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1 INTRODUCTION

For a reductive group G defined over a number field k, an unitary representations of G(Ay)
on the space of L?-automorphic forms L?(G(k)\G(Ax)) is defined by the right regular
action. As for the irreducible decomposition of its discrete spectrum L3 (G(k)\G(Ax)),
Arthur gave a conjecture [2]. It says that L3, _(G(k)\G(Ax)) should decompose into G(Ag)-
invariant subspaces parametrized by elliptic A-parameters. For an elliptic A-parameter 1,
the set Il of irreducible automorphic representations of G(Ay) appearing the associated
subspaces is called A-packet for 9. For any place v of k, a finite set Iy, of irreducible
admissible representations of G(k,), which is called a local A-packet, should exist so that
II; is a subset of ‘

{®. 7y | 7y € Iy, and 7, is unramified for almost all v}.

Arthur also conjectured the multiplicity of 7 € Il in the associated subspace for . To
describe the multiplicity, we need the information about global and local S-group for v,
and pairings between S-groups and A-packets.

In this note, we treat the case that G is a non-split inner form of Sp(4). (Sp(4) is the
isometry group of 4-dimensional symplectic space.) I give an evaluation of the multiplicities
of non-tempered irreducible automorphic representations which appear in the residual
spectrum, or are CAP representations (Theorem 4.1, Theorem 5.1 and Proposition 6.2).
Here a cuspidal representation 7 is said to be of CAP if for any cusp form ¢ in w which is
K-finite where K is a maximal compact subgroup of G(Ay), there exists an element ¢’ of an
irreducible component of the residual spectrum such that ¢ and ¢’ share the same absolute
values of Hecke eigenvalues at almost all places of k. According to Arthur’s conjecture,
any irreducible non-tempered automorphic representation of G(Ay) appears in A-packet
for some A-parameter ¥ of DAP type. Here an A-parameter v : £y x SL(2,C) — LG
where Ly is the hypothetical Langlands group of k and LG is the L-group of G is said to
be of DAP type if ¢ is elliptic and the restriction to SL(2,C) of v is non-trivial. This
implies that irreducible non-tempered automorphic representations should be exhausted
by the irreducible components of the residual spectrum and CAP representations.

From the evaluation of the multiplicity for irreducible non-tempered automorphic rep-
resentation of G(Ag), we can guess a explicit description of multiplicity of these repre-
sentations (Expectation 8.1). Our interest is whether this description coincides with the
Arthur’s conjectural multiplicity. More precisely, the problem is whether there are pair-
ings between S-groups and A-packets such that the description coincides with the Arthur’s
multiplicity defined by these pairings. Our main result is that such pairings exist (Section
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8). Remark that the local pairings defined in this result satisfy the conjecture of Hiraga
and Saito.

2 INNER FORMS OF Sp(2)

Let k be a number field and A its adele ring. | |4 denotes the idele norm of A*X. For any
place v of k, we write k, for the completion of k at v and | |, for the v-adic norm. Let u
be a non-trivial character of A which is trivial on k.

Let D be a quaternion division algebra over k. We write v, 7 and ¢ for the reduced
norm, the reduced trace and the main involution of D, respectively. We write Sp for
the set of places v of k at which D is ramified, which has finite and even elements. Let
W = D®2 be the free left module over D with rank two, and we equip it with a hermitian
form (, ) given by

((z1,91), (z2,92)) = =1 Y2 + 11 ‘T2 (z1,22,91,92 € D).
Let G be the unitary group of this form, so that

Gz{gEGL(Z,D)!g((l) (1)) *g:((l) é)}

Here we write *(a; ;) = (“a;;) for (a; ;) € M(2, D). It can be regarded as a reductive group
defined over k. It is non-quasisplit and an inner form of Sp(2) with respect to a quadratic
extension &’ of k such that all v € Sp do not split fully in k¥’/k. Fix a k-parabolic subgroup
P and its Levi factor M as

- {( ek (G o)

P is the unique proper parabolic subgroup of G up to G(k)-conjugate and corresponds to
the Siegel parabolic subgroup via an inner twist. We write again v for the character of M
corresponding to the reduced norm. U denotes the unipotent radical of P, so that

o~{( )=o)

