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Borsuk’s antipodal theorem
for set-valued mappings

BIG R VU EHZESE (Shitanda Yoshimi)

Meiji University Izumi Campus

1 Introduction

When a non empty closed set ¢(z) in a topological space Y is assigned for each z
of a topological space X, we call the correspondence a set-valued mapping and write
¢ : X — Y by the Greek alphabet. For single-valued mapping, we write f : X — Y etc.
by the Roman alphabet. In this paper, we assume that set-valued mappings are upper
semi-continuous.

In this paper, we shall prove Borsuk’s antipodal theorem for an admissible mapping
¢ : OU — R™ where U is a bounded symmetric open neighborhood of the origin of
R™** (k = 1) and generalize to the case of an admissible mapping ¢ : 8U — E where U
is a bounded symmetric open neighborhood of the origin of the normed space E.

In the second section, we review various cohomology theories and summerize some
definitions and result. In this paper, we shall mainly use Alexander-Spanier cohomology
theory H*(X; F) with coefficient in a field F.

In the third section, we define an equivariant mapping in the class of set-valued map-
pings (cf. Definition 3.4) and discuss about Borsuk’s antipodal theorem for admissible
mappings. Y.S.Chang proved a generalization of Borsuk’s antipodal theorem (cf. Theo-
rem 4 in [1]) for closed convex valued mappings by using the method of general topology
and analysis. We shall prove the following theorem which is a generalization of his theorem
by using the method of algebraic topology (cf. Theorem 3.6).

Main Theorem 1. Let U be a bounded open neighborhood of the origin in R™* for
k 2 1 which is symmetric with respect to the involution T(z) = —z. Assume that ¢ :
OU — R™ is an equivariant admissible mapping. Then there ezists point ro € OU such
that p(xg) 3 0.

We shall prove the following theorem (cf. Theorem 3.7) which is a generalization of
Theorem 6 in [1] and also a generalization of Theorem 9.1, 9.2 of §10 in [6] for set-valued
mappings.

Main Theorem 2. Let U be a bounded open neighborhood of the origin in R™+* fork 2 0
which is symmetric with respect to the involution T (z) = —x. Assume that ¢ : U — R™
is an admissible mapping which is equivariant on the boundary OU of U. Then there exists
a point 2o € U such that p(xo) 2 0 and a point z; € U such that p(z,) D ;.

In the last section, we discuss a generalization of results of §3 to the infinite dimen-
sional normed space. We obtain the following theorem (cf. Theorem 4.2) which is a
generalization of Theorem 7 in [1] in the case of the normed space.
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Main Theorem 3. Let U be a symmetric bounded open neighborhood of the origin in
a normed space E. Assume that ¢ : U — E is upper semi-continuous, compact convex
valued mapping and is equivariant on OU. Then there exist a fized point zy € U such that

¢(20) 3 0.

In the above theorem, we can not deduce the existence of the zero value of p. We
shall generalize Borsuk-Ulam theorem to the case of infinite dimensional spaces.

Main Theorem 4. Let E; be a closed subspace of codimension k 2 1 of E and U be a
symmetric bounded open neighborhood of the origin of E. If ® : OU — E; is a compact
admissible mapping, there is a point xo € OU such that p(xo) N o(T(xo)) # O where
0(z) = 7 — D(z).

2 Various cohomology theories

To begin with, we give some remarks about several cohomology theories. For the detail,
see Y.Shitanda [12]. The Alexander-Spanier cohomology theory H*(—;G) is isomorphic
to the singular cohomology theory H*(—;G), that is,

p: H*(X;G) = H'(X;G)

if the singular cohomology theory satisfies the continuity condition (cf. Theorem 6.9.1
in [13]). For a paracompact Hausdorff space X, it holds also the isomorphism between
Cech cohomology theory H*(—;G) with coefficient in a constant sheaf and the Alexander-
Spanier cohomology theory H*(—; G) (cf. Theorem 6.8.8 in [13])

H*(X;G) = B*(X;G).

