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On locally two-distance sets
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1 FX

Ez onZRICB I 3EREORDREBLLT, EOKSIBEDONXWERETHSH
BEXBTLIX. HECRICBYIWETF—<D—DOTH5. REBICE-TLEAR,
HEBRICBVTR, SLORETERRIRNEMIRES LS LS KRBT A L%
HELLTWT, T4 VERICBONTRDRVRATEMEZEMT A L ZBREELTY
2. FERICEBESICENTR, ELDRAZTERRITTL EM (HEXS ZRMD
) OfEEERIOLRLARBEIICKRBTATLEEHELLTNS.

3 HRIC, FEBEES (distance set) ICBHT 2 EBEEX %,

R % d Kea—2Vw REMET 3. R EOBFREIESE X Il AX) ={PQ:
PQeX,P#Q} 3% TIZT,PQRBZZRP,Q na—2Y .y FEElRERT. X B
k-distance set THB &IX, |A(X)| =k DL E, DX D X OHERLS ZRMDERENS &
S5 kBETTLBLERVS.

Fic Pe X C REICHL (AP) =)Ax(P) = {PQ : Q€ X,P # Q} £¥5. ¥
7= a(X) = max{|Ax(P)| : P € X} £§5%. X A locally k-distance set THB &,
a(X) =k THBELERVS. (METIE, locally k-distance set DEHZ, FEEADKR P € X
IKHUT [Ax(P)| < k DL EEL LTV, AR TR EOERICHES ) EEKDBSNIC,
IAX)| > a(X) THB. BT, TRTD k-distance set i locally k'-distance set (k' < k)
Y3z b, W, locally k-distance set T3> T k'-distance set (k' > k) &7 %
BEi-{ XAHSB. TDE>S% locally k-distance set % proper locally k-distance set &
kR RicwFD 8 SOEE X, &, 4-distance set T locally 3—distance set IZ/x 2 H|T
$H%. D% D proper & 3-distance set TH 5. |

ERTIX, I k=2 KBELTHELZEDS. FRICBFIBRADT—TI, 2-distance
set & locally 2-distance set DENEDL BVHEINEWNSITLTHB. HAHHEMBHIHE
& X B 1-distance set £7%55 T & & locally 1-distance set IC%% 5 Z LIZAMETHB I &
IEETNE, §TD 2-distance set I& locally 2-distance set Ic/x 3. BT, $§XTD
locally 2-distance set (& 2-distance set THDEWVWA BES5H?
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R®D Example 1, Example 2 T3 & 5 IT proper locally 2-distance set 13 (&¥IC) £
T 5.

Example 1. fERDKIT d I LT, R? D locally 2-distance set T 3-distance set I
(fBUC) F1ET 5.

Vi %Z R? £ regular simplex DIHREA LK, O 2V, ONEROPLLTS. PeV,
ELUER PO LOBEYZR Q EM->TL 3L, VU {Q} & locally 2-distance set 5D
3-distance set THBEDHICTES.

locally 2-distance set %5 (H4&) k-distance set TdH B, L\WVWZX 3 k XEETBES
20? ROFITRT XS, TOXS% ke 230 Y RIREELAEW.
Example 2. locally 2-distance set T k-distance set (k (X{E®) & = B4
(k=5 DL %)

Xo={P,P ,Pf,...,P[} CR".

TTT, P =(+1,0,0,0,0,0,0), P¥ = (0,,+%,0,0,0,0,), Pf = (0,0,0, },+¥,0,0),
Pf=(0,0,0,0,0,1,+¥5) ¥ 43, DL EFE_AMOEMIRDL SITESB.
PfP =2 PfPy =3 PfPf =% PPy =YB %J:i4jDL& P*PF = 2.

&2 T X, & locally 2-distance set A2 5-distance set &> T3,

L DBIZ locally 2-distance set & 2-distance set DRICIZ KR ELENEET DT LT
LTW%. locally 2-distance set A% 2-distance set £7x5DIZ YU DFITIXARNT LB
CTRIFZOTIRZVAEES.

LAL, LOFITORRBUE, KT LiZiEF—HL TV, BTBRRB&ESIc, EER? +
i 4D m535% (locally) 2-distance set ZHRTES. DF D, LOFIITTTICH L
THEREAPNED, HE D KXW locally 2-distance set L RABT L EHKS. 2T, T

DEIBRELZER, FEBODEIBCEUTLESTEEX RO LS ZREEAH
RDAAVTF— LT 5.