G(k)\G(A) becomes a locally compact Hausdorff space and has a non-zero G(A)-
invariant measure up to scalars. Fix such a measure dg. Then the space L?(G(k)\G(A))
of square-integrable functions on G(k)\G(A) is defined and the representation p of G(A)
on L?(G(k)\G(A)) is defined by

p(9)f(z) = f(zg) (x,9 € G(A)).
This representation has an orthogonal decomposition;
L2(G(k)\G(A)) = L<2iisc(G) & L(z:ont(G)y
where L3, (G) is the maximal completely reducible closed subspace of L2(G(k)\G(A))

disc

and L2, (G) is its orthogonal complement. For ¢ € L2(G(k)\G(A)) its constant term ¢p
along P = MU is defined by

ép(g) = / bug)du (g € G(A))
U(kN\U(A)

mer},
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where du is a Haar measure of U(k)\U(A). L3(G) denotes the space of cuspidal elements of
L?(G(k)\G(A)), that is, elements whose constant terms along P vanish. It is known that
L%(G) is a G(A)-invariant closed subspace contained in L3, (G) [7]. We write L2,(G) for
its orthogonal complement in L% (G), which is called the residual spectrum. In this note,
we call an irreducible component of L3, (G) an irreducible automorphic representation of
G(A). Any irreducible automorphic representation m of G(A) has a decomposition into a
restricted tensor product 7 ~ ®:J my. From the Langlands’ spectral theory of Eisenstein
series, the residual spectrum of G coincides with the space of residues of Eisenstein series

associated to the cuspidal representations of M (A).

3 DECOMPOSITION OF DISCRETE SPECTRUM

Assume the existense of the hypothetical Langlands group Ly of k. The L-group LG of
G is G x W = S0O(5,C) x Wy where Wy is the Weil group of k. By an A-parameter is
meant a continuous homomorphism ¢ : L, x SL(2,C) — L@ such that

(i) writing px : £ — Wj for the conjectural homomorphism and py : LG — Wy the
projection to the second component, ps o ¢ = p,

(ii) its restriction to Ly is a Langlands parameter with bounded image [4], and
(iii) its restriction to SL(2,C) is analytic.

Two A-parameter are equivalent if they are @—conjugate. The set of equivalence classes
of A-parameters is denoted by ¥(G). We write Cy, for the centralizer of the image of ¢
in G. An A-parameter v is said to be elliptic if Cy is contained in the center Z (@) of
G. The subset of elliptic elements of ¥ (G) is denoted by ¥o(G). An A-parameter ¢ is of
DAP type (DAP is the abbreviation of “Discrete Associated to Parabolic”) if

(i) ®¢ is elliptic, and
(ii) ¥lsr(2,c) is not trivial.

Ypap(G) denotes the subset of Wo(G) consisting of the elements of DAP type. From
the property (iii) of the definition of A-parameter, elements of ¥(G) is classified by
the irreducible decomposition of their restriction to SL(2,C). As for homomorphisms
SL(2,C) — G we have the following result.

Proposition 3.1 ([5]). 1. (Jacobson-Morozov)
{homomorphism SL(2,C) — SO(5,C)} /. = {nilpotent orbits in s0(5,C)} /n.,

2. {nilpotent orbits in s0(5,C)} /~, ~ {partition [n¥, ... ,nf‘]of 5| n;:even = k;: even}

= {[15], [22, 1]7 [37 12}3 [5]}
Here ~ means SO(5, C)-conjugacy.

By this proposition we have a decomposition

Uo(G) = ¥o(G)pisy U ¥o(G)pa2,1) U o(G)3,12) U Wo(G)s)- (3.1)
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In addition, we have
¥pap(G) = ‘IJQ(G)[QZ’I] L ‘IJO(G)[3,12] U \IJD(G)[5].

Arthur’s conjecture [2] implies a coarse decomposition

L3 (G(kN\GA) = P L*G)y. (3.2)
PeVo(G)

The set of irreducible automorphic representations appearing in L?(G),, is denoted by Hg.
By (3.1) and (3.2) we have the decomposition,

L3isc(G(R\G(A)) = Li15(G) © Ly 11(G) & LY 12(G) & LEy (G).

