the set of $solution\epsilon$ for an equihbrium problem and the set of fixed points of arelatively
nonexptsive mapping in aBanach space. Next, using the normal hybrid method and a
new hybrid method called the shrinking projection method, we study two $\epsilon trong$ convergence
theorems for finding acommon element of the zero point set of amnimal monotone operator
and the fixed point set of arelatively nonexpansive $mapp_{\dot{i}}g$ in aBanach $spa\iota e$ . Further, we
$obta\dot{i}$ a $nec\infty s$ary and sufficient condition for the existence of solutions of the euquihbrium
problem by using the metric resolvents. Finally, we prove astrong convergence thmrem
for finding asolution of $\bm{t}$ equilibrium problem in aBanach space by $u\epsilon ing$ the shrinking
projection method.
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2 Preliminaries
Throughout this paper, we denote by $N$ and $R$ the sets of positive integers and real numbers,

respectively. Let $E$ be a Banach space and let $E^{*}$ be the topological dual of $E$ . For all $x\in E$

and $x^{*}\in E$“, we denote the value of $x^{*}$ at $x$ by $\langle x, x^{*}\rangle$ . Then, the duality mapping $J$ on $E$ is
defined by

$J(x)=\{x^{*}\in E^{*} : (x, x^{*}\rangle=\Vert x||^{2}=||x^{*}\Vert^{2}\}$

for every $x\in E$ . By the Hahn-Banach theorem, $J(x)$ is nonempty; see [51] for more $\det\dot{\omega}k$ .
We denote the strong convergence and the weak convergence of a sequence $\{x_{\mathfrak{n}}\}$ to $x$ in $E$

by $x_{n}arrow x$ and $x_{n}arrow x$ , respectively. We also denote the weak’ convergence of a sequence
$\{x_{n}^{*}\}$ to $x^{*}$ in $E$“ by $x_{n}^{*}arrow*x^{*}$ . A Banach space $E$ is sai$d$ to be strictly convex if $\rfloor\llcorner x+Au2<1$

for $x,y\in E$ with $\Vert x\Vert=\Vert y\Vert=1$ and $x\neq y$ . It $is$ also said to be uniformly convex if for each
$\epsilon\in(0,2]$ , there exists $\delta>0$ such that $\frac{||x+y||}{2}\leq 1-\delta$ for $x,$ $y\in E$ with $||x\Vert=\Vert y||=1$ and
$\Vert x-y\Vert\geq\epsilon$ . The space $E$ is said to be smooth if the limit

$\lim_{tarrow 0}\frac{\Vert x+ty\Vert-\Vert x||}{t}$

exists for all $x,y\in S(E)=\{z\in E : \Vert z\Vert=1\}$ . It is ako said to be unifomly smooth if
the limit exists uniformly in $x,y\in S(E)$ . We know that if $E$ is snooth, strictly convex and
reflexive, then the duality mapping $J$ is singlevalued, onbto-one and onto; see $[51, 52]$ for
more details.

Let $E$ be a smooth Banach space and define the real valued function $\phi$ by

$\phi(y,x)=\Vert y\Vert^{2}-2(y,$ $Jx\rangle$ $+\Vert x||^{2}$

for all $y,x\in E$ . Then, we have that

$\phi(x,y)=\phi(x, z)+\phi(z, y)-2\langle x-z, Jz-Jy\rangle$

for all $x,$ $y,$ $z\in E$ . Let $E$ be a smooth, strictly convex and reflexive Banach space and let $C$

be a nonempty closed convex subset of $E$ . Following Alber [1], the generahzed projection $\Pi_{C}$

from $E$ onto $C$ is defined by
$\Pi_{C}(x)=\arg\dot{m}n\phi(y,x)y\in C$

for all $x\in E$ . If $E$ is a Hilbert space, then $\phi(y, x)=\Vert y-x\Vert^{2}$ and $\Pi_{C}$ is the metric projection
of $H$ onto $C$ . We know the following lemmas for generahized projections.

Lemma 2.1 (Alber [1], Kammura and Takahashi [20]). Let $C$ be a nonempty closed
convex subset of a smooth, strictly convex and reflenive Banach space E. Then

$\phi(x,\Pi_{C}y)+\phi(\Pi_{C}y,y)\leq\phi(x,y)$ for all $x\in C$ and $y\in E$ .

Lemma 2.2 (Alber [1], Kamimura and $\ovalbox{\tt\small REJECT} \bm{i}[20]$ ). Let $C$ be a nonempty dosed
convex subset of a smooth, strictly convex, and reflexive Banach space, let $x\in E$ and let $z\in C$ .
Then

$z=\Pi_{C}x\Leftrightarrow(y-z,$ $Jx-Jz\rangle$ $\leq 0$ for all $y\in C$.
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Let $E$ be a smooth, strictly convex and reflexive Banach space, and let $A$ be a set-valued
mapping from $E$ to $E$‘ with graph $G(A)=\{(x, x^{*}) : x^{*}\in Ax\}$ , domain $D(A)=\{z\in E$ :
$Az\neq\emptyset\}$ and range $R(A)=\cup\{Az:z\in D(A)\}$ . We denote a set-valued operator $A$ from $E$ to
$E^{*}$ by $A\subset E\cross E^{*}.$ $A$ is said to be monotone if

\langle$x-y,x^{*}$ 一 $y^{*}\rangle$ $\geq 0$

for all $(x,x^{*}),$ $(y,y^{*})\in A$. A monotone operator $A\subset ExE^{*}$ is said to be maXimait monotone
if its graph is not properly contained in the graph of any other monotone operator. We know
that if $A$ is a manCimal monotone operator, then $A^{-1}0=\{z\in D(A) : O\in Az\}$ is closed and
convex; see $[51, 52]$ for more details. The followig theorem is well-known.

