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OPERATIONAL STRUCTURE OF
ENTANGLED QUANTUM SYSTEMS

IcHIRO FUJIMOTO AND HIDEO MIYATA

ABSTRACT. We investigate the quantum interaction between two quantum sys-
tems in terms of C*-algebras. We introduce the correlation CP-map between
the bipartite systems and study the operational and statistical structure of the
quantum interaction. We then generalize the informational quantities into this
quantum setting, and introduce a new entropy of CP-maps, which vanishes at
extreme CP-maps in CP-convexity.

Introduction.

We prepare two quantum states described by density operators p and o on
Hilbert spaces H; and K respectively, and so initially we have the compound
state wo = p ® o on the tensor product Hilbert space H; ® K. Suppose that
there exists an interaction between the two subsystems for some time interval,

and that the systems are in equilibrium with the exterior -for this time period,

then the compound state is changed to a state w described by
w=U(p®o)U"

where U is a unitary operator representing the quantum evolution of the systems.
After the interaction, the states of the subsystems on H, and K are described
by Trg,w and Trg,w respectively. Then the channels ¢* from T'(H;) to T(H;),

and ¢* from T'(K,) to T'(K>), are defined by

o*(p) = Trg,w = Trg, U(p® 0)U* and ¢*(0) = Trg,w = Trp,U(p @ 0)U*,

The detailed version of this paper will be submitted for publication elsewhere.
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which are duals of the operations ¢ from B(H;) to B(H;), and ¢ from B(K>)
to B(K;) respectively, representing the change of observables. In this note, to
simplify our arguments, we assume that H; = Hy = H and K; = K, = K, and
that ¢ and ¢ are unital, which guarantee that ¢* and 45* are trace preserving,
i.e., Tro*(p) = 1 and Tr¢*(o) = 1. Receall from K. Kraus [10] that the unital

operation  is a completely positive map on B(H) of the form
p(a) =Y V;aV; for a € B(H) with V; € B(H) such that > VrVi=1Iy,
B i

and ¢ has a similar representation.
We also note that a normal state w on the tensor product B(H) ® B(K) is
represented by a normal completely positive map %, from B(K) to T'(H) with

Tr.(Ix) =1, e,
w(a®b) =Tr(ay,(*)) for a€ B(H) and be B(K),

where we can observe that ¥, (Ix) = ¢*(p) and ¥ (Ig) = *¢*(c). We then

define the correlation CP-map 3 from B(K) to B(H) by

Y(b) = ¢ (o) Fu (b)p(p) " for be B(K),

where ¢*(p)~# is defined on the support of ¢*(p). Then 1 is a unital CP-map
from B(s(¢"(0))K) to B(s(¢"(p))H), where s(¢*(c)) [resp. s(¢"(p))] denotes

the support projection of ¢*(co) [resp. ©*(p)], so that it can be represented as
Y(b) = Z W;bW; where W; € B(H,K) with ZW; W; = Lo (o)) H-
J J

We thus consider the following diagram of CP-maps:
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©*(p) ¥ -> ¢4‘“ (o)
N /H
©* w=U(p@0o)U" ¢*

|

pET(H) — wo=p®0 «— o € T(K)

It should be noted here that the CP-map ¢ depend‘on o and U, ¢ depend on
p and U, and 1 depends on p, o and U. We also note that, when we focus
on the operation y, we can assume that o is pure without loss of generality,
i.e., the system K is closed before the interaction. In fact, we can consider
the Hilbert space K = K ® K and take a pure state & on K (which we call
a purification of o), and a uﬁitary 7 on H® K such that U|ggx = U and
TrzU(p ® &)0* = ¢*(p). (See [12], for example, for the detailed proceduré of
the purification.)

Our purpose in this note is to find out the relations between the statistical
and informational quantities, such as entropy, mutual entropy, dissemination
and equivocation, which we define for the density operators and operations (or
channels) in the above diagram. Based on this structure theory, we shall provide
a new description of quantum information theory, and define a new entropy of
operations, vanishing a.f extreme CP-maps in CP-convexity, which provides a

measure of the complexity of the quantum interaction.