Arthur’s conjecture also implies the space spanned by non-tempered cuspidal representa-
tions of G(A) coincides with

B LGy = LEn ) (G) & L 15(G) © LE(G).
YeVpAP(G)

We will consider the multiplicity for irreducible non-tempered automorphic representation.
Since Wo(G)(5) consists of one element ¢p = 1 ® Sym* where Sym* is the 4-th symmetric
power of SL(2,C), and L[zs] (G) = L?3(G)y, should be C - 1, we will treat mainly the case

of L[222’1](G) and L?S,IZ](G). We will say that ¢ € ¥o(G)[o2,1) and irreducible components
of L%’zg’l](G) are of Saito-Kurokawa type, and ¥ € ¥o(G)[3,12] and irreducible components
of L[23’12] (G) are of Soudry type.

4 RESIDUAL SPECTRUM OF G

Theorem 4.1 ([10]). Let k be a totally real number field. The irreducible components of
the residual spectrum of G consist of the following representations.

(1) The trivial representation 1g,

(2) The unique irreducible quotient JE(o) of Indggﬁg(ﬂulk/ 2). Here o runs over the set

of infinite dimensional irreducible self-dual cuspidal representations of M(A) whose
standard L-functions L(o,s) do not vanish at s = 1/2, and

(8) The theta lift R(V') from the trivial representation of G(Va) under the Weil represen-
tation wy,,. Here V runs over the set of local isometry classes of (-1)-hermitian right
D-spaces of dimension one, and G(V') 1is the unitary group of V.

In the case (1) and (2), the multiplicity of each representation is one. In the case (3), the
multiplicity of each representation is 2/5p1-2,

Remark 4.2. In case of general k, it can be shown that the residual spectrum is erhausted
by these automorphic representations and the multiplicity of representation in the case (3)
is greater than or equal to 2/5p1-2,
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All irreducible representations appearing in the residual spectrum are non-tempered by
the Langlands classification. Therefore these representations belongs to some A-packets of
DAP type. From the description of local components of these automorphic representations
these associated A-parameters should be the following.

(1) 1g correspond to
¢ = o = 15 ® Sym* x p;.

(2) JS(o) correspond to

¢ = ((¢o ®St) ® (12, ® LsL(2,0))) X Pk-

Here St is the standard representation of SL(2,C) and ¢, is the Langlands parameter
associated to o, whose image is contained by SL(2,C).

(3) R(V) correspond to

¢ = ((Ind%:, lw,, ® 1sr2,0)) © (Wrrjk ® Sym2)) 0 Pk X Pk.

Here wy i is the quadratic character of Wy associated to k'/k. Remark the image of
Indw’; 1w, is contained by O(2,C).

As we have already explained 1¢ spans L'["5](G)'. The A-parameters of (2) are of Saito-
Kurokawa type and those of (3) are of Soudry type.

5 CAP REPRESENTATIONS OF SAITO-KUROKAWA TYPE

Let B be a quaternion algebra over k. tp denotes the main involution of B and Sp is
defined similarly for Sp. Take n € D such that ‘n = —n and n? = p € kX. We write
K = k(n), which is a quadratic extension of k. Suppose that K can be embedded in B.
A K/k-skew-hermitian form on B is defined by

h(z,y) :=n ("°z-y)k (x,y € B),

where ()i is the projection to K-part of B. A (D, ¢)-skew-hermitian right space (Vg 5, hB )
of rank 2 is defined as

(VB,’na hB,n) = (B ®k D,h® 1)

G(VB,) denotes the unitary group of (VB.n, hp,). This is an inner form of O(4). We write
Go(VB,n) for the k-group of elements of G(Vp,,) whose reduced norm is one. Writing B
for the quaternion algebra over k such that B - B = D in the Brauer group of k,

Go(Va,y) =~ {(b,Z) € B* x B |vg(b) = §(3)*1} /{(z,z-l)lz € G} (5.1)

Therefore any irreducible cuspidal representation of Go(Vp5,, A) is written in the form op®
oz where op and o are irreducible cuspidal representations of B} and E;f , respectively.
Since (G(VB,5), G) is a dual reductive pair we can consider the Weil representation wyy , .
of G(VBn,A) x G(A). Let (0,Vs)(~ @, 0v) be an irreducible cuspidal representation of
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B} with trivial central character. Any element of V, can be regarded as an automorphic
form on Go(Vp 5, A) by (5.1). For ¢ € V, and f € S(Vp, ), define

0(f.6)(9) = /,, ot s (99 (g € Gl)
0(f hg)= D wrp,uw(h9)f(x) (heG(Van,A)).