An ANR space is an r-image of some open set of a normed space (cf. Proposition 1.8
in [5]). For an ANR space X, it holds also the isomorphism:

H'(X;G) = H*(X;G) = H*(X;G)

by Theorem 6.1.10 of [13]. The remarkable feature of the Alexander-Spanier cohomology
theory is that it satisfies the continuity property (cf. Theorem 6.6.2 in [13]). Hereafter
we mainly use the Alexander-Spanier (co)homology theory with coefficient field F.

Definition 2.1. Let X and Y be paracompact Hausdorff spaces. A mapping f: X — Y
is called a Vietoris mapping, if it satisfies the following conditions:

1. f 1is proper and onto continuous mapping.

2. f~'(y) is an acyclic space for any y € Y, that is, H*(f~(y); F) = 0 for positive
dimension.

When f is closed and onto continuous mapping and satisfies the condition (2), we call it
weak Vietoris mapping.
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If f~1(K) is compact set for any compact subset X C Y, f is called a proper mapping.
Note that a proper mapping is closed. A mapping f : X — Y is called a compact mapping,
if f(X) is contained in a compact set of Y, or equivalently its closure f(Y) is compact.

The following theorem is called VletOI‘lS s theorem and is essentially important for our
purpose (cf. Theorem 6.9.15 in [13]).

Theorem 2.2. Let f : X — Y be a weak Vietoris mapping between paracompact Haus-
dorff spaces X and Y. Then, :

f*: H™(Y;F) —» H™(X;F) (1)
18 an tsomorphism for all m 2 0.

The graph of set-valued mapping ¢ : X — Y is defined by I'y, = {(z,9) €e X xY |y €
@(z)}. If ¢ is upper semi-continuous, I, is closed, but the converse is not true. If the
image ¢(X) is contained in a compact set, the converse is true (cf. §14 in [5]).

Definition 2.3. An upper semi-continuous mapping ¢ : X — Y is admissible, if there
exists a paracompact Hausdorff space I' satisfying the following conditions:

1. there exist a Vietoris mapping p : I' — X and a continuous mapping q: I — Y,

2. o(z) D q(p~*(z)) for each z € X.
A pair of mappings (p, q) s called a selected pair of .

Define * : H*(Y) — H*(X) by the set {(p*)~'¢q*} where (p,q) is a selected pair of
admissible mapping ¢ : X — Y. And ¢, is similarly defined.

Let N be a paracompact Hausdorff space with a free involution T and p: I’ — N a
Vietoris mapping. Consider the following diagram:

f—A>FXP

J'ﬁ J{PXP (2)

N 2, NxN

where A is given by A(z) = (z,T(xz)). I is defined by the pull-back square and p and A
are induced mappings in the pull-back square, i.e. p(y,y’) = p(y). Involutions on N2, I'?
are given by switching mappings T(z,z') = (z,z). All mappings are equivariant with
respect to their involutions. Clearly I' has free involution 7. The following lemma is
proved in Lemma 4.6 of [12].

Lemma 2.1. Let N be a paracompact Hausdorff space with a free involution T and p :
I' — N be a Vietoris mapping. Then p : I' — N is a w-equivariant Vietoris mapping
and T is a paracompact Hausdorff space. py : I'y — N, is a Vietoris mapping and [y is
a paracompact Hausdorff space. Moreover if N is a metric space and A is a m-invariant
closed subspace of N, then H*(T' — p~1(A); Fy) and H*(['x — p71(A,); F2) are isomorphic
to H*(N — A;F;) and H*(Ny — Ar; F3) respectively.
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3 Borsuk’s antipodal theorem

The classical Borsuk’s antipodal theorem says that an equivariant mapping f : S™ —
R™ has the zero value, that is, there exists a point zo € S™ such that f(zp) = 0 (cf.
Theorem 5.2 of §5 in [6]). A generalized Borsuk’s antipodal theorem is also stated as
follows (cf. Theorem 9.2 of §10 in [6]).

Theorem 3.1. Let U be a bounded symmetric open neighborhood of the origin in R™.
Assume that the closure U of U is a finite polyhedron and f : U — R™ be a continuous
mapping which is equivariant on the boundary OU of U. Then f has the zero value , that
is, there exists a point xo € U such that f (zg) = 0.