Theorem 2.3 (RocLfellar [41]). Let $E$ be a smooth, strictly convex and reflexive Banach
space and let $A\subset ExE^{r}$ be a monotone operator. Then $A$ is maximal if and only if $R(J+$
$rA)=E$“ for all $r>0$ .

Let $E$ be a smooth, strictly convex and refiexive Banach space, let $C$ be a nonempty closed
convex subset of $E$ and let $A\subset E\cross E^{*}$ be a monotone operator satisfying

$D(A) \subset C\subset J^{-1}(\bigcap_{r>0}R(J+rA))$ .
Then we can defne the resolvent $J_{r}$ : $Carrow D(A)$ of $A$ by

$J_{r}x=\{z\in D(A):Jx\in Jz+rAz\}$

for all $x\in C$. We know that $J_{r}x$ consists of one point. For all $r>0$ , the Yoeida approximation
$A$ : $Carrow E$“ is defined by $A.x= \frac{Jx-JJx}{r}$ for all $x\in C$ . We also know the foUowmg lemma;
see, for instance, [24].

Lemma 2.4. Let $E$ be a smooth, strictly convex and reflexive Banach space, let $C$ be a
nonempty dosed convex subset of $E$ and let $A\subset ExE^{*}$ be a monotone operator satisfying

$D(A) \subset C\subset J^{-1}(\bigcap_{r>0}R(J+rA))$ .

Let $r>0$ and let $J_{r}$ and $A_{r}$ be the resolvent and the Yosida appr vimation of $A$, respectively.
Then, the following hold:

(1) $\phi(u, J_{r}x)+\phi(J_{r}x,x)\leq\phi(u,x)$ for $aIlx\in C$ and $u\in A^{-1}0$;
(2) $(J_{r}x,A_{r}x)\in A$ for all $x\in C$;
$(S)F(J_{f})=A^{-1}0$ .
Let $C$ be a nonempty closed convex subset of a smooth, strictly convex and reflexive Banach

space $E$ , let $T$ be a mapping &om $C$ into itself. We denoted by $F(T)$ the set of fixed points of
$T$ . A point $p\in C$ is said to be an asymptotic fixed point of $T$ if there exists $\{x_{\mathfrak{n}}\}$ . in $C$ which
converges weakly to $p$ and $\lim_{narrow\infty}\Vert x_{n}-Tx_{n}\Vert=0$ . We denote the set of all asymptotic fixed
points of $T$ by $\hat{F}(T)$ . Following Matsushita and Takahashi [29], a mapping $T:Carrow C$ is said
to be relatively nonexpansive if the following conditions are satisfied:

(1) $F(T)$ is nonempty;
(2) $\phi(u,Tx)\leq\phi(u, x)$ for all $u\in F(T)$ and $x\in C$ ;
(3) $\hat{F}(T)=F(T)$ .

The following lemma $is$ due to Matsushita and Takahashi [28].
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Lemma 2.5 (Matsushita and Ibkahash\ddagger [28]). Let $C$ be a nonempty closed convex subset
of a smooth, strictly convex, and reflexive Banach space $E,$ and let $T$ be a relativdy nonex-
pansive mapping fiom $C$ into itsdf. Then $F(T)$ is closed and convex.

We also know the following lemma.
Lemma 2.6 (Kamimura and $\ovalbox{\tt\small REJECT} hi[20]$ ). Let $E$ be a smooth and unifomly convex
Banach space and let $\{x_{n}\}$ and $\{y_{n}\}$ be sequences in $E$ such that either $\{x_{n}\}$ or $\{y_{n}\}\dot{u}$

bounded. If $hm_{n}\phi(x_{\mathfrak{n}},y_{n})=0_{f}$ then $hm_{n}||x_{n}-y_{n}\Vert=0$ .

3 Equilibrium Problems and Relatively Nonexpansive Mappin$gs$

In this section, we prove strong and weak convergence theorems for finding a common
element of the set of solutions for an equilibrium problem and the set of fixed points of a
relatively nonexpansive mapping in a Banach space.

