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1. INTRODUCTION

Let
$\Psi=\Sigma_{k=1}^{n}\psi_{k}(w, z)d\overline{w}_{k}+\psi_{n+1}d\overline{z}$

be a $\overline{\partial}$-closed form on $\mathbb{C}^{n}x\mathbb{C}$ . If it is assumed that $\Psi$ has compact
(specifically non-empty) support, then $\psi_{n+1}(w, z)\neq 0$ , for if the last
component vanishes identically then this, together with the closedness
of $\Psi$ , implies that $\underline{\partial}\partial\overline{z}\mathbb{A}$ vanishes identically, $1\leq k\leq n$ . Hence $\Psi$ is the
pullback of a form defined on $\mathbb{C}^{n}$ , which contradicts the compactness
of support. Now define

$u( w, z)=\frac{1}{2\pi i}\int_{\mathbb{C}}\frac{\psi_{n+1}(w,\zeta)d\zeta\wedge d\overline{\zeta}}{\zeta-z}$

satisfying
$\frac{\partial u}{\partial\overline{z}}=\psi_{n+1}(w, z)$ ,

and note that

$\frac{\partial u}{\partial\overline{w}_{k}}=\frac{1}{2\pi i}\int_{\mathbb{C}}\frac{\frac{\partial\psi_{n+1}}{\partial\overline{w}_{k\zeta}}d\zeta\wedge d\overline{\zeta}}{-z}=\frac{1}{2\pi i}\int_{\mathbb{C}}\frac{-\partial \mathbb{A}_{d\zeta\wedge d\overline{\zeta}}\partial\zeta}{\zeta-z}=\psi_{k}(w,$

$z)$ .

Hence $\overline{\partial}u=\Psi$ . If $\psi_{n+1}$ moreover has rotational symmetry in the
z-variable, about some fixed $z_{0}\in \mathbb{C}$ , then (as will be seen explicitly
in the next section) $u$ can easily be shown to have compact support,
and is therefore the unique such solution of the above equation. In the
following this simple phenomenon will be examined in a more global
setting, namely that of the Cauchy-Riemann Equation for compactly
supported forms of type $(p, q)$ in the complement of an isolated singu-
larity. A similar problem was addressed in $[1|$ for the case of an iso-
lated singular point for which the neighbouring smooth n-dimensional
structure possesses a K\"ahler metric with $L^{n}$-curvature. In the present
context a singular space $X\subset \mathbb{C}^{N}$ will be defined specifically by collaps-
ing the zero section of a negative Hermitian-holomorphic line bundle
$Larrow M$ , with $M$ a compact, complex manifold (an application of the
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main theorem below will be presented in a forthcoming article). How-
ever, the K\"ahler metric naturally associated with this space will not
be assumed to have any specific properties $($ other than smoothness $)$

on the punctured smooth locus. This manuscript is based on a talk
given at the second Japanese-Australian workshop on Real and Com-
plex Singularities, held at the Research Institute of Mathematical Sci-
ences, Kyoto University, in November 2007. The authors are grateful
to Professors K. Miyajima and T. Akahori for helpful conversations at
different stages of the preliminary research, and to Professor J. Slovak
for his encouragement and support during the second author’s visits to
Masaryk University.

2. CONE SINGULARITIES AND COHOMOLOGY WITH SUPPORTS
Let $\pi$ : $Larrow M$ be a holomorphic line bundle with Hermitian met-

ric $h$ over a compact complex n-dimensional manifold. Assume the
curvature form of $h$ to be strictly negative so that the dual bun-
dle, $L^{*}$ is very ample, i.e., there exist enough holomorphic sections
$\sigma_{i}\in H^{0}(M, \mathcal{O}(L^{*})),$ $1\leq i\leq N$ , such that the map

$M\hookrightarrow \mathbb{C}\mathbb{P}_{N-1}$ ; $\mapsto[\sigma_{1}(p)$ : ..... : $\sigma_{N}(p)]$

is a holomorphic embedding. For any coordinate neighbourhood $\mathcal{U}\subset$