S.Y.Chang proved the following Borsuk antipodal theorems for upper semi-continuous
mappings which are closed convex set valued (cf. Theorem 4 in [1]). A set valued mapping
F: X —Y is called antipodal mapping in his paper, if F satisfies F(z) N (—F(~z)) # 0
for all z € X.

Theorem 3.2. Let U be a bounded symmetric open neighborhood of the origin in R™*!,
and F : 8U — R™ be upper semi-continuous, closed convex—valued,_and antipodal preserv-
ing. Then F' has the zero value , that is, there exists a point o € U such that F(zo) 5 0.

We prepare a theorem for later applications.

Theorem 3.3. Let N be a paracompact Hausdorff space with a free involution T and
M an m-dimensional closed manifold with a free involution T'. Assume that c™ # 0 for
¢ = ¢(N,T) € H'Y(N,;F2) and f is an equivariant mapping. Then f* : H*(M;F,) —

H*(N;F3) is not trivial for a positive dimension.

Proof. Let h : M — S be an equivariant mapping such that h%(w) = ¢(M,T’). Here w
is the generator of H}(RP*®;F;). hf : N — S is also an equivariant mapping such that
(hf)i(w) = ¢(N,T). From ¢(N,T)™ 5 0, it holds ¢(M,T')™ # 0. By Gysin-Smith exact
sequence, we see ¢*(cpr) = ¢(M,T’)™ where c); is the dual cocycle of the m-dimensional
fundamental cycle [M]. By

¢* f*(car) = frd"(cm) = fr(e(M,T")™) = (N, T)™ # 0,
we obtain the result. O

In this paper we adopt a new definition of an equivariant mapping for set valued
mappings. Our definition is a generalization of S. Y. Chang’s definition.

Definition 3.4. Let X and Y be paracompact Hausdorff spaces with involutions T and T’
respectively. An admissible mapping p : X — Y is said to be equivariant, if there exist a
paracompact Hausdorff space ' with a free involution and an equivariant Vietoris mapping
p: T — X and an equivariant continuous mapping ¢ : I' — Y such that gp~!(z) C ()
for x € X. An admissible mapping ¢ : X — Y is said to be equivariant on a closed
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subspace Xo of X, if there exists an equivariant Vietoris mapping py : [y — Xy and
equivariant mapping qo : o — Y and satisfies the following commutativity:

XO < Po 1—10 qo R Y
[ TR
X &£ 1 ‘,v

where (p,q) is a selected pair of ¢ and i is a closed inclusion.

For an equivariant mapping ¢ : X — Y/, it holds gp~(z) C @o(z) for z € X where
wo(x) = p(z) N T’go(T (z)). For an admissible mapping ¢ : X — Y which is equivariant
on Xy, it holds gopy'(z) C wo(z) for z € Xj.

We shall generalize Theorem 3.1 and 3.2 in what follows. Let OU be the boundary of
U, that is, U = U — IntU.

Proposition 3.5. Let U be a bounded open neighborhood of the origin in R™* for k = 1
which is symmetric with respect to the involution T(x) = —x. Assume that the boundary
U is an (m + k — 1)-dimensional manifold and ¢ : 8U — R™ is an admissible mapping
and is equivariant on OU. Then there exists a point xo € U such that w(zo) 2 0..

Proof. Set M = U — D where D is an open disk centered at 0 with a small radius r > 0.
M is a topological manifold with boundary which has the free involution 7". We have

i*(c(M,T)) = c(0U,T) for the inclusion i : 8U — M and j*(c(M,T)) = (8D, T) for the
1nclus1on j: 8D — M. We can prove the following formula:

Cm+k—l (BU, T)[(BU),,] — cm+k:—l (Sm+k-1’ T) [S7rrn+k-—1]

by the method of Theorem 4.9 in J.Milnor [7]. Since c™+¥~1(8™+5~1 T) is not zero, we

obtain .
YU, T) # 0. (3)
By our assumption, there exists an equivariant Vietoris mapping po : o — AU and
an equivariant mapping qo : o — R™ such that gopg'(z) C ¢(z) for £ € HU. We have a
formula:
C(F()? T,) = ‘p(,;m'(c(aU)a T) 7& 0 (4)
Assume that ¢(z) does not contain zero. qg is considered as go : T — R™ — {0}.
Since qq is equivariant, we have a formula:

Gor () = c(To, T") (5)
where c is the first Stiefel-Whitney class of R™ — {0}. From the results (4), (5), we have
(qox)™(¢™ 1) = (T, T')™**7% = (por)*(c(8T, T)™ 1), (6)

The left side of the equation is zero by ¢™ = 0 and the right side is not zero by the
results (3) and (4) and the bijectivity of (pg,)*. From the contradiction, we obtain the
conclusion. O
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We must remark that ¢ is defined on OU, not on U. We can also generalize Proposition
3.5 for the case that OU is not an (m + k — 1)-dimensional closed manifold. The following
theorem is a generalization of Theorem 4 of S.Y.Chang [1].

Theorem 3.6. Let U be a bounded open neighborhood of the origin in R™YF for k > 1
which 1s symmetric with respect to the involution T(z) = —z. Assume that ¢ : oU — R™
i1s an equivariant admissible mapping. Then there exists point xo € OU such that ¢(xp) >

0.

Proof. We symmetrically cover U by finitely many open disks {V, }4eca with a small radius
below r > 0 such that U C UgecaV,. We may assume that W = UacaV, is a manifold
with boundary. Moreover we may assume that the boundary OW is a manifold. If OW is
not a manifold, it happened at a point z where two closed disks V| and V, are tangent
each other. Since the point z is clearly outside of U, it is sufficient to add two small disks
symmetrically at z and T'(z). Therefore we have

™R AW, T) # 0. (7)

as in the proof of Proposition 3.5.

Set U, = {z € U | d(z,8U) = 2r} where d(z,dU) is the distance between z and AU.
We symmetrically cover U, by finitely many open disks {V3}ses with a small radius below
r > 0 such that U, C UgepVj C U. Set W’ = UBGBV,G’- We may assume that W’ is a
manifold with boundary and satisfies W’ C IntU. By Proposition 3.5 and (W — IntW"’) =
oW U W', we obtain

TR OW  T) £ 0, ™YW — IntW' | T) £ 0.

Since families {IntW — W'} and {W — IntW'} are cofinal coverings of U, we have
the isomorphism

H*(80) = lim H*(IntW — W) = lim H*(W — IntW") (8)

by the continuity of the Alexander-Spanier cohomology theory. By the naturality of
Stiefel-Whitney class with respect to {W — IntW'}, we see

cmH=YQU,T) # 0. (9)

Therefore we obtain the result by the similar method as the proof of Proposition 3.5. O

Let 8U be the boundary of U. Note that OU = U — U. Generally 8U and 8U are
different and 8U C AU. For an open set U of a normed space E, it is said to be balanced
if satisfies sU C U for all s, (0 £ s < 1). Since a bounded open symmetric balanced
space U satisfies the condition of the following theorem, we obtain easily Theorem 6 in

[1].
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Theorem 3.7. Let U be a bounded open neighborhood of the origin in R™* for k = 0
which is symmetric with respect to the involution T'(x) = —x. Assume that ¢ : U — R™
is an admissible mapping which is equivariant on the boundary OU of U. Then there exists
a point zo € U such that ¢(xo) 3 0 and a point x, € U such that o(x1) 3 1.