Let $E$ be a Banach space and let $C$ be a nonempty closed convex $sub_{8}et$ of $E$ . A function
$f$ : $CxCarrow R$ is said to be maximal monotone with respect to $C$ if, for every $x\in C$ and
$x^{*}\in E^{*}$ ,

$f(x,y)+(y-x,x^{*}\rangle\geq 0$

for all $y\in C$ , whenever ($z-x,x^{*}\rangle$ $\geq f(z,x)$ for all $z\in C$ .
In this article, we assume that a bifunction $f$ satisfies the $f_{0}u_{ow\dot{m}g}$ conditions:

(A1) $f(x,x)=0$ for 可 n $x\in C$ ;
(A2) $f$ is monotone, i.e., $f(x,y)+f(y, x)\leq 0$ for all $x,y\in C\cdot$,
(A3) for aJ1 $x\in C,$ $f(x, \cdot)$ is convex and lower semicontinuous;
(A4) $hm\sup_{t\downarrow 0}f(tz+(1-t)x,y)\leq f(x,y)$ for all $x,y,z\in C$ .

Assume that $f$ satisfies $(A1)-(A4)$ . Then, $f$ is maximal monotone. In fact, for every $x\in C$

and $x^{*}\in E^{*}$ , suppose that
$\langle z-x,x^{*}\rangle\geq f(z,x)$

for all $z\in C$. Putting $z_{t}=(1-t)x+ty$ with $y\in C$ and $t\in(O, 1)$ , we have

$0=f(z_{t}, z_{t})$

$\leq(1-t)f(z_{t}, x)+tf(z_{t)}y)$

$\leq(1-t)(z_{t}-x,x^{*}\rangle+tf(z_{t},y)$

$\leq t(1-t)(y-x,x’\rangle+tf(z_{t},y)$ .

Hence, we have $0\leq(1-t)\langle y-x, x^{*}\rangle+f(z_{t},y)$ . Since $f$ is upper hemicontinuous, we have
$0\leq\langle y-x,x^{*}\rangle+f(x,y)$ .

Hence, $f$ is maximal monotone. The foUowing result is in Blum and Oettlli [5]. See [2] for the
proof.

Lemma 3.1 (Blum and Oettli [5]). Let $C$ be a dosed convex subset of a smooth, $st|\backslash cuy$

convex, and reflexive Banach space $E$ , let $f$ be $a$ $b$珂可 nction ffom $CxC$ to $Rsat\dot{u}ffing(A1)-$

$(A4)$ , and let $r>0$ and $x\in E$ . Then, there exists $z\in C$ such that

$f(z,y)+ \frac{1}{r}\langle y-z, Jz-Jx\rangle\geq 0$ for all $y\in C$.
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Motivated by Combettes and Hirstoaga [9] in a Hilbert space, we obtain the foUowing lemma.

Lemma 3.2. Let $C$ be a closed convex subset of a unifomly smooth, strictly convex, and
reflenive Bana$ch$ space $E$, and let $f$ be a bifunction from $C\cross C$ to $R$ satisfy ing $(Al)-(A4)$ .
For $r>0$ and $x\in E$ , define a mapping $T_{r}$ : $Earrow C$ as follows:

$T_{r}(x)= \{z\in C:f(z,y)+\frac{1}{r}\langle y-z, Jz-Jx\rangle\geq 0$ for all $y\in c\}$

for all $x\in E.$ Then, the following hold:

(1) $T_{r}$ is single-valued;
(2) $T_{r}$ is a fimly $none\eta ansive$-type mapping [$24J,$ $i.e.$ , for all $x,y\in E$,

$\langle T_{r}x-T_{r}y, JT_{r}x-JT_{r}y\rangle\leq(T_{r}x-T_{r}y,$ $Jx-Jy\rangle$ ;

(8) $F(T_{r})=EP(f)$ ;
(4) $EP(f)$ is dosed and convex.
We claim that $T_{r}$ is single-valued. Indeed, for $x\in C$ and $r>0$ , let $z_{1},$ $z_{2}\in T_{r}x$ . Then,

$f(z_{1}, z_{2})+ \frac{1}{r}\langle z_{2}-z_{1}, Jz_{1}-Jx\rangle\geq 0$

and
$f(z_{2}, z_{1})+ \frac{1}{r}(z_{1}-z_{2},$ $Jz_{2}-Jx\rangle$ $\geq 0$ .

Adding two inequalities, we have

$f(z_{1}, z_{2})+f(z_{2}, z_{1})+ \frac{1}{r}\langle z_{2}-z_{1}, Jz_{1}-Jz_{2}\rangle\geq 0$ .
$Rom$ (A2) and $r>0$ , we have

$\langle z_{2}-z_{1}, Jz_{1}-Jz_{2}\rangle\geq 0$ .
Since $E$ is strictly convex, we have $z_{1}=z_{2}$ .

Next, we claim that $T_{r}$ is a firmly nonexpansive-type mapping. Indeed, for $x,y\in C$ , we
have

$f(T_{r}x,T_{r}y)+ \frac{1}{r}\langle T_{r}y-T_{r}x, JT_{r}x-Jx\rangle\geq 0$ ,

and
$f(T_{r}y,T_{r}x)+ \frac{1}{r}(T_{r}x-T_{r}y,$ $JT_{r}y-Jy\rangle$ $\geq 0$ .