Problem 1. JTHREM 53K E & ¥, proper locally 2-distance set iF €D SWHBH?

SB_HT distance set IZDWTHIGN TV ARER, KICTHAMO LERRBRAMEICDONT
B9 5. B=HEITIZ, locally 2-distance set ICFENTN S, KWVEBEELOESEEST
$H%, (x)-property EEBLZDHEEZ LONS. ENHTAROTERE RS, 1
MiTSEOWFRECDONTIRRS,
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2 TARBOLR

HEMICHLBHOMNTHAID, Kot d LEBOER k ZEIE L& ¥ R LD (locally)
k-distance set LWV FZHEDT T, ETETTLHAZEOPULTWIBADITTIXZUL.

FTT, 526N d kit LT, R E (F7zid S E) D (locally) k-distance set
DEFABDBRKEZRDLIICEDS.

o DSi(d) := max{|X|: X is a k-distance set in R%}

o LDSi(d) := max{|X|: X is a locally k-distance set in R%}

e DS}(d) := max{|X|: X is a k-distance set in S%~1}

e LDS;(d) := max{|X|: X is a locally k-distance set in S~ '}
Remark 1. —fDRIT d I L T, (d';l) R 573 2-distance set K TES. V,
% R? EO regular simplex DJEAER, £V, = {f_-gg :PQeVyu, P£Q} 9%, C

DEE Vyid () A 575 2-distance set £7%%. DED () < DSy(d) < LDS,(d)
EWVSTEMEENS.

BRIERE%ZEZX% (locally) distance set 2 maximum (locally) distance set & PE
. distance set DTEREICHT L Tid, Delsarte-Goethals-Seidel[6], Hk -8R PA-Stanton [3],
Blokhuis [4] IC XK D RD ERMFISNTVS.

Proposition 1.

DS < ((d - ’16) + k) + ((d— i)_+1k - 1)’

DSk(d) < (d -; k)-

DS(1) =k+1,DS1(d) =d+1 £%&>TWAZ LIRXBBICHENMDLNS. DED d=1
Xl k=10t ZICIE LD LROFEZF/ITRAIZ>TWVS.
[6) DAEZEVS & locally distance set DJRRBD LRERTEA 5N %B.

Proposition 2.

LDS x (d) < <(d B llc) - k) + ((d B ,t)flk B 1),

LDSy(d) < (dzk) + (d:f;1>.
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CCT, LDSk(d) DEFRIZ, DSp(d) D EBE b KEL 5T WS, BIU EBEHIEZ S
NTENWVRETEN, SOLTARINLTVAEY. k=1 DEBIREBERA DS (d) =
LDS,(d) &> TW%. d=10D&E LDS(1)=k+1 &£Z>TWVWAT LLASICHEN
HEND. ETBRTRIEIIC, k=2 DFAICE LT, locally 2-distance set DIESLIE,
distance set ICBL THISN TV A LREFEICETHETE 3.

d=20DLET kS5, Flek=20DLE d<BICNHLBAKENRDLNATVS.
SN TV AERAMEE LORICET. ) PECOVTRENEFN k<5, d<7IcLi
ThTW3. (2], [5], [9), (12), [13], [26], [27])

d |1 23 4 5 6 7 8
DS,(d)[3 5 6 10 16 27 29 45
DS3(d) |2 5 6 10 16 27 28 36

HIC T B, O. Musing [15] Ik D, DS}(d) DIEH d < 40 d # 23 I LRDEA
e (COMATRABERESSAVTVSES, TOMPRIRIETETEH FTRAN)

3 (x)-property

T DHEITIE locally 2-distance set DH ZHEBEE L DEMSREREEL, FOWSESH
FOIWEEEZZITS.

Definition 3.1. X 7% locally 2-distance set £9°%. X DEIEE Y HBRD (a), (b) %
79 & &, Y & (x)-property BIED LIS,

(a) BABEDEM %a, 6 ML, Ax(P) = {0, 8} ("P € Y) LHEo>TUVB,

(b) Y X (a) iz X DEIEADS b TRAESABERFD.

Lemma 1. X C R? % locally two-distance set, Y = {P,, P,,... Pp} % X O3HET
(*)-property ZREDED LTS, DL E,

(a) Y 1 2-distance set £75D, X \ 'Y & locally k-distance set (k € {1,2}) £7/53.