$M$ , consider the chart $\mathcal{U}\cross \mathbb{C}$ with coordinates $(w, z)$ on the total space
of $L$ , and note that the product $\sigma_{i}(w)\cdot z$ locally defines a holomorphic
function $f_{i}\in H^{0}(L, \mathcal{O}),$ $1\leq i\leq N$ . The holomorphic map $\Phi$ : $Larrow$

$\mathbb{C}^{N}$ such that $\Phi(w, z)=(f_{1}(w, z), \ldots, f_{N}(w, z))$ is well-known to have
the following properties:

$\bullet$ $\Phi^{-1}(0)$ corresponds to the zero section of $L$

$\bullet$
$\Phi$ I $L\backslash \Phi^{-1}(O)$ is a holomorphic embedding

$\bullet$ minimality of $N>n+1$ implies that the image $X=\Phi(L)$

has an isolated singularity at the origin (we will denote $X_{0}=$

$X\backslash \{0\})$ .
Now the curvature $i\overline{\partial}\partial\log(h)$ defines a K\"ahler form on $M$ , and cor-

respondingly the function $\rho(w, z)=h(w)|z|^{2}$ determines a strongly
plurisubharmonic function on the total space of $L$ . In turn $\omega_{X_{0}}=i\overline{\partial}\partial\rho$

is a K\"ahler form on $L\backslash \Phi^{-1}(0)\cong X_{0}$ . Given any $x\in X_{0}$ , a choice of
holomorphic normal frame for $L$ at $\pi(x)$ allows us to assume

$\rho(x)=h(w(x))|z(x)|^{2}=|z|^{2},$ $\frac{\partial\rho}{\partial w_{k}}(x)=\frac{\partial h}{\partial w_{k}}(x)=0$ .
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Moreover, a choice of K\"ahler normal coordinates on $M$ at $\pi(x)$ further
implies that

$\omega_{X_{0}}(x)=\frac{i}{2}(|z(x)|^{2}dw_{i}\wedge d\overline{w}_{i}+dz\wedge d\overline{z})$

Let $\varphi\in C_{c}^{\infty}(X_{0}, \Omega_{X_{0}}^{p,q})$ be a compactly supported form of type $(p, q)$ on
$X_{0}$ . In the following $\Omega_{x_{0}^{q}}^{p}$ will be viewed alternatively as $\Omega_{X_{0}}^{0,q}(E)$ , where
$E$ denotes the holomorphic vector bundle corresponding to $\wedge^{p}T^{*}X_{0}$ . If
$g_{i,\overline{j}}$ denotes the coefficients of the K\"ahler metric corresponding to $\omega_{X_{0}}$ ,
then $g^{i_{1}\overline{j}}$ will similarly denote those of the dual metric on $T^{*}X_{0}$ , while
$\gamma^{\alpha_{\nu}\overline{\beta}}$ will denote the metric induced on $E$ . The volume form on $TX_{0}$

will then correspond to

$\omega_{X_{0}}^{n+1}=(n+1)!(\frac{i}{2})^{n+1}\det(g)dw\wedge dz\wedge d\overline{w}$ $A$ $d\overline{z}(\dagger)$ .

For notational simplicity it will be assumed that $q=1$ , though with ap-
propriate modifications of the notation the general case can be handled
similarly. In particular, the $L^{2}$-inner product may then be written

$( \varphi,\overline{\partial}\psi)=\int_{X_{0}}\varphi_{i}^{\alpha}g^{k.\overline{i}}\gamma^{\alpha_{r}\overline{\beta}}\frac{\partial\overline{\psi}^{\beta}}{\partial\overline{w}_{k}}\det(g)$ ,

(identifying $w_{n+1}\equiv z$), from which we obtain (cf. also [1])

$\overline{\partial}^{*}\varphi=-\frac{\partial\varphi_{i}^{\alpha}}{\partial w_{k}}g^{k,\overline{i}}+\varphi_{a}^{\alpha}g^{b\overline{a}}(g^{k\overline{i}}\frac{\partial g_{b\overline{i}}}{\partial w_{k}})-\varphi_{i}^{\epsilon}g^{k\overline{i}}(\gamma^{\alpha}5\frac{\partial\gamma_{\epsilon\overline{\delta}}}{\partial w_{k}})$