Adding two inequalities, we have

$f(T_{r}x,T_{r}y)+f(T_{r}y,T_{r}x)+ \frac{1}{r}\langle T_{r}y-T_{r}x, JT_{r}x-JT_{r}y-Jx+Jy\rangle\geq 0$ .
Rom (A2) and $r>0$ , we have

$(T_{r}y-T_{r}x,$ $JT_{r}x-JT_{r}y-Jx+Jy\rangle$ $\geq 0$ .
Therefore, we have

$(T_{r}x-T_{r}y,$ $JT_{r}x-JT_{r}y\rangle$ $\leq\langle T_{r}x-T_{r}y, Jx-Jy\rangle$ .

We call such $T_{r}$ the relative resolvent of $f$ for $r>0$ . Using Lemma 3.2, we have the $f_{0}uow\dot{i}g$

result.
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Lemma 3.3. Let $C$ be a closed convex subset of a smooth, stnctly convex, and reflexive
Banach space $E$ , let $f$ be a bifunction from $CxC$ to $R$ satisfy ing $(Al)-(A4)$, and let $r>0$ .
Then, for $x\in E$ and $q\in F(T_{r})$ ,

$\phi(q, T_{r}x)+\phi(T_{r}x,x)\leq\phi(q, x)$ .

Proof. Rom Lemma 3.2 (2), we have, for all $x,y\in E$ ,

$\phi(T_{r}x,T_{r}y)+\phi(T_{r}y,T_{r}x)\leq\phi(T_{r}x,y)+\phi(T_{r}y,x)-\phi(T_{r}x,x)-\phi(T_{r}y,y)$ .
Letting $y=q\in F(T_{r})$ , we have

$\phi(q,T_{r}x)+\phi(T_{r}x,x)\leq\phi(q,x)$ .

This completes the proof. 口

Now, we prove a strong convergence theorem for $find\dot{i}g$ a common element of the set of
solutions for an equilibrium problem and the set of fixed points of a relatively nonexpansive
mapping in a Banach space.

Theorem 3.4 ($Ih]fflhashi$ and Zembayashi [63]). Let $E$ be a uniformly smooth and uni-
fomly convex Banach space, and let $C$ be a nonempty dosed convex subset of E. Let $f$ be
a bihnction ffom $CxC$ to $R$ satisfying $(Al)-(A4)$ and let $S$ be a relativdy nonewnlive
mapping ffom $C$ into itself such that $F(S)\cap EP(f)\neq\emptyset$ . Let $\{x_{n}\}$ be a sequence generated by

$\{\begin{array}{l}x_{0}=x\in Cy_{n}=J^{-1}(\alpha_{n}Jx_{n}+(1-\alpha_{\mathfrak{n}})JSx_{n})u_{n}\in Cf(u_{n},y)+\frac{1}{r_{n}}\langle y-u_{n}, Ju_{n}-Jy_{\mathfrak{n}}\rangle\geq 0,\forall y\in CH_{n}=\{z\in C : \phi(z,u_{n})\leq\phi(z,x_{n})\}W_{n}=\{z\in C:\langle x_{n}-z, Jx-Jx_{n}\rangle\geq 0\}x_{n+1}=\Pi_{H_{n}\cap W_{n}^{X}}\end{array}$

for every $n\in N\cup\{0\}$ , where $J$ is the duality mapping on $E,$ $\{\alpha_{n}\}\subset[0,1]$ satisfies
lin in$f_{narrow\infty}\alpha_{n}(1-\alpha_{n})>0$ and $\{r_{n}\}\subset[a, \infty$) for some $a>0$ . Then, $\{x_{n}\}$ converges strongly
to $\Pi_{F(S)\cap EP(f)}x$ , where $\Pi_{F(S)\cap EP(f)}$ is the generalized projection of $E$ onto $F(S)\cap EP(f)$ .

Further, we prove a weak convergence theorem for finding a common element of the set of
solutions for an equilibrium problem and the set of fixed points of a relatively $non\infty ansive$

mapping in a Banach space. Before proving the theorem, we need the following proposition.

Proposition 3.5. Let $E$ be a unifomly smooth and unifomly convex Banach space, and let
$C$ be a nonempty closed convex subset of E. Let $f$ be a bifunction ffom $CxC$ to $Rsat\dot{u}\phi ng$

$(Al)-(A4)$ and let $S$ be a relatively $none\varphi ansive$ mapping ffom $C$ into itself such that $F(S)\cap$

$EP(f)\neq\emptyset$ . Let $\{x_{n}\}$ be a sequence generated by $u_{1}\in E$ ,

$\{\begin{array}{l}x_{n}\in Cf(x_{n},y)+\frac{1}{r_{n}}\langle y-x_{\mathfrak{n}}, Jx_{\mathfrak{n}}-Ju_{n}\rangle\geq 0,\forall y\in Cu_{n+1}=J^{-1}(\alpha_{n}Jx_{n}+(1-\alpha_{\mathfrak{n}})JSx_{n})\end{array}$

for eve$\eta n\in N$ , where $J$ is the duality mapping on $E,$ $\{\alpha_{n}\}\subset[0,1]$ satisfies $\lim\inf_{narrow\infty}\alpha_{\mathfrak{n}}(1-$

$\alpha_{\mathfrak{n}})>0$ and $\{r_{n}\}\subset[0,\infty$). Then, $\{\Pi_{F(S)\cap EP(f)}x_{n}\}$ converges strongly to $z\in F(S)\cap EP(f)$ ,
where $\Pi_{F(S)\cap EP(f)}$ is the generdized projection of $E$ onto $F(S)\cap EP(f)$ .
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Using Proposition 3.5, we can prove the following theorem.