(D) FBED Qe X\ Y iU, YU{Q} & 2-distance set L7553,

(¢) X\Y C{QeR: PQ = PQ=---=DQ} (= W)

(d) dim(W) = d — dim(Y). '

(e) Y BNHBRELEICHZ <= W £ 0.

locally 2-distance set DIRREOBRAMEMBERLIHFMEEEX B L ¥, (a), d) &
dim(Y) 217%56, X ZESHXD (B PNEORTEED locally 2-distance set Z&Ls
DD, FTDISADERICRET BT EAATRETH S. XD Lemma ZFDL S
Y DFEEZFIEL TV S,

Lemma 2. (o) X (|1X| > 4) % locally 2-distance set L3 3. TDLE, (x)-property %
FOLS%x X ORFGRE Y DEEL, |Y| 22 LkoTW3. 5T dim(Y) > 1.

(b) X (1X| =n) % 2-distance set £§ 3. TDLE, (»)-property DL S5 X OB
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SEEY MFEL, Y| 2n-d E&>TWV3.

4 TEHRR

4.1 locally 2-distance set DTERED LR
Theorem 1. X C R® % proper locally 2-distance set T |X|>4 £F 3. DL ¥,

X| < max {DS}(i) + LDSy(d ~ i)} =: f(d).

$51C, LDS,(k) < max{f(d), DS;(d)} £7x>T\5.

Proof. (x)-property ZFFD X OFZRE Y KL i=dim(Y) £9%. TDLE Lemma
2(a) &V 1<i<d,Lemmal (d) &Y dim(X\Y)<d-i &Z>T\n%.
IX\Y|<1&95L Lemma 1 (b) XD X X 2-distance set £xBDT|X\Y| > 2
ELTEW. TDELE Lemmal (a), () &V Y i 1 D 2-distance set £7xD, X \Y
& R4¢ £ locally k-distance set (k € {1,2}) &> T\W5. £l 1<i<d-1. &»
T|X| = Y[+ |X\Y| < DS;(i) + LDS3(d - t) < f(d). O

Corollary L. H%< &% (%) +3 (resp. (*3)) +2) SMULEDOR? (resp. 5¢1) k0D
locally 2-distance set i 2-distance set £ %. R LDS,(d) < (%?).

4.2 maximum locally 2-distance set D3R

M T 2-distance set IC DWW THISNTWARERICDOWTH . Theorem 1 ZRTD
NSl L TAMNSIERBANTVL &, TOREEZ locally 2-distance set DIFFICHIRTE
5T ehbhsb.

BREABICOWTIE, ROFRHED ILD.
Corollary 2. d <8 (d #3)lcxtL
LDS;(d) = DS3(d),

LDS,(d) = DS,(d).
E 1= LDSy(3) = LDS;(3) = 1.

Theorem 1 DA #lE maximum locally 2-distance set DMEICHISHTE, XRDOKRLE
b5,
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Corollary 3. d < 8 (d ¢ {1,3,7}) XL, R? _EDFXTD mazimum locally 2-distance

set & 2-distance set IC72%. £l d=3,7 D& &, (FHUZBRE) TE 4 DOFINITE
£9 5.

Problem 2. (i) HEE®D d(# 3) IEX L, DSy(d) = LDS,(d) £l >TWBES 57
(i) maximum 7% locally 2-distance set T 2-distance set TRWEDIE, MICHFET BH7

4.3 tight spherical design & tight spherical distance set
B THLRATzA 2-distance set DIERBD LRRIIRTEZL 5N S.
Remark 2.
o DSy(d) < (47) =42 41,
e DS}(d) < () + () =L = Ty,

2

Definition 4.1. S%7! (resp. R?) k0D 2-distance set X A% |X| = Ty (resp. | X| = (*}?))
EZoTWVB L ¥ tight THBELWVS.

tight spherical 4-design & tight spherical 2-distance set (tight spherical 5-design) {2 i
RO & 5 xBFRDH S,

Remark 3.
o X I 591 ED tight 2-distance set <= X & S¢ ! kD tight spherical 4-design.

o S41 LD tight 5-design B1EFET B <= S92 L tight 4-design HDEET 3.

841 E D tight spherical 4-design & d = 2,6,22 DB ULHIHSNATWERW. £
tight spherical 4-design DMZETET 548D d DRGNS TV S (JRA-Damerell, TRA-R
K-Venkov). TS DERMS, (REHEICE > T L E X1X) spherical tight 4-design &K
ZILFELARVEBETHELE>TWVWVIESS.