$- \varphi_{i}^{\alpha}g^{k\overline{i}}\frac{\partial}{\partial w_{k}}(\log\det(g))(*)$

Definition 1. Let $\tau$ : $Marrow L$ denote a smooth section, and for any
$\theta\in[0,2\pi)$ define the fibre-preserving affine-linear map $\Gamma_{\tau,\theta}$ : $Larrow L$

such that
$\Gamma_{\tau,\theta}(w,$ $z)=(w,$ $e^{i\theta}(z-\tau(w))+\tau(w))$

$\varphi\in C_{c}^{1\infty}(X_{0}, \Omega_{X_{0}}^{p,q})$ will be said to be relatively elliptic if there exists a
$\tau$ such that $\Gamma_{\tau,\theta}^{*}\varphi=\varphi$ .

Theorem 1. Suppose $\psi\in C_{c}^{\infty}(X_{0}, \Omega_{X_{0}}^{p,q})$ is $\overline{\partial}$-closed and relatively el-
liptic, then there exists a unique $u\in C_{c}^{\infty}(X_{0}, \Omega_{X_{0}}^{p,q-1})$ , which is also
relatively elliptic, such that $\overline{\partial}u=\psi$ .

Proof. From $(^{*})$ , note that

$\overline{\partial}^{*}\rho\varphi-\rho\overline{\partial}^{*}\varphi=-\frac{\partial\rho}{\partial w_{k}}\varphi_{i}^{\alpha}g^{k\overline{i}}$ ,
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and hence

$\overline{\partial}(\overline{\partial}^{*}\rho\varphi-\rho\overline{\partial}^{*}\varphi)_{l}=-\frac{\partial^{2}\rho}{\partial\overline{w}_{l}\partial w_{k}}\varphi_{i}^{\alpha}g^{k_{I}\overline{i}}-\frac{\partial\rho}{\partial w_{k}}\frac{\partial\varphi_{i}^{\alpha}}{\partial\overline{w}_{l}}g^{k\overline{i}}-\frac{\partial\rho}{\partial w_{k}}\varphi_{i}^{\alpha}\frac{\partial g^{k\overline{i}}}{\partial\overline{w}_{l}}$

With respect to the normal form of $\omega_{X_{0}}$ represented by $(\dagger$ $)$ at a given
point $x\in X_{0}$ , note that

$\frac{\partial^{2}\rho}{\partial\tilde{w}_{l}\partial w_{k}}\varphi_{i}^{\alpha}g^{k,\overline{i}}=\delta_{li}\varphi_{i}^{\alpha}=\varphi_{l}^{\alpha}$

If moreover $\varphi$ is assumed to be $\overline{\partial}$-closed, then

$- \frac{\partial\rho}{\partial w_{k}}\frac{\partial\varphi_{i}^{\alpha}}{\partial\overline{w}_{l}}g^{k\overline{i}}=-\frac{\partial\rho}{\partial w_{k}}\frac{\partial\varphi_{l}^{\alpha}}{\partial\overline{w}_{i}}g^{k\overline{i}}=-\xi^{01}(\varphi_{l})$ ,

where $\xi^{01}=\overline{z}\frac{\partial}{\partial\overline{z}}$ is a globally defined vector field corresponding to the
metric dual of $\partial\rho$ . Finally

$- \frac{\partial_{\beta}}{\partial w_{k}}\varphi_{i}^{\alpha}\frac{\partial g^{k\overline{i}}}{\partial\overline{w}_{l}}=\frac{\partial_{\beta}}{\partial w_{k}}\varphi_{l}^{\alpha}g^{k\overline{\mu}}\frac{\partial g_{\beta\overline{l}}}{\partial\overline{w}_{\mu}}g^{\beta\overline{i}}$ ,

which gives $\varphi_{l}^{\alpha}$ if $l<n+1$ , and zero if $l=n+1$ . Hence

$\overline{\partial}(\overline{\partial}^{*}\rho\varphi-\rho\overline{\partial}^{*}\varphi)_{l}=-\overline{z}\frac{\partial\varphi_{l}^{\alpha}}{\partial_{\overline{Z}}},$ $l<n+1$