Theorem 3.6 ($\ovalbox{\tt\small REJECT} hi$ and Zembayashi [63]). Let $E$ be a unifomly smooth and uni-
fomly convex Banach space, and let $C$ be a nonempty closed convex subset of E. Let $f$ be
a bifunction from $CxC$ to $R$ satisfying $(Al)-(A4)$ and let $S$ be a relativdy $none\varphi ansive$

mapping ffom $C$ into itself such that $F(S)\cap EP(f)\neq\emptyset$ . Let $\{x_{n}\}$ be a sequences generated
by $u_{1}\in E$ ,

$\{\begin{array}{l}x_{\mathfrak{n}}\in Cf(x_{\mathfrak{n}},y)+\frac{1}{r}\langle y-x_{n}, Jx_{n}-Ju_{n}\rangle\geq 0,\forall y\in Cu_{n+1}=J^{-1}(\alpha_{n}Jx_{\mathfrak{n}}+(1-\alpha_{n})JSx_{n})\end{array}$

for every $n\in N$, where $J$ is the dudity mapping on $E,$ $\{\alpha_{n}\}\subset[0,1]$ satisfies lini $\inf_{narrow\infty}\alpha_{n}(1-$

$\alpha_{n})>0$ and $\{r_{n}\}\subset[a, \infty$) for some $a>0$ . If $J$ is weakly sequentidly continuous, then $\{x_{n}\}$

converges weakly to $z\in F(S)\cap EP(f)$ , where $z= \lim_{narrow\infty}\Pi_{F(S)\cap BP(f)}x_{n}$ .

4 MaximaI Monotone Operators and ReIatively Nonexpansive
Mappings

In this section, we prove a strong convergence thmrem for finding a common element of
the zero point set of a maximal monotone operator and the 丘に ed point set of a relatively
nonexpansive maPping in a Banach space by using the normal hybrid method.

Theorem 4.1 (Inoue, $\ovalbox{\tt\small REJECT} hi$ and Zembayashi [25]). Let $E$ be a unifomly smooth
and unifomly convex Banach space, and let $C$ be a nonempty dosed convex subset of E. Let
$A\subset ExE^{n}$ be a maximal monotone operator satisfying

$D(A) \subset C\subset J^{-1}(\bigcap_{r>0}R(J+rA))$

and let $J_{r}=(J+rA)^{-1}J$ for all $r>0$ . Let $S$ be a relativdy nonezpansive mapping from $C$

into itself such that $F(S)\cap A^{-1}0\neq\emptyset$ . Let $\{x_{n}\}$ be a sequence generated by $x_{0}=x\in C$ and

$\{\begin{array}{l}u_{n}=J^{-1}(\alpha_{n}Jx_{n}+(1-\alpha_{n})JSJ_{r}.x_{\mathfrak{n}})H_{n}=\{z\in C : \phi(z,u_{n})\leq\phi(z,x_{n})\}W_{n}=\{z\in C:\langle x_{n}-z, Jx-Jx_{n}\}\geq 0\}x_{n+1}=\Pi_{H.\cap W_{n}^{X}}\end{array}$

for every $n\in NU\{0\}$ , where $J_{\backslash }is$ the dudity mapping on $E,$ $\{\alpha_{\mathfrak{n}}\}\subset[0,1$) satisfies
$1\dot{\min}f_{narrow\infty}(1-\alpha_{n})>0$ and $\{r_{n}\}\subset[a, \infty$) for some $a>0$ . Then, $\{x_{n}\}conve\eta es t vngly$ to
$\Pi_{F(S)\cap A^{-\iota}0^{X}}$ , where $\Pi_{F(S)\cap A^{-1}0}$ is the generalized prvjection of $E$ onto $F(S)\cap A^{-1}0$ .

As direct consequences of Theorem 4.1, we can obtain the following corollaries.

Corollary 4.2. Let $E$ be a uniforrnly smooth and unifomly convex Banach space, let $A\subset$

$ExE^{*}$ be a maximal monotone operator with $A^{-1}0\neq\emptyset$ and let $J_{f}=(J+rA)^{-1}J$ for all
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$r>0$ . Let $\{x_{n}\}$ be a sequence generated by $x_{0}=x\in C$ and

$\{\begin{array}{l}u_{n}=J_{r_{n}}x_{n}H_{n}=\{z\in E : \phi(z,u_{n})\leq\phi(z,x_{n})\}W_{n}=\{z\in E:\langle x_{n}-z, Jx-Jx_{n}\rangle\geq 0\}x_{n+1}=\Pi_{H_{n}\cap W_{n}^{X}}\end{array}$

for every $n\in N\cup\{0\}$ , where $J$ is the duality mapping on $E$ and $\{r_{\mathfrak{n}}\}\subset[a, \infty$) for some $a>0$ .
Then, $\{x_{n}\}$ converges strongly to $\Pi_{A^{-1}0^{X}}$ , where $\Pi_{A^{-1}0}$ is the genemlized prvjection of $E$ onto
$A^{-1}0$ .
Proof. Putting $S=I,$ $C=E$ and $\alpha_{n}=0$ in Theorem 4.1, we obtain Corollary 4.2. $\square$