4.4 DSy(d) < LDSy(d) &R DR ERY

BEITERANZY, BL 0. Musin i & > T, BRE_ED 2-distance set DTEABDEK
fER99 %, ENZRRENRENA TS, COFTHRIIROZ EHLRLTWVS.

Proposition 3. (Musin, 2008) X % S '(1) E®D 2-distance set T A(X) = {a,b} &F
5.0+ <40kE, | X|<MD T, d 7B,
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AX)={<zy>ryeXrs#y}={a,f} &T5L, EHE >+ <4id a+0>0
CRHETHS. BIZAE X DITARTDENHZ ¥R EICOD> TVWHIE, CORGRETT.
ERMICIE, 2-distance set X DFRHDEKEI LICR > TEEBET N T3 & &, ZOEAKIZ
) mUT LD, BRERBEEL S LTREREL TRV LILRS.

Theorem 2. (a) DS}(d) < LDS}(d) £7x>TW\W3B & &, §%2% LD tight 2-distance set
MWEET S, RIS, TD XS %% locally 2-distance set & S1 LD tight spherical 5-design
DERESIIZ-> TS,

(b) DSy(d) < LDS,(d) £7x>TWVWB & &, 892 LD tight two-distance set WEET 5.

Remark 4. BEOERKE T, (b) DAF—F AV FMIRDES R DE-T-.
(b') DSy(d) < LDSy(d) LE>TWBLE, KD (i), (i) DVFADDED > TVB.
(i) 842 £ tight 2-distance set H1EET 3.
(ii) S42(1) LD Tyy — 1 MH 57 % tight 2-distance set T A(X) = {1, -‘%} bk X N
WFET S.

% C T Proposition 3 ZFW% &, (i) DRATREMZEETEHZ LA TERLWVWIRTHS.

Corollary 4.
LDS;(d) < DS;(d) + 1,

LDS,(d) < DSy(d) + 1.

5 mi&lc

BB d ICHLT, & LEAEHDOMT DSy(d) < LDS:(d) (DSx(d) < LDS:(d))
BRITENTERS, S92 LD tight spherical 4-design DEFEEREREIC LICK 3.
IEE7x & T A, tight spherical 4-design DEEERHBHIIC, TDT EAREB T LICHL
TEHEDVHFILTVAEL. LHL, BIc+HAEW d I LT DSi(d) = LDS;(d)
(DSy(d) = LDS,(d)) &> T3 LA RENIE, tight spherical 4-design BHE D 1E
FELEWT LD, CLDDOHAMIHIZ>TVBDTIRAWVH LRSS (ThbXl#LW
72 LIRS AY).

2-distance set ICHISNTWVABEHRICDWT, k=3 H LA, — D k lcLTRB T
&1, distance sct DTV THEZRTETH SN, LLOHPESI FLA V> Tk
WS DORBURTHSB. Fhixbd 2-distance set BRI T—RILLTEZTHEI LWVS
OH, ZHEO—BOEMTH -7z, 7z 2-distance set DF|EFO—LL UL TEED
SHANZEDN=AFZIES &K 5% isosceles set LEX HNTU 3. (isosceles set ICHL T
B, MEBOMERZBEICLTTFIWN)

2-distance set ICDWTHISNTWAERT, Fi—R{tEEEXEN S DL LT Larman-
Rogers-Seidel [14] IC & B2 RDEHEMNEIT SN 5.
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Proposition 4. X % R? L0 2-distance set £3%. |X|>2d+3 DL E, HRAM m
(m <5+ %) WFELT, EMOIE /m - Vm—1 £%5.

BIKTIE k=3 DL ¥, Proposition 4 BEDE S AF— AV M LT—BLTE
2OM(BLIAETERZRNON), EoEbbhos TV, 7277, £ DX\ 3-distance
set ILDVTIE, HEERE 0, b ICHLT, vVa: VE—1: Vb EWSHEOEBOL AR

W%,
R® £ 3-distance set ICBIL T, ROBERHIELN TV B (BEE [18]).

Theorem 3. =Xjt1—2o YV v REMICEHIT S 3-distance set T 12 Sh 53 DI,
EZFEED 12 RICBRSENS. FiZ DS;(3) = 12.

BRICROMERBEL TEROBUT L L.

Problem 3. =XRjta—7% Vv FZRICEHIF B locally 3-distance set T 12 SH 54535 %
DiF, IEZFHEED 12 AR5 Bh ? E£/z LDS;(3) =12 57
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