T€VR ,

Put ©(c, B,n) = {0(f,9)| f € S(VBapn), ¢ € Vo}. This is G(Af) X (goo, Koo)-module by
the right regular action. Here Af, A, are the finite and infinite parts of A, and g is the

complexification of the Lie algebra of G(A), and Ko is a maximal compact subgroup of
G(Ax).

Theorem 5.1. 1. Let o be infinite dimensional and

(a) L(0,1/2) # 0, where L(o,s) is the Jacquet-Langlands L-function,

(b) €(0v®wk, /k,1/2) = Sywi, sk, (—1)e(0w, 1/2) for all places v. Here WK, /k, 18 the
quadratic character associated to K,/k, and €(oy,1/2) is the Jacquet-Langlands
e-factor which is independent of a choice of non-trivial character of k,, and

5 = 1 ifveéSp
Y7l -1 ifveSg.

Then ©(o, B,n) is non-zero, irreducible, non-tempered and cuspidal if B is not iso-
morphic to D.

2. For the local decomposition ©(o, B,n) ~ . ©(c, B,n)y, ©(c, B,n), can be deter-
mined as a representation for any v. (This description of local factors will be seen
as elements of local A-packets later. )

This theorem is proved by using the condition of non-vanishing of Shimura correspon-
dence in [9]. From the description of all ©(c, B, 7), the A-parameter of ©(c, B, 1) should
be

Yo = ((¢o @ St) ® (12, ® Lsr2,0))) X Pk
where ¢, is the Langlands parameter of o. This A-parameter is of Saito-Kurokawa type.

6 CAP REPRESENTATIONS OF SOUDRY TYPE

Let V = V¢ be the one-dimensional skew-hermitian space over (D, ) defined by ¢ € D
with 7(§) = 0. Let § = det Ve = v(£) = —¢2 mod (k*)? and k' = k(€) ~ k(v/=9). G(V)
and Gp(V') denote the unitary group and special unitary group of V', respectively. Then
Go(V') is isomorphic to the norm torus for the quadratic extension k’/k. Since (G(V),G)
is a dual reductive pair we can consider the Weil representation wy,,, of G(Va) x G(A).

Let x = [], xv be a non-trivial character of Go(Vx)\Go(Va) and put Sy = {v|x2 = 1}.
Since

Indg\ 1) x C L3 (G(V)) = LH(G(V))
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we want to construct an irreducible automorphic representation of G(A) by the theta lift

from Indg(()‘(/{‘}l) x. However Indgg‘(/(‘/i) X is not irreducible. Therefore the description of its

irreducible decomposition is needed. As for its local component we have

cvy) . .| Xs®Xs v€SNSDS,
IndGo(Vu)X” - { Xv otherwise.

Here X7, X, are characters not isomorphic to each other, and ¥, is x» if v € Sp and a two-
dimensional irreducible representation otherwise. Fix a vo € O(k', N /x)\SO(K', N /i)
and embed o in G(V;) =~ O(k;,, Ny /&,) for all v & Sp. For v € Sy N Sp® we may assume
X2 (7o) = 1, which characterizes x; and x,. Then an irreducible component of the above
induced representation is of form,

7= (Rpes Xv) ® (Rres\s X3) © (Rrgs, Xv)

for some finite set S C S, N Sp°. In this case write 7 = 75. For any v € S, N Sp° define
S*(Vo) = {f € S(Vo) | f(0-) = £}

where §(V,) is the space of Schwartz-Bruhat functions on V;,. For f € S(V4), define

0(f,h,g) =Y wyy(h,9)f(z) (9€G(A),he€G(Va))
z€Vi

The theta lift from 75 is defined as follows.

