
Remarks on source algebras of
blocks with cyclic defect groups

Department of Mathematics and Informatics,
Graduate School of Science, Chiba University

e-mail koshitan@math.s.chiba-u.ac.jp
千葉大学大学院理学研究科

Shigeo Koshitani 越谷重夫

1. Introduction and a kind of history
This is a part of joint work with Naoko Kunugi [7].
In representation theory of finite groups, particularly, in modular

representation theory, studying structure of p-blocks (block algebras)

of finite groups $G$ , where $p$ is a prime number, is one of the most
important and exciting things.

Let us look at, for instance, a case where a p-block algebra $A$ of
a finite group $G$ has a cyclic defect group $P$ . A celebrated work in
such a case done by E.C.Dade [3] is one of the high points in repre-
sentation theory of finite groups. Of course, there had been wonderful
works due to R.Brauer, which we can not forget, see [2]. Anyway, after
Dade’s work, there are several important results, which are, indepen-
dently, done by G.J.Janusz [5] and H.Kupisch [8], where they describes
all finitely generated indecomposable $kG$-modules that belong to $A$ ,
where $k$ is an algebraically closed field of characteristic $p>0$ and $A$

is the block (algebra) of the group algebra $kG$ , as above. Speaking
of cyclic defect groups, we should recall that F.Kasch, M.Kneser and
H.Kupisch had proven already that, for a finite group $G$ and $k$ men-
tioned above, the group algebra $kG$ has only finitely many (finitely
generated) non-isomorphic indecomposable $kG$-modules if and only if
a Sylow p-subgroup of $G$ is cyclic, in their paper [6] which has only two
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pages. Of course, this was a motivation to get a theorein sucb $tj$ hat the
p-block algebra $A$ of $kG$ has only finitely inany non-isoniorphic inde-
composable $kG$-modules belonging to $A$ if and only if tlie defect group
$P$ of $A$ is cyclic. Essentially and implicitly, depending on these results
due to Dade, Janusz-Kupisch, and so on, rnany important conjectures
in representation theory of finite groups have successfully been solved
by E.C.Dade [4], J.Rickard [14], M.Linckelmann ([9], [11]) and so on.
Here by the conjectures we mean such as Alperin’s Weight Conjecture,
Dade’s Conjecture and Brou\’e’s Abelian Defect Group Conjecture.

Then, what else to do in cyclic defect groups case? Is there still
anything interesting and important to do in such cyclic defect groups
case? Yet, there are still, we would say, many important and interesting
problems and questions in block theory of finite groups even where the
blocks have cyclic defect groups, as far as we understand.

Now, here comes the thing. Namely, in this short note, we shall
present kind of interesting theorems in a cyclic defect groups case,
which are actually quite useful and helpful to obtain main results in
our joint work by Kunugi and the author [7, Theorems 1.2 and 1.6;
Corollaries 1.3, 1.4 and 1.8$]$ . We shall, in fact, not mention these
main results in [7], but we shall present several theorems which are
due to other people, essentially, such as L.Puig, B.K\"ulshammer and
M.Linckelmann.

2. Main ingredients

Notation 2.1. Throughout this note we use the following notation
and terminology. We denote by $G$ a finite group always, and let $p$ be a
prime. Then, a triple $(\mathcal{K}, \mathcal{O}, k)$ is so-called a p-modular system, which
is big enough for all finitely many finite groups which we are looking
at, including $G$ . Namely, $\mathcal{O}$ is a complete descrete valuation ring, $\mathcal{K}$

is the quotient field of $\mathcal{O},$
$\mathcal{K}$ and $\mathcal{O}$ have characteristic zero, and $k$ is

the residue field $\mathcal{O}/rad(\mathcal{O})$ of $\mathcal{O}$ such that $k$ has characteristic $p$ . We
mean by “ big enough” above that $\mathcal{K}$ and $k$ are both splitting fields for
the finite groups mentioned above.
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$I_{\lrcorner}ct\mathcal{A}$ be a block of $\mathcal{O}G$ (and sonietiines of $kG$ ) witb a defect. group
$P$ . We always assume that $P$ is cyclic and $P\neq 1$ . Theri, we write
$P_{1},$ $N_{1}$ and $N$ for the unique subgroup of $P$ of order $p,$ $N_{G}(P_{1})$ and
$N_{G}(P)$ , respectively. Since $P$ is cyclic, we know $N\subseteq N_{1}$ . Hence we
have other two block algebras $B_{1}$ and $B$ of $\mathcal{O}N_{1}$ and $\mathcal{O}N$ , respectively,