Proof. We define a new open neighborhood V of the origin in R™+k+1.
V = {(z,s) € R™"™** | x € IntU, |s| < d(z,00)}. (10)

Clearly V is an open neighborhood of the origin in R™***! and bounded symmetric with
respect to the antipodal involution in R™***!, We easily see :

V={(zs) e R |z eT, |s| £ d(z,00)}. (11)
The boundary 8V of V is
OV = {(z,s8) e R™** |z € U, |s| = d(zx,80)}. (12)
Define a mapping J : U — R™+k+! by
J(z) =z + d(z,00)emiri1 (13)

where z € R™* and em4k41 is the (m + k + 1)-th unit vector in R™+4+1, Clearly we see
oV = J(U)U{TJ(U)}. As Theorem 3.6, we have c(8V,T)™** £ 0 and (U, T)m+k-1 A4
0. :
For the case k > 0 the theorem is proved by the similar method as Theorem 3.6. We
shall prove for the case k = 0. Let ¢ : U — R™ be defined as follows:

o\ Jelz) if z € IntU
@) = {ga(x) U{Te(Tx)} ifz e dU. (14)

Since ¢ is upper semi-continuous, we can easily verify that ¢ is upper semi-continuous.
Since ¢ is an equivariant admissible mapping on 8U, we can easily verify that ¢ is equiv-
ariant admissible on OU. Note $(Tz) = T'¢(z) for = € dU.

Define ¥ : 8V — R™ by '

eI H(z)) if z € J(U)
V(=) = {T@(J-l(Tz)) if 2 € TJ(D). (15)

V¥ is well-defined and an upper semi-continuous mapping defined on dV.
Let p: ' = U and ¢ : I' — R™ be a selected pair of ¢. We shall show that ¥ is

equivariant on 8V. Let I be the space obtained by the pushout I' & I'o 2L T. Here we
note ¢, : I'o — I'; in the place of ¢ : 'y — I" and i3 : Ty — Iy in the place of <7 : Ty — T
I' has the involution T induced by the following diagram:

I} «2— Ty —2- Ty

O

Fg N 2 FO 2 Fl
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where l} : Ty = I'y, k:T9 — T, are defined by the identity I' — T".
p: ' — 8V is defined by

5(z) = J(p(x)) ifrel
PR =\ rip(Tz) itz e,

We easily see p : [ > 8V is a Vietoris mapping.
G:I' — R™ is defined by
. q(z ifzely
o) = 4
Tq(Tz) ifzeTly.
By Theorem 3.6, we obtain a point zo € OV such that ¥(zo) > 0. This means
©(yo) 2 0 for a point yo € U. _ .
For the second part, define ¢, : U — R™* by p1(z) = ¢ — jo(z) for £ € U where
j:R™ > R™* p:T — Uandp-—jg: I — R™F are the selected pair of ;. We
easily verify that ¢, is equivariant on OU by our hypothesis on ¢. By apply the former

part of this theorem to the case, there exists an element z; € U such that ¢;(z;) 3 0, i.e.
o(z1) 2 ;. | O

4 Generalization to normed spaces

For a normed space E, D is defined by {x € E | ||z}]| £ 1 } and S its boundary. We
easily see that S is acyclic for an infinite dimensional normed space. Let S; be the orbit
space of S by the antipodal involution. The cohomology ring of S, is the polynomial ring
or truncated polynomial ring according to the infinite or finite dimensional normed spaces.
This is easily proved by using the Gysin-Smith exact sequence of a double covering space.

We shall give a generalization of Theorem 3.7 to the normed space. We prepare the
Schauder approximation theorem for our application (cf. Theorem 12.9 in [5]).

Theorem 4.1. Let X be a Hausdorff space and U an open set of a normed space E and
f: X — U a continuous compact mapping. Then, for any e > 0, there exists a continuous
compact mapping f. : X — U satisfying the following condition:

1. f(X) C E™O for a finite dimensional subspace E™® of E
2. || fe(z) — f(@)ll < € foranyz € X
3. fdz), f(z): X — U are homotopic, noted by f. =~ f.

In what follows, we assume that I' is a metric space. The following theorem 4.2 is
called Borsuk’s fixed point theorem (cf. Theorem 3.3 in §6 in [6], Theorem 3.7). Y.S.Chang
proved Theorem 4.2 for the case of a bounded symmetric balanced neighborhood of the
origin in a locally convex topological space (cf. Theorem 7 in [1]). We shall extend his
theorem to the case of spaces which is not necessarily contractible.
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Theorem 4.2. Let U be a symmetric bounded open neighborhood of the origin in a normed
space E. Assume that ¢ : U — E is upper semi-continuous, compact convex valued
mapping and is equivariant on OU. Then there exist a fized point 2o € U such that

(20) 3 zgp.