0 x>#1
The theta integral is defined by

(4. )(@) = [ 6(f, h, 9)x(h)dh.
Go(Vi)\Go(Va)
The theta lift ©(V, x, S) from 75 is defined by ©(V, x, S) = {6(f,x) | f € Ss(Va)} where

Ss(Va) = (Rues S™(W0)) ® (Rres s ST(Vo)) ® (Qrgs, S(V2))-
I x*=1
In this case 75 is one-dimensional. The theta integral is defined by

6(f,x)(9) = f 6(f, b, g)s(h)dh,

G(Vi)\G(V4)

The theta lift ©(V, x, S) from 75 is defined by O(V, x, S) = {0(f,x) | f € S(Va)}.
In any case, ©(V, x, S) becomes a G(Af) X (goo; Koo)-module by right regular action.

Theorem 6.1. 1. 8(V,x, S) is non-zero, irreducible, non-tempered and cuspidal.

2. For the local decomposition O(V,x,S) ~ @. O(V, x,8)w, 8(V,x,8), can be deter-
mined as a representation for any v. (This description of local factors will be seen
as elements of local A-packets later. )
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O(V, x, S) is an inner form analogue of the following representation of Sp(4, A).

quot. of Ind?P (Y (O(K', x) ® wi/kl - |a) : Sp(4)
theta lift
O(k')(A .
Ok’ : Indsé(z,()(k)x T 8(k’, x) : cuspidal : SL(2).

Here O(k’) is the orthogonal group of the 2-dimensional quadratic space (k’, Ny /i) where
k' is a quadratic extension of k, and Pk is the Klingen parabolic subgroup of Sp(4). This
fact is used to prove the above theorem. As for the multiplicity m(6(V, x, S)) of ©(V, x, S)

in L2, .(G) we have the following evaluation.

Proposition 6.2.

215x0Spl-1 - 4f 42 £ 1 SpN S, # 0,
m(®(V,x,8)) = { 2/5p-2 if x* =1, SpNSy #0,
1 if SpN Sy = 0.

This result is caused by the failure of Hasse’s principle for skew-hermitian spaces. This
proposition is shown by using the difference of Fourier coefficients arising from the failure
of Hasse’s principle.

The A-parameter of ©(V, x, S) must be same to that of the representation of Sp(4, A)
constructed above. By Adams conjecture [1], this A-parameter should be given by ¥ 5
in the following diagram.

"xbk’,x = (Ind%’:lx (02 1) @ (wkf/k X Symz) : Sp(4)

AN h
O(k ) ) X® 1 Shalika—Tanaka

Indy x ® 1 : SL(2).

Here the Langlands parameter associated to x is also written by x. 9 , is an A-parameter
of Soudry type.

7 CONJECTURE OF HIRAGA AND SAITO

Let F be a local field of characteristic 0 and I' = Gal(F/F). Rewrite G* = Sp(4). We
have the following bijection [8].

{inner forms of G*}/., =~ H(F,G*4a)
w w
el — ug T3y gl olng

Here ~ means isomorphy and ng : G*(F) — G/(F) is an inner twist. In addition, if F is
non-archimedean then from [6] '
Hl(F, G*ad) ~ Wo(Z(@‘sc)F)D
w w
ug > XaG' -
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Here C/?:SC is the simply connected cover of G = SO(5,C) so that é\*sc = Sp(4,C) and

( )P means Pontrjagin dual. Write js : G*sc — G* for the covering map. The local
Langlands group Lr is defined by

L= Wg x SU(2,R) F : non-archimedean,
F= Wr F : archimedean,

where W is the Weil group of F. A local A-parameter v : Lr x SL(2,C) — LG* is defined
similarly for the global case. For a local A-parameter ¢ and an inner form G’ of G* suppose
the existence of local A-packet Hg' [2], which becomes a finite set of irreducible admissible
representations of G'(F). For a global or local A-parameter ¢/, Sy, denotes j ! (Cy). Sy is
defined by mo(Sy) = Sy/ 5'2,. For an inner form G’ of G* the following condition is called
the relevance condition for (G’,¥):

Ker x¢gr D Z(@SC)F N sz.