Corollary 4.3 (Matsushita and IhLhashi [29]). Let $E$ be a unifomly smooth and uni-
fomly convex Banach space, let $C$ be a nonempty closed convex subset of $E$, and let $S$ be a
relatively $none\varphi ansive$ mapping from $C$ into itself such that $F(S)\neq\emptyset$ . Let $\{x_{n}\}$ be a sequence
generated by $x_{0}=x\in C$ and

$\{\begin{array}{l}u_{n}=J^{-1}(\alpha_{n}Jx_{n}+(1-\alpha_{n})JSx_{n})H_{n}=\{z\in C : \phi(z,u_{n})\leq\phi(z,x_{n})\}W_{\mathfrak{n}}=\{z\in C:\langle x_{n}-z, Jx-Jx_{\mathfrak{n}}\rangle\geq 0\}x_{n+1}=n_{H_{n}\cap W_{n}^{X}}\end{array}$

for every $n\in NU\{0\}$ , whe$reJ$ is the dudity mapping on $E,$ $\{\alpha_{n}\}\subset[0,1$) $sat\dot{u}fiu$

$\lim\inf_{\mathfrak{n}arrow\infty}(1-\alpha_{\mathfrak{n}})>0$. Then, $\{x_{n}\}$ converges strongly to $\Pi_{F(S)}x$ , where $\Pi_{F(S)}\dot{u}$ the
generalized projection of $E$ onto $F(S)$ .
Proof. Set $A=\partial i_{C}$ in Theorm 4.1, where $i_{G}$ is the indicator function of $C$ and &c is
the subdifferential of $i_{C}$ . Then, we have that $A$ is a maximal monotone operator and $J_{r}=$

$\Pi_{G}$ , where $J_{r}$ is the resolvent of $A=\partial i_{C}$ for $r>0$ . So, from Theorem 4.1, we obtain
CoroUary 4.3. $\square$

Using an idea of [61], we prove astrong convergence theorem for finding acommon element
of the zero point $s$et of a maximal monotone operator and the fixed point set of a relatively
nonexpansive mapping in a Banach space by using the shrinking projection method.

Theorem 4.4 (Inoue, $Ihkaha8hi$ and Zembayashi [25]). Let $E$ be a unifomly smooth
and unifomly convex Banach space, and let $C$ be a nonempty closed convex subset of B. Let
$A\subset ExE^{*}$ be a maximal monotone operntor satisMng

$D(A) \subset C\subset J^{-1}(\bigcap_{r>0}R(J+rA))$

and let $J_{r}=(J+rA)^{-1}J$ for all $r>0$ . Let $S$ be a relatively $none\varphi an\dot{n}ve$ mapping fivm
$C$ into itself such that $F(S)\cap A^{-1}0\neq\emptyset$ . Let $\{x_{n}\}$ be a sequence generated by $x_{0}=x\in C$ ,
$H_{0}=C$ and

$\{\begin{array}{l}u_{\mathfrak{n}}=J^{-1}(\alpha_{\mathfrak{n}}Jx_{n}+(1-\alpha_{n})JSJ_{r_{n}}x_{n})H_{n+1}=\{z\in H_{\mathfrak{n}} : \phi(z,u_{\mathfrak{n}})\leq\phi(z,x_{n})\}x_{n+1}=\Pi_{H_{n+1}}x\end{array}$

for eveiy $n\in N\cup\{0\}$ , where $J$ is the dudity mapping on $E,$ $\{\alpha_{n}\}\subset[0,1$) satisfies
$1\dot{\min}f_{\mathfrak{n}arrow\infty}(1-\alpha_{n})>0$ and $\{r_{n}\}\subset[a,\infty$) for some $a>0$ . Then, $\{x_{n}\}conve\eta e\epsilon$ strongly to
$\Pi_{F(S)\cap A^{-1}0^{X}}$, where $\Pi_{F(S)\cap A^{-1}0}$ is the generalized projection of $E$ onto $F(S)\cap A^{-1}0$ .
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As direct consequences of Theorem 4.4, we can obtain the following corollaries.

Corollary 4.5. Let $E$ be a unifomly smooth and unifomly convex Banach space. Let $A\subset$

$ExE^{*}$ be a maximal monotone operator with $A^{-1}0\neq\emptyset$ and let $J_{r}=(J+rA)^{-1}J$ for all
$r>0$ . Let $\{x_{n}\}$ be a sequence generated by $x_{0}=x\in E,$ $H_{0}=E$ and

$\{\begin{array}{l}u_{n}=J_{r_{n}}x_{n}H_{n+1}=\{z\in H_{n} : \phi(z,u_{n})\leq\phi(z, x_{n})\}x_{\mathfrak{n}+1}=\Pi_{H_{n+\iota^{X}}}\end{array}$

for every $n\in N\cup\{0\}$ , where $J$ is the duality mapping on $E$ and $\{r_{n}\}\subset[a, \infty$) for $\epsilon omea>0$ .
Then, $\{x_{n}\}co$nverges strongly to $\Pi_{A^{-1}0^{X}}$ .