Proof. The normed space E has the involution T defined by T(z) = —x. Let p: T — U
and g : I' — E be a selected pair of ¢. Let py : I'g — U and qo : 'y — E be a selected
pair of o which are equivariant mappings and ¢o(z) = ¢(z) N (T (T (z))) for z € JU.

For any natural number n, we find finite dimensional vector subspaces {V,} in E and
{gn : T — V,} such that

la) — @)l < = (yET) (16)

by the approximation theorem of Schauder. Note that we can choose vector spaces {V,,}
such that dimV,, increases as n increases and V,, C V, ., for all n by seeing the con-
struction in the approximation theorem.

Note that I’y has the involution 7". Define Gno:To— V, by

1 .
Bol?) = 3{0a(2) — 4a(T(2))) (7)
which is equivariant. We obtain the following inequality:
: 1
llgn,o(2) — qo(2)|l < ~ (18)

for 2 € Tp. This is proved by |lga(2) — qo(2)|| < % for z € Ty and ||g.(T2) + qo(z)|| =
lgn(Tz) — qo(T2)|| < L for z € Ty. And it holds also

l4n0() = an(2)ll < - (19)

for z € Ty 0. This is proved by [lgn(T2) + ¢ (2)|| £ llgn(T2) - qo(Tz)H+llqo(Tz)-*-qn(z)” <
llgn(T'2) — qo(Tz)lI+||—q0(z)+qn( )| < 2 for 2z € Ty. Especially g, and gy o are homotopic.
Let ¢, : U — V,, be defined by

©n(2) = Bn(p(z)) N Vn. (20)

where Bn(¢(z)) = {z € E| d(2,¢(z)) £ +}. By the inequality (16), it holds yn(z) # 0
for z € U. The graph of a set valued mapping h(z) = B,(p(z)) is clearly a closed set in
E x E and also the graph of ¢, is a closed set in V,, x V,,. Since the image of ¢,(U) is
contained in a compact set by the condition of ¢ and the definition of ¢,, ¢, is upper
semi-continuous and compact mapping. p, = p and g, is a selected pair of ¢,. Since g,
is equivariant, ¢, is equivariant on 8U by the inequality (19).

Set K, =UNV,inV,and Ko =90(UNV,). SetT, = p~1(K,), [no= (p0) (Knpo).
Pn:ln— Ky and ppo : I'np — K, are the restrictions of p to I, and I', o respectively.
The restriction of ¢, to I',, is also written by ¢, : ', —» V,, C E.
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Let ¥, : K, — V, be the restriction of i, to K,. We see ¥ (z) # 0 for x € K,, by
(18). Let ¥no: Kno — V, be defined by ¢y, o(z) = ¢n(z) N Ty, (T(z)) for x € K, . We
see Yno(z) # 0 for z € K, o by (19). .

We apply Theorem 3.7 to the case ¢, : K, — V,. We have a point 2, € K, such
that 2, € wn(2a). From z, € ¢¥,(2,), i.e. 2, € ¢n(2,), we have a sequence {w, } satisfying
llzn — wa]] < 2 and wy, € @(z,). Since ¢ is a compact mapping, a subsequence of {wy,}
converges to wo. Therefore we may assume that {z,} converge to a point wy. Since ¢ is

upper semi-continuous, we have zp € ©(2o).
O

In the above theorem, we can not prove the existence of the zero value of ¢ as the
finite dimensional case. Now we shall give some examples. Let D be the unit disk in a
Hilbert space H. Let f: D — D be defined by

F{zn}) = (V1 = llz11% {zn}). (21)

Clearly f is a continuous mapping on D and equivariant on the boundary S and not a
compact mapping. If f has a zero value, it holds the equations /1 — ||z]|2 =0, 2z, =0
for all n. We obtain easily the contradiction from the equations. Therefore f has not a
zero value. We see also easily that f has not a fixed point.