Preliminaries.
1. Notations. In this note, to simplify our arguments, we restrict ourselves

on B(H) as the C*-algebra representing the quantum system, the C*-algebra
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of all bounded linear operators on a Hilbert space H (infinite dimensional in
general). We denote by T(H) the set of all trace class operators on H, and
by S(B(H))n, which we shall abbreviate by S(H), the normal states of B(H),
i.e., the density operators on H. In particular, the pure states of B(H) are
one dimensional projections on H, and will be written as P(H). For a density
operator p € S(H), we denote by S(p) the von Neumann entropy of p, i.e.,
S(p) = -Trplnp.

We use the notation CP(B(K), B(H)),, for example, for the set of all nor-
mal CP-maps from B(K) to B(H), and use Sy(B(K)), for the unital ele-
ments. In particular, Sy(B(H)), denotes the unital operations on H, and
CP(B(K),T(H))» denotes the set of all TCP—maﬁs (trace class operator valued
CP-maps) from B(K) to T(H). As we mentioned in Introduction, there exists
one-to-one correspondence w € S(B(H) ® B(K)), « 9., € CP(B(K), S(H))n.
For ¢ € CP(B(K), B(H)), we denote by s(y) the support of ¢, i.e., s(p) =

s(e(Ix)).

2. CP-convewity. The notion of CP-convexity was originally introduced by
the author in [3] and studied in [4-6]. We denote by Qg (B(H))» the normal
contractive CP-maps on B(H), and call the normal CP-state space of B(H).

Let {¢vi} € Qu(B(H)), be a family of normal CP-states, and suppose that

v € Qu(B(H))y, is expressed as
=) S'p:S; with S;e€B(H) and Y 8ISi=Im,

then we say that ¢ is a CP-conver combination of ;, and abbreviate it by

¢ = CP-3. Sr¢iS;. (Note that an operation is a CP-convex combination of

157



158

OPERATIONAL STRUCTURE OF ENTANGLED QUANTUM SYSTEMS
non-unital CP-states.)

A CP-state is defined to be CP-extreme if ¢ = CP-3, 57 ;S; implies that
each ; is unitarily equivalent to ¢. It can be shown that ¢ € Qy(B(H)), is
CP-extreme iff ¢ is a unitary transform, i.e., p = U* - U with a unitary U.

We also define ¢ € Qu(B(H))n to be conditionally CP-extreme if ¢ =
CP-3Y .S ¢:S; with S; > 0 implies that ¢; = ¢ for-all i. A CP-state ¢ €
Qu(B(H))y, is conditionally CP-extreme iff ¢ is a conditional transform, i.e.,

¢ = u* - u with a partial isometry u. (cf. [7] for CP-extreme states for CP-state

space of general C*-algebras).
8. Lindblad entropy. Let ¢ € Sy(B(H))n be an operation represented by
e(a) = ZV;‘aV.; for a€ B(H) and V;€ B(H), ZV,.*V,- = Iy.
i i

We then define the following entropies of ¢:
(1) Si(p) := S(MF(p)) where M () := (Tr V;pV}'), which does not depend on
the decomposition of ¢, and we call the Lindblad matriz of ¢ w.r.t. p.
(2) S2() :=inf{~ 3, MilnAi; o = 33, Mips, i pure with [lgifl, =1}
where X = TeVipV?, @i = A7V - Vi, llollo = Trop(Ta).
(8) 85(¢) = S(py) With pp = 3;( - , Vi), Vi € S(B(H),)n, where B(H), is the
GNS-representétion space of B(H) with p, and (X,Y), = TrpY*X.
(4) S3(¢) 1= S(QF) with O = T,( - Vi, Vi), € S(B(B(H),)n.
(5) S5(¢p) := S(w¥) where wf € S(B(H) ® B(H))n
with wf(a ®b) = Trp2p(a)p tb for a,b € B(H).

(6) S8(p) := S(r¢) with 7¢ = 3_,(Vi ®I) p(Vi ® I)* where {5 is the puriﬁcat?ion
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ofpon HQ H.

The entropies S;(y) and S8(¢) were introduced by G. Lindblad [11, 12] and
shown that they are equivalent, and S3(p) was studied by R. Alicki [1]. We can

show that the above entropies are all equivalent.

Theorem 1. S}(p) = S2(p) = --- = S5(), which we shall call the Lindblad

entropy of ¢ with respect to p, and denote by S{y).

In quantum communication theory, this entropy is also called the entropy
ezchange (e.g., [9]), however G. Lindblad [11] was the first to define and study

this entropy.