such that all these blocks $A,$ $B_{1}$ and $B$ correspond each other via the

Brauer correspondence with respect to $P$ . We denote by $E$ the inertial
quotient for $A$ with respect to $P$ , namely, $E$ $:=N_{G}(P, e)/P\cdot C_{C_{J}^{Y}}1(P)$

where $e$ is a block idempotent of $kG_{G}(P)$ such that $A=(kC_{G}(P)e)^{G}$

(block induction), and $N_{G}(P, e):=\{g\in N_{G}(P)|g^{-1}eg=e\}$ , see [15,

p.346].
In general, let $A$ be a block algebra of $\mathcal{O}G$ with a defect group $P$ .

Then, we say that $i$ is a source idempoten $t$ of $A$ with respect to $P$ and
that the algebra $iAi$ is a source algebra of $A$ with respect to $P$ , if $i$ is
a primitive idempotent of $A^{P}$ $:=\{a\in A|u^{-1}au=a, \forall u\in P\}$ and $i$

satisfies that $Br_{P}^{A}(i)\neq 0$ , where $Br_{P}^{A}$ is the Brauer homomorphism in $A$

with respect to $P$ , see [15, p.321]. For other notation and terminology,
see the books of [1], [12] and [15].

The following three results are quite remarkable.

Theorem 2.2 (Dade-Janusz-Kupisch). The Brauer trees of $B_{1}$ and $B$

are both stars with exceptional vertex in the center. In other words, the
k-algebras $B_{1}$ and $B$ are both Nakayama (uniserial) algebras.

Theorem 2.3 (Puig [13]). Let $j$ be a source idempotent of $B$ with
respect to P. Then, the source algebra $jBj$ of $B$ with respect to $P$ has
the following structure:

$jBj\cong \mathcal{O}[P\lambda E]$

as interior P-algebras, where $E$ is the inertial quotient for $A$ (and hence

for $B)$ with respect to $P$ .

Theorem 2.4 (Linckelmann [9], [11]). Let $j_{1}$ be a source idempotent

of $B_{1}$ with respect to P. Then, the source algebra $j_{1}B_{1}j_{1}$ of $B_{1}$ with
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respect to $P$ has the following $structu7^{\cdot}G$ :

$j_{1}B_{1}j_{1}\cong End_{\mathcal{O}}(V)\otimes_{\mathcal{O}}O[P\rangle\triangleleft E]$

as interior P-algebras, where $E$ is the inertial quotient for $A$ (and hence
for $B$ and $B_{1}$ ) with respect to $P$ , and $V$ is an indecomposable endo-
permutation right OP-lattice with vertex $P$ and with $P_{1}\subseteq ker(V)$ .

By looking at Theorems 2.3 and 2.4, the following question then comes
up quite naturally, we believe. That is to say,

Question 2.5. On the other hand, if we assume that our original
biggest block algebra $A$ has a Brauer tree which is a star with the ex-
ceptional vertex in the center, then what can we say about the structure
of a source algebra, say, $iAi$ of $A$ with respet to $P$? Of course, here $i$

is a source idempotent of $A$ with respect to $P$ . Actually, the structure
of $iAi$ has been essentially determined by M.Linckelmann [11], but, we
would say, implicitly. Thus, it should be worthwhile and meaningful to
state it explicitly in here. Namely, we get the following:

Theorem 2.6 (see M.Linckelmann [11], see also [7]). Let $A$ be a block
algebra of $OG$ with a cyclic defect group $P$ with $P\neq 1$ . Let $i$ be a source
idempotent of $A$ with respect to P. Then, the following three conditions
are equivalent:

(1) The block algebm $A\otimes_{\mathcal{O}}k$ over $k$ is a Nakayama (uniserial)
algera.

(2) The Brauer tree of $A$ is a star with the exceptional vertex in the
center.

(3) The source algebra $iAi$ has the following structure:

$iAi\cong End_{\mathcal{O}}(V)\otimes_{\mathcal{O}}O[P\rangle\triangleleft E]$ or $End_{\mathcal{O}}(\Omega V)\otimes_{\mathcal{O}}\mathcal{O}[P\lambda E]$

as interior P-algebras, where $V$ is the same as in Theorem 2.4.

Proof. See [7, Proposition 2.11]. $\blacksquare$
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