Proof. Putting $S=I,$ $C=H_{0}=E$ and $\alpha_{n}=0$ in Theorem 4.4, we obtain Corollary 4.5. $\square$

Corollary 4.6. Let $E$ be a unifomly smooth and unifomly convex Banach space, let $C$ be $a$

nonempty closed convex subset of $E$, and let $S$ be a relatively $none\varphi ansive$ mapp\’ing ffom $C$

into itself such that $F(S)\neq\emptyset$ . Let $\{x_{n}\}$ be a sequence generated by $x_{0}=x\in C$ and

$\{\begin{array}{l}u_{n}=J^{-1}(\alpha_{n}Jx_{n}+(1-\alpha_{n})JSx_{\mathfrak{n}})H_{n+1}=\{z\in H_{n} : \phi(z,u_{n})\leq\phi(z, x_{n})\}x_{n+1}=\Pi_{H_{n+\iota^{X}}}\end{array}$

for every $n\in N\cup\{0\}$ , where $J$ is the duality mapping on $E,$ $\{\alpha_{n}\}\subset[0,1$) satisfies
lin $\inf_{narrow\infty}(1-\alpha_{n})>0$ . Then, $\{x_{n}\}$ converges strongly to $\Pi_{F(S)^{X}}$ where $\Pi_{F(S)}$ is the
generalized projection of $E$ onto $F(S)$ .

Proof. Putting $A=\partial i_{C}$ in Theorem 4.4, we obtain Corollary 4.6. $\square$

5 Equilibrium Problems and Metric Resolvents
In this section, we prove a strong convergence theorem for finding a solution of the equilib-

rium problem by using the metric resolvents. Using Lemma 3.1, we first obtain the $foUowing$

result.

Lemma 5.1. Let $C$ be a closed convex subset of a smooth, strictly convex and reflenive Banach
space $E$ , let $f$ be a bifunction ffom $C\cross C$ to $R$ satishing $(Al)-(A4)$, let $r>0$ and let $x\in E$ .
Then, there exis$ts$ a unique $z_{r}\in C$ such that

$f(z_{r},y)+ \frac{1}{r}\{y-z_{r},$ $J(z_{r}-x)\rangle$ $\geq 0$ for all $y\in C$.

Proof. Fix $x\in C$ . Then, we d&e $g:(C-x)x(C-x)arrow R$ as follows:

$g(z,y)=f(z+x,y+x)+ \frac{1}{r}\langle y-z, Jx\rangle$ . (5.1)

From the properties of $f$ , it is easy to prove that $g$ satisfies the foUowing conditions;

(A1) $g(z, z)=0$ for all $z\in C-x$ ;
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(A2) $g$ is monotone with respect to $C-x$ ;
(A3) for all $z\in C-x,$ $g(z, \cdot)$ is convex and lower semicontinuous;
(A4) $g$ is upper hemicontinuous with respect to $C-x$ .

Hence, from Lemma 3.1 there exists a unique element $z_{r}$ such that

$f(z_{r}+x,y+x)+ \frac{1}{r}\langle y-z_{r}, Jx\rangle+\frac{1}{r}(y-z_{r},$$Jz,$ $-Jx\rangle$ $\geq 0$

for all $y\in C-x$ . This implies that

$f(z_{r}+x,y+x)+ \frac{1}{r}\langle y-z_{r}, Jz_{r}\rangle\geq 0$

for all $y\in C-x$ . Putting $u_{r}=z_{r}+x$ and $v=y+x$, we have

$f(u_{f},v)+ \frac{1}{r}\langle v-u_{r}, J(u_{r}-x)\rangle\geq 0$

for all $v\in C$ . This completes the proof. $\square$

Under the conditions in Theorem 5.1, for every $r>0$ we may define a singlevalued mapping
$F_{r}$ : $Earrow C$ by

$F_{r}x= \{z\in C : 0\leq f(z,y)+\frac{1}{r}\langle y-z, J(z-x)\rangle, y\in C\}$ (5.2)

for $x\in E$ , which is called the metric resolvent of $f$ for $r>0$ . Also, we can define the Yosida
approximation as follows:

$A_{r}x= \frac{1}{r}J(x-F_{r}x)$ . (5.3)

As in $Takahashi$ [$52$ , pp.163-165], we can prove the foUowing theorem for Yoeida approx-
imations. Before proving it, we need the following lemma; see, for imstance, $Tahhas\bm{i}[52$ ,
Problem 4.5.4].

Lemma 5.2. Let $E$ be a Banach space. Assume that $\prime u_{n^{-A}}v,$
$v_{n^{\wedge}}^{s}v^{*}$ and

lin $(u_{n}-u_{m)}v_{n}-v_{m}\rangle$ $=0$ .
$m,narrow\infty$

Then, $\lim_{narrow\infty}\langle u_{n},v_{n}\rangle=\langle u,v^{*}\rangle$ .
Lemma 5.3. Assume $r>0$ . Then, $A_{r}$ : $Earrow E^{*}$ is monotone and demicontinuous. $fi\{\iota\hslash her$,

if $D\subset E$ is bounded, then $A_{r}D\subset E^{*}$ is $bo$unded.