Since e — —_
Zj = Im(Z(G%se)" — Sy) = 2(G*s)" /(Z(Gsc)" N SY),

if (G', ¢) satisfies the relevance condition then xgr can be regarded as a character of Zalz: .
The conjecture of Hiraga and Saito is described as follows.

Conjecture 7.1 ([3]). Let F be non-archimedean. For a local A-parameter v : Lp X
SL(2,C) — LG* there exists a pairing

(Or:Sex(  JI ©§)-c

G'€HY(F,G*a4)

which satisfies the following condition:
For any inner form G’ of G* there ezists

p: Hg' — I(Sy,x¢r) = {irred. repre. o of Sy | ‘7|zg =XG'} [~
w w '
T™ - O

such that (s, m)r = Tr p(s) for all s € Sy.

If F is non-archimedean then the set of inner forms of G* consists of G* and non-split
group Gr. If F is real it consists of G*, Gr = Sp(1, 1) and compact group Sp(4), and if F
is complex it consists of only G*. In any case put I, = ne-, Hf;f’ = Hg” , Where Hgs =Qif
F is complex. Since my results of residual spectrum and CAP representations (Theorem
4.1, 5.1, 6.1 and Proposition 6.2) do not contain the case of compact Sp(4) at real place,
we will forget the case of real F' and compact Sp(4).

We will go back to the global case. For an elliptic A-parameter v the associated local A-
parameter v, is given for any place v by the hypothetical homomorphism L, — L;. Also
homomorphism Sy — Sy, is given. Assume that the pairing (, )y : Sy, x (II;, UII}?) — C
satisfying the above conjecture is given for any v . Then the global pairing (, ) = ﬁv( vt
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Sy X Hg — C is defined. Let ¢y : Sy — {%1} be the character defined in [2]. For 7 € Hg
set
1
my(m) = S Z ep(8)(s,m).
| ¢| seS
b

Arthur’s multiplicity conjecture is described as follows.

Conjecture 7.2 ([2]). The multiplicity of = in L2, (G) is equal to 2 wevo(q) Mu(m).

disc
8 MULTIPLICITY CONJECTURE

The results of section 4, 5 and 6 give a speculation of the description of the multiplicity
of non-tempered automorphic representations of G(A). For an irreducible automorphic
representation 7 of G(A) the multiplicity of w in L3, (G) is denoted by m(w).

Expectation 8.1. 1. (Saito-Kurokawa type) Suppose that an irreducible cuspidal rep-
resentation o of GL(2,C), a quaternion algebra B and n € D satisfy the condition
of Theorem 5.1, 1. Then m(©(o, B,n)) = 1.

2. (Soudry type)

219xNSpl=1 £ 32 £ 1, SpN Sy # 0,
m(O(V,x, S)) = { 2/Spi-2 ifx*=1, SpN Sy, #0,
1 if SpN S, = 0.

These expected multiplicities can be rewritten in terms of Arthur’s conjectural multi-
plicity. In other words, there is a pairing (, ) such that m(7) = my(n) for 7 € Hg and all
(, ) satisfy the conjecture of Hiraga and Saito. Finally, we will see the dscription.

8.1 SAITO-KUROKAWA TYPE

An A-parameter ¢ of Saito-Kurokawa type is written by the form

Y =19, = ((¢a @ St) ® (1, ® 1SL(2,C))) X Pk

where o >~ ), 0y is an infinite dimensional irreducible cuspidal representation of PGL(2, A).
(1) v&Sp

Write VP for the 4-dimensional hyperbolic quadratic space over k. SO(Vvhyp) is iso-
morphic to

{(91,92) € GL(2,ky) x GL(2, ky) | det(g1) = det(g2)"}/{(z,27") |z € K}

O(Vuhyp)

. SO(v;Pypy
representation of G(k,). Write V,2™ for the 4-dimensional anisotropic quadratic space over
ky if v is non-archimedean, and V;* for the 4-dimensional positive and negative definite
quadratic spaces over k, if v is real. Since the special orthogonal groups of these quadratic
spaces are isomorphic to

{(91,92) € Di, x D |vp,, (91) = vy, (92) '}/ {(z, 27 1) | 2 € k')

0(ow, Vvhyp) denotes the Howe correspondent of Ind (0, ®1), which is an irreducible
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where Dy, is the quaternion division algebra over ky, 8(JL(0y), V2%) and 6(JL(0y), V.¥)

are defined similarly for 6(o,, Uhyp). Here JL(o,) is the Jacquet-Langlands correspondent

of oy.