4. Entanglement of formation. Let p, € CP(B(K),T(H)) be a TCP-map

which is expressed as
Pp = Zv: - v;  with Zv{vi =pe S(H)
i i
= Z)\,’E:‘ - ¥ with A\ = TI"U:’U‘,', Uy = A;%vi, ’5:’51 € S(H)
i
Then
E(pp) =inf{)_ NS(07%:); 0o = Y A} - %)}

is called the entanglement of formation of y,, which is the CP-map version of

the original definition for compound states (cf. e.g., [2], [14]).

Definition. Let ¢ € Sy(B(K)), be a normal unital CP-map from B(K) to
B(H), and p € S(H) be a density operator on H, then we define E,(p) := E(¢p,),

with ¢, = prop}, to be the entanglement of formation of @ with respect to p.

Now, we shall consider the structure of the interaction in 3 steps.
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Casel: p € P(H),o0 € P(K).
Let p= Py € P(H) and 0 = Qo € P(K). In this case, wop = P, ® Qo and
w=U(Py®Qo)U* € P(B(H)® B(K)), and w(a®b) = Traw* *bw (a € B(H),

b € B(K)), so that w*w = ¢*(Pp) and ww* = *¢*(Qo), and note that

or, = Pop()Po =Y RVi* - ViPo = ¢*(Ro) (") P,

¢w =w" - w, weE B(H: K), wrw = (P*(PO),

so that we can deduce the following equalities.

Theorem 2. S(p*(Po)) = S(¢*(Qo)) = Sﬁo (@) = Epe(py) (%)

This result suggests that there exists a symmetric structure in the interacting
system in the simplest case when the initial states are both pure, and this
principle will be extended to the general case where the initial states are mixed

states (Theorem 4 and Theorem 5).

Case Il : p€ S(H),o € P(K).
As we mentioned in Introduction, the general case can be reduced to this

case. Let

p=Y wP; with p;>0, > u;=1,
J b

where we do not assume that this is the spectral decomposition, if not indicated
so. Observe that the situation is the superposition of the cases of the pure states

w; = U(P; @ Qo)U™* considered in Case I with weights u;, i.e.,

Ww=U(peQ)U* =3 wUPF ®QuU* = ujw;,
J J
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so that we have

0o = pPp()pt =30} v with v; = Vipt, Doviui=p,> v} =p"(p),
3 i k1

Yo = Z,ujw;-‘ ‘wj, wj € B(H,K), wjw; = ¢*(F), Z,u,jw;-‘wj = ©*(p).
J J '

We now fix CONS'’s {e;}, {f;} of H and K respectively. We can show that

the operators w, are determined by V; up to unitary equivalence.

Lemma 3. Let V; = (vy;vy; - - "Vji- ) where v;; = Vie; is the column vectors.
Then, wi; = (Vj1Vjg--- Vji-+)Uy where Uy is an invertible operator on K

depending on the CONS {f;}.

Theorem 4. ¢*(Qo) is unitarily equivalent to *MF(p) where Mg‘(cp) is the

Lindblad matriz.

This result has a profound meaning in measurement theory. Suppose now that
H is an apparatus and K is an observed system. Then the CP-map k := po 1)
represents the measurement of the observables b € B(K) by the apparatus in

the state p. Then, by Theorem 4, we can deduce that
Tr (p o 9)(b)p = Trb(y* 0 ¢*)(p) = Trb *¢"(Qo) = Trb ME(p),

where M, ,f' () is an operator on K unitarily equivalent to the Lindblad matrix.
Thus a measurement is nothing but a functional by the trace with the Lindblad

matrix of the operation ¢ in the same Hilbert space K.

Case Ill : p € S(H),0 € S(K).
In this case, we can show that the both operations ¢ and ¢ have the same

Lindblad entropy, which includes Theorem 4 as a special case.
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Theorem 5. SZ(p) = SE(¢)

The proof of this theorem is reduced to Theorem 2 using the purifications
of p and 0. This result may be compared to the Newton's third principle in
mechanics, and presents a simple and beautiful symmetry in interactions.