$=- \varphi_{n+1}^{\alpha}-\overline{z}\frac{\partial\varphi_{n+1}^{\alpha}}{\partial\overline{z}},$ $l=n+1$

$=-( \xi^{01}(\varphi_{l}^{\alpha})-\varphi^{\alpha}([\xi^{01}, \frac{\partial}{\partial\overline{w}_{l}}]))=-(L_{\xi^{01}}\varphi^{\alpha})_{l}$ ,

i.e., the Lie derivative of $\varphi$ with respect to $\xi^{01}$ (here $[*, *]$ denotes the
standard Lie bracket on vector fields, and $\overline{w}_{n+1}$ is again identifed with
$\overline{z})$ . Note moreover that if $J$ denotes the almost complex structure on
the complexified real tangent bundle of $X_{0}$ , then $L_{\xi^{01}}J=0$ (equiva-
lently, for all vector fields $\sigma,$ $[\xi^{01}, J\sigma]=J[\xi^{01}, \sigma]$ $)$ implies $\overline{\partial}$ commutes
with $L_{\xi^{01}}$ , i.e.,

$L_{\xi^{01}}\overline{\partial}\varphi^{\alpha}=\overline{\partial}L_{\xi^{01}}\varphi^{\alpha}$ ,
(cf. [2]). In particular, whenever $L_{\xi^{01}}\varphi^{\alpha}$ is a closed form, it follows
that $L_{\xi^{01}}\overline{\partial}\varphi^{\alpha}=0$ , thus

$0= \overline{z}\frac{\partial}{\partial\overline{z}}(\frac{\partial\varphi_{i}^{\alpha}}{\partial\overline{w}_{k}}-\frac{\partial\varphi_{k}^{\alpha}}{\partial\overline{w}_{i}}),$ $i,$ $k<n+1$ , or

$= \overline{z}\frac{\partial}{\partial\overline{z}}(\frac{\partial\varphi_{i}^{\alpha}}{\partial\overline{w}_{k}}-\frac{\partial\varphi_{k}^{\alpha}}{\partial\overline{w}_{i}})+(\frac{\partial\varphi_{i}^{\alpha}}{\partial\overline{w}_{k}}-\frac{\partial\varphi_{k}^{\alpha}}{\partial\overline{w}_{i}})$

when $i=n+1$ , or $k=n+1$ . Now $\varphi_{i}^{\alpha}$ is compactly supported for
all $i$ , hence the above equation implies $\partial\varphi^{\alpha}\varphi_{A^{\alpha}}\vec{\partial\overline{w}k}^{-\frac{\partial}{\partial}}\overline{w}i\equiv 0$ , i.e., $\overline{\partial}\varphi=0$ .
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It follows that if $\psi$ is a closed, compactly supported form, and $\varphi$ is
another compactly supported form satisfying $L_{\xi^{01}}\varphi=-\psi$ , then

$\overline{\partial}(\overline{\partial}^{*}\rho\varphi-\rho\overline{\partial}^{*}\varphi)=\psi$ .

The completion of the proof relies on the following

Lemma 1. If $\psi\in C_{c}^{\infty}(X_{0}, \Omega_{X_{0}}^{p,q})$ is relatively elliptic, then $u:=\overline{\partial}^{*}\rho\varphi-$

$\rho\overline{\partial}^{*}\varphi\in C_{c}^{\infty}(X_{0}, \Omega_{X_{O}}^{p,q-1})$ and is also relatively elliptic.