To show a necessary and sufficient condition for the existence of solutions of the euquilibrium
problem, we need the following lemma [51, Theorem 7.1.8]; see also [4].

Lemma 5.4 ([51, 4]). Let $E$ be a reflestve Banach space and let $K$ be a bounded closed
convex subset of E. Suppose $A$ is a monotone and demicontinuous operator. Then there mists
$u_{0}\in K$ such that

$\langle y-u_{0}, Au_{0}\rangle\geq 0$ for all $y\in K$.

Using Lemma 5.4, we obtain the fofowin$g$ lemma.

101



Lemma 5.5. Let $E$ be a smooth and unifomly convex Banach space and let $C$ be a nonempty
closed convex subset ofE. Let $f$ be a bifunction $CxC$ to $R$ satisfying $(Al)-(A4)$ . For $C_{1}=C$

and $x_{1}=x\in E$ , define the sequence $\{x_{n}\}$ as follows:

$\{\begin{array}{l}y_{n}=F_{r_{n}}x_{n}C_{n+1}=\{z\in C_{n} : \langle y_{n}-z,J(x_{n}-y_{n})\rangle\geq 0\}x_{n+1}=P_{C_{n+1}}(x_{1})\end{array}$

where $0<r_{n}<\infty$ and $P_{C}$. is the metric projection of $E$ onto $C_{n}$ . Then $\{x_{n}\}\dot{u}$ wdl-defined.
We also have the following lemma.

Lemma 5.6. If $EP(f)\neq\emptyset$ , then $EP(f)\subset C_{n}$ for all $n\in N$ .
Proof. It is ovbious that $EP(f)\subset C_{1}=C$ . Suppose $EP(f)\subset C_{n}$ for some $n\in N$ . Let
$z\in EP(f)$ . From $y_{n}=F_{r}.x_{\mathfrak{n}}$ and the monotonicity of $f$ , we have

$(y_{n}-y, \frac{1}{r_{n}}J(x_{n}-y_{n})\rangle\geq f(y,y_{n})$

for all $y\in C$. Put $y=z$. Then we have

$\langle y_{n}-z, \frac{1}{r_{n}}J(x_{\mathfrak{n}}-y_{n})\rangle\geq f(z,y_{n})\geq 0$ .

Therefore, $z\in C_{n+1}$ . By the mathematical inducition, we obtain $z\in C_{n}$ for all $n\in N$ . $\square$

Now, we obtain a necessary and sufBcient condition for the existence of solutions of the
euquihbrium problem in a Banach space.

Theorem 5.7 ($\ovalbox{\tt\small REJECT} hi$ and $\ovalbox{\tt\small REJECT} hi[47]$ ). Let $E$ be a smooth and unifomly convex
Banach space and let $f$ be a bifunction $CxC$ to $R$ satisfying $(AJ)-(A4)$. For $C_{1}=C$ and
$x_{1}=x\in E$, define the sequence $\{x_{n}\}$ as follows:

$\{\begin{array}{l}y_{n}=F_{r_{n}}x_{n}C_{n+1}=\{z\in C_{n} : (y_{n}-z, J(x_{n}-y_{n})\rangle\geq 0\})x_{n+1}=P_{C_{n+1}}(x_{1})\end{array}$

where lim $infr_{n}>0$ and $P_{G_{n}}$ is the metric projection of $E$ onto $C_{n}$ . Then $\{x_{n}\}\dot{u}$ bounded if
$narrow\infty$

and only if $EP(f)\neq\emptyset$ .
Finally, we can prove a strong convergence theorem for finding a solution of the equilibrium

problem by using the shrinking projection method.

Theorem 5.8 ($\ovalbox{\tt\small REJECT} hi$ and $\ovalbox{\tt\small REJECT} hi[47]$ ). Let $E$ be a smooth and unifomly convex
Banach space and let $C$ a nonempty closed convex subset of E. Let $f$ be a bifunction $CxC$
to $R$ satisfying $(Al)-(A4)$ . For $C_{1}=C$ and $x_{1}=x\in E$ , define th$\epsilon$ sequence $\{x_{\mathfrak{n}}\}$ as follows:

$\{\begin{array}{l}y_{n}=F_{r_{n}}x_{\mathfrak{n}}C_{n+1}=\{z\in C_{n} : \langle y_{n}-z, J(x_{n}-y_{n})\rangle\geq 0\}x_{\mathfrak{n}+1}=P_{C_{n+1}}(x_{1})\end{array}$

where $\lim_{narrow\infty}infr_{n}>0$ and $P_{G_{n}}$ is the metric projection of $E$ onto $C_{n}$ . If $EP(f)\neq\emptyset$ , then $\{x_{n}\}$

converges strongly to the element $P_{BP(f)}(x_{1})$ , where $P_{BP(f)}$ is the metric projection of $Eo\mathfrak{n}to$

$EP(f)$ .
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