We now assume that p = 3. u;F; and 0 = 3, 7:Qx be the spectral decom-

positions. Let ¢* be defined by Qi, and ¢’ be defined by P;, i.e.,
" =3 V¥ -V with VFe BH), Y VFVF =1y
¢ = i‘s{* . 8/ with S/ € B(K), zfs{*vf = Ix
] !
Pk = Z,ujw;?* - wk  with ijw;’*wf = o*"(p)
J J

W= S o it Sl = (0.
k k

In the case that all of the above decompositions are orthogonal decompositions,
and assume that all operators are represented in CONS’s from the spectral
decompositions of density operators p in Hi, ¢ in Kj, ¢*(p) in Hy, and ¢*(o)
in K3 in Introduction, then we can show the following equalities between the

matrix elements of the CP-coefficients.

Theorem 6. [V{],; =[Sl = [w}c*]pq = [U]'Zf'

This result implies that, given p and o, if we know U or the CP-coefficients

of the families {¢*}, {¢7}, {¥k} or {17}, then we can determine the others.

Quantum information theory.
We shall extend the notions of the classical information theory in our quantum
setting associated with the density operators and channels in the diagram, where

we can assume that ¢ = Qo (Case II) without loss of generality.

162



163

ICHIRO FUJIMOTOQ AND HIDEO MIYATA
Definition. Let ¢* be a channel from T'(H:) to T(H;) and p € S(H;). We

define the dissemination D,(y*) of the channel ©* with respect to p by
Do(p™) = inf{} S psS(¢*(F)))i p =Y wiPj, P € P(H), 05> 0,3 pj = 1}
J J J

The next result shows that the entanglement of the correlation CP-map be-
tween the interacting bipartite systems is nothing but the dissemination of the
channel ¢*.

Theorem 7. E,.(,)(¥) = D,(¢*).

In fact, the correspondence
peorw=p8Q—w=U(®Q)U" < 9,
is affine isomorphic, so we have
Epr(py($) = inf{} | 5 S(wjws)ivho = 3 pwy - ws}
J J
=inf{_ u;S(9"(P}))ip =D ujP;} = Dp(p*)
J J

Definition. Let ¢* be a channel from T'(H;) to T(H2) and p € S(H;). Then

we define the mutual entropy I,(¢*) of * with respect to p by
Io(¢*) = S(¢*(p)) — Dole™)

The idea comes from the Holevo bound as the preliminary notion (cf. [9]), or
Ohya’s pseudo mutual entropy for finite decompositions (cf. [15]). Note that,

from Theorem 7, in our diagram

I(¢%) = 8(¢*(p)) = By ) (¥)-
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Further, we shall consider the mutual entropy for the correlation CP-map %,

l.e.,
Ioe (o) (") = 8(6"(Q0)) ~ Do () (¥*) = 57 () — Ep(K).
We note that the mutual entropy of the correlation CP-map depends on the
direction of the map. In fact, the composite state w can be described by the
TCP-map ¢, i.e., w(a®b) = Try}(a) *b for a € B(H) and b € K(H), so by the
conjugate correlation CP-map
¥° = 6" (Qo) 3y *4"(Qo) 3.
Then we have
L (@o)(¥°") = 5(#"(9)) = Dyr(@0)(¥°") = 5(6"(0)) — Eo(0),
which is different from I,.(,)(%*) in general.

Definition. Let ©* be a channel from T'(H;) to T(H) and p € S(H;). We

then define the equivocation V,(¢*) of ¢* with respect to p by
Vo(p*) == 8(p) — Io(¢") = 8(p) + Dy(p*) — S(¥*()).

All of the above defined informational quantities are represented as functions
of ¢ and p, and the functional properties of these quantities and their applica-

tions are discussed in [8] and [13].

New entropy for CP-maps.
Definition. Let ¢ be a CP-map on B(H) with o(Ig) = s(¢) and p € S(s(p)H).

We then define an entropy S,(¢) of ¢ with respect to p by

So(9) i= S2(¢) + Ig(@o) (%) = S () + 5(*(p)) — Eu().
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We note that S,(¢) is a concave function with respect to . Furthermore, we

can show that it vanishes if and only if ¢ is CP-extreme, i.e.,

Sp(w) =0 for all p € S(s(p)H) iff ¢ is a conditional transform.

If ¢ is a unital CP-map, then

S,(p) =0 forall pe S(H) iff ¢ is a unitary transform.

For example, let ¢ = 37, \\ Uy - U; with unitary U; and X; > 0, 3, A =

Then S,(p) > S () + S(¢™(p)) — S(p) > 0 (cf. [8] for some other examples).
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