Proof. Given $\psi$ , we must first solve the equation

$L_{\xi^{01}}\varphi^{\alpha}=-\psi^{\alpha}$

The following explicit formulae imply smoothness of the solution in the
local coordinates $(w, z)$ , namely

$\varphi_{l}^{\alpha}(w,$
$z)= \frac{-1}{2\pi i}\int_{\mathbb{C}}\frac{(\overline{\zeta})^{-1}\psi_{l}^{\alpha}(w,\zeta)d\zeta\wedge d\overline{\zeta}}{\zeta-z},$ $l<n+1$

and
$\varphi_{n+1}^{\alpha}(w, z)=\frac{-1}{2\pi i\overline{z}}\int_{\mathbb{C}}\frac{\psi_{n+1}^{\alpha}(w,\zeta)d\zeta\wedge d\overline{\zeta}}{\zeta-z}$

Now
$\overline{\partial}^{*}\rho\varphi^{\alpha}-\rho\overline{\partial}^{*}\varphi^{\alpha}=-\frac{\partial\rho}{\partial w_{k}}\varphi_{l}^{\alpha}g^{kl}=-\iota_{\xi^{01}}\varphi$ ,

which equals zero if $l<n+1$ , and $-\overline{z}\varphi_{n+1}^{\alpha}$ when $l=n+1$ . Hence

$u^{\alpha}( w, z)=\frac{1}{2\pi i}\int_{\mathbb{C}}\frac{\psi_{n+1}^{\alpha}(w,\zeta)d\zeta\wedge d\overline{\zeta}}{\zeta-z}$

The condition that $\Gamma_{\tau,\theta}^{*}\psi=\psi$ means
$\psi_{l}^{\alpha}(\Gamma_{\tau,\theta}(w,$ $z))=\psi_{l}^{\alpha}(w,$ $z),$ $l<n+1$

or
$\psi_{n+1}^{\alpha}(\Gamma_{\tau,\theta}(w, z))=e^{i\theta}\psi_{n+1}^{\alpha}(w, z),$ $l=n+1$ .

Hence

$u^{\alpha}(\Gamma_{\tau,\theta}(w,$ $z))= \frac{1}{2\pi i}\int_{\mathbb{C}}\frac{\psi_{n+1}^{\alpha}(w,\zeta)d\zeta\wedge d\overline{\zeta}}{\zeta-e^{i\theta}(z-\tau(w))-\tau(w)}$

$= \frac{1}{2\pi i}\int_{\mathbb{C}}\frac{\psi_{n+1}^{\alpha}(w,\zeta’-\tau(w)(e^{i\theta}-1))d\zeta’\wedge d\overline{\zeta}’}{\zeta-e^{i\theta_{Z}}},$ $(\zeta’=\zeta+\tau(w)(e^{i\theta}-1))$

$= \frac{1}{2\pi i}l_{\mathbb{C}}\frac{\psi_{n+1}^{\alpha}(w,e^{1\theta}\zeta’’-\tau(w)(e^{i\theta}-1))d\zeta’’\wedge d\overline{\zeta’’}}{e^{i\theta}(\zeta^{l/}-z)},$ $(\zeta’’=e^{-i\theta}\zeta’)$

$= \frac{1}{2\pi i}\int_{\mathbb{C}}\frac{\psi_{n+1}^{\alpha}(\Gamma_{\tau_{1}\theta}(w,\zeta^{Jl}))d\zeta^{\prime l}\wedge d\overline{\zeta^{\prime l}}}{e^{1\theta}(\zeta^{l/}-z)}=u^{\alpha}(w,$ $z)$ ,
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hence $u^{\alpha}\in C^{\infty}(X_{0}, \Omega_{X_{0}}^{p,q})$ is relatively elliptic. But

$\lim_{|z|arrow\infty}|u^{\alpha}(w, z)|\leq\lim_{|z|arrow\infty}\frac{1}{\pi}/\mathbb{C}\frac{|\psi_{n+1}^{\alpha}|\rho d\rho\wedge d\theta}{|\zeta-z|}=0$

and $\frac{\partial u}{\partial\overline{z}}=\psi_{n+J}$ implies $u^{\alpha}$ is a holomorphic function of $z$ in the com-
plement of the support of $\psi_{n+1}^{\alpha}$ . Moreover $u$ restricted to each fibre $L_{w}$

is constant along circles centred at $\tau(w)$ by the ellipticity condition,
hence $u^{\alpha}|_{\mathbb{C}\backslash \sup p(\psi_{n+1})}$ is constant, and therefore identically zero. 口

The proof of the Theorem is now complete.
口
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