Let g : D — D be defined by

9{z}) = (Y1 - Iz {22, (22)

Clearly g is a continuous mapping on D and equivariant on the boundary S and a compact
z
mapping. If g h zero value, it holds the equations /1 — ||z]|2 = 0, =2 = 0 for all
bping. If g has a zero value, quations /T~ [|z] " = 0 for

n. We obtain easily the contradiction from the equations. Therefore g has not the zero
value. Of course g has a fixed point (cf. §12 in [5], §3 in [12]).

Definition 4.3. Let X be a subset of a vector space V and ® : X — V a compact
admissible mapping. A set-valued mapping ¢ : X — V 1is called an admissible compact
field, iof ¢ is defined by p(z) = z — ®(x).

Let E; be a closed subspace of codimension k£ of a normed space E. K.Geba and L.
Gérniewicz [3] proved the following theorem for the case of the unit sphere of a normed
space. Our method is different from their method.

Theorem 4.4. Let E; be a closed subspace of codimension k Z__l of E and U be a
symmetric bounded open neighborhood of the origin of E. If ® : U — Ey is a compact
admissible mapping, there is a point xo € AU such that p(zo) N (T (x0)) # O where

p(z) =z — 0(z).

Proof. Let (p,q) a selected pair of ® where p : I' — 9U is a Vietoris mapping and ¢ : I’ —
E; continuous mapping. There is a k-dimensional subspace Lj such that E = E; @ L.



121

By the approximation theorem of Schauder, there are finite dimensional vector subspace
V., CE; and ¢, : I' — V,, such that

lla(y) — g ()] < -71;

for y € I'. We may assume that dim V,, increases and V,, C V,i1. Let ®,: 00U — V, be
a set-valued mapping defined by

®,(z) = B,(®(z)) N V,;

where B, (®(z)) = {y € E | d(®(z),y) < 1}. Since the graph of &, is closed and @1(87)
is compact, ®,, is upper semi-continuous. Clearly ®,, has a selected pair p : I" — 8U and
gn : I' = V. Therefore ®,, is a compact admissible mapping.

Set wn(z) = z — ®,(x). Consider ¥, : W,, — V,, defined by the restriction of P, to
Wy where W, = 8U N (V,, & Ly). Note that ¢(W,, T)+*¥~1 £ 0 by Proposition 3.5 where
dim W,, = i,.

By applying Theorem 6.3 of Y.Shitanda [12] to ¥n(z) = z — ¥, (z), we have a point
Zn, € Wy such that ¢,(z,) N ¥, (T(z,)) # 0. This means x, — yp, = —z, — 2, for some
Yn € Wn(zs) and z, € ¥,(T(z,)). Since ® is compact mapping, there are convergent
points yo and 2o of {y,} and {z,} respectively. Therefore there is a convergent point xg

- where z, — z¢ and 7y = Y072 We see easily yo € ®(xzo) and z9p € ®(T(xo)). By

To — Yo = —To — 2o, We have (o) N @(T'(z0)) # 0, i.e. A(p) # O where A(p) = {z €
oU [p(x) N p(T(a)) # 0}. | =

Let X be a space with a free involution 7" and S* a k-dimensional sphere with the
antipodal involution. Define v(X) and Ind(X) by

¥(X) = inf {k| f: X — S* equivariant mapping}
Ind(X) = sup {k|c*# 0}

respectively, where ¢ € H'(X,;F,) is the class ¢ = fx(w) for an equivariant mapping
f X — 8% If X is a compact space with a free involution, it holds the following
formula (cf. §3 in [2]):

Ind(X) £ v(X) £ dim X. (23)

K. Ggba and L. Gérniewicz proved IndA(p) = k — 1 (cf. Theorem 2.5 in [2]). We shall
generalize their result.

Corollary 4.5. Under the hypothesis of Theorem 4.4, it holds
IndA(p) 2 k£ - 1.

Proof. We use the notation of Theorem 4.4. Consider ¢n : Wp — V, where ¢, =
@(x) NV, for z € W,,. Clearly it holds A(¢n) C A(Pn41). By Theorem 6.3 of [12], we
have Ind(A(p,)) 2 k — 1. Therefore we obtain the result. a
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