{70 = 68(0w, Vi¥P), 71 = 6(JL(0y,), V®™)} v : non-arch. and ¢, : irreducible,
% =4 {70 = 0(0y, Vi¥P), 7 = 8(JL(0,), V;E)} v :real and ¢, : irreducible,
{70 = 6(0y, VIP)} otherwise.

Any 79 is a quotient of Indgg’,::;(l det ],1,/ 200).

(2)ve Sp
Write V,, for the 2-dimensional skew-hermitian space over D, of determinant 1. Since
G(Vy) = Go(Vy) and Go(V,) is isomorphic to

{(91,92) € D x GL(2,ky) |v(g1) = det(g2) "'}/{(2,27") | z € K}
the Howe correspondents 8(o, V;,) and 6(JL(oy), V,) are defined.

ns — {6 = 6(0v, Vo), 1{ =60(JL(0,),Vy)} &s :irreducible,
Yo T {m0 = 6(0w, V2)} ¢ : reducible.

Sy ~7Z/2Z x Z/2Z and

S ~ Z/2Z x Z/2Z  ¢,, : irreducible,
Yo =1 {1} xZ/2Z  ¢,, : reducible.

Define a pairing (, ), as

(- Te(or 7E))y =sgn°*®1 if v &€ Sp,

(-, 7]}y = sgn® ® sgn ifve Sp.
— 1 E(1/29 ¢0') = 11
“= sgn®1 €(1/2,¢,) # 1,

where €(1/2,¢,) is the value of Jacquet-Langlands e-function of o at 1/2. Then the
Arthur’s conjectural multiplicity is described by

() = 31+ (3, 8){(-L,1),m)  (r € TIY).

If 7 is represented by the form ©(o, B, n) satisfying the condition of Theorem 5.1,1 then
my(m) = 1.

8.2 SOUDRY TYPE
An A-parameter ¢ of Soudry type is written by the form

¥ =t = ((Indy* x ® 1) & (wk/x ® Sym?)) x pi,
k'



for some k' and x.

() v¢éSp
{9(‘/?,5@)} X% ?é 1 and 4, # -1,
s __ {0(]1']1,,,)21,)} X12; # 1 and 6, = —1,
v T ) {0(ViE XE)} xi=1andd, # -1,

{6(H,, %)} x%2=1andd, =-1

Here V;* is the two-dimensional quadratic space over k, with determinant 6 and Hasse
invariant +1, H, is the two-dimensional hyperbolic space over k., and 6(V,, A,) denotes
the Howe correspondent of the representation A, of G (Vu). The correspondent from X, is
supercuspidal and the others are of the form of a quotient of Ind‘}g,’;(?,;fg)(w% Ikl 1o ® Tw)
for some irreducible representation 7, of SL(2,A).
(2) v€ Sp

s — { {O(Vva)’e(Vv, X;l)} X%?é 1,

W {6(Vy, xv) } X% =L

Elements of II;7 are supercuspidal except for x, = 1.

s~ [ ZZXZ[2Z XE#1L,
v = Dy x? =1,

where D is the dihedral group with 8 elements. If k), is a quadratic extension of k, then

s ~ | Z/2ZxZ/2L X2 #1,
Yo = Dy X2 =1,

and if k], ~ k, & k, then
s~ 1 x#L
Yo T Z/2Z X2 =1.

Define a pairing (, ), as follows. If v € Sp and x2 = 1 then

2 s==1
0 otherwise,

<3a 0(Vm Xv)>v = {
and otherwise
< " 0(‘/11"3 i;))v = sgne ® sgn",

where we regard H, = V," and %, = Xi. In case of Soudry type, ey, = 1. Then the Arthur’s
conjectural multiplicity is described by for an irreducible automorphic representation m €
g,

215pl-2 if x2=1, SpnSy #0,

215xNSpl-1 if y2 £ 1, SpN S, # 0,
my(m) =
1 if SpN Sy =0.
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