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1 [XLHIC

HEBRRITIIDRMOD~ V2 7R EBRR (Uncertain MDPs) 128\ T, RIBHB OB LB LN 3158
CESWTHBREITIIOHE 2TV, T /L OMEBE (value function) & FHRIT 5. Frx DEITFHE
([7]) T, KR~ A Xk (DeRobertis& Hartigan[l]) @A 35 Z & T, FATHIEXE A O HBRRITSH| 2 $
BRI E UTHE L, XHEH#EE MDPs OBK & £ ORITIZOW TR 7. Hl 2T, HBRERITH P = (pi;)
DRTEIL, Z DRI (A, 3] & KMRBRENS.

ARETIE, ~—FBAROZRSRAOKL LTHLNDIXMOTRIE A, & ERIE N, o1 T, &
TEN—F BKOMHE & Newton-Raphson #0> ST EIRE B D HIEICOWTERT S, £7-, ZOREEL
Sy EIRIRE & O BMRCEE DR D AR Fliz S\ TRT.

T I TH S XRHEE MDPs i, EH A2~V 2 7 HEEE (Markov set-chain) IC X > THEE &S 3. X
M TRINHHEBRERITIINEH TEB TS “Controlled Markov set-chain model” 22V TiZ, Kurano
et al.[8, 9] REEBMENV.

2
FRRRE~ L 2 7 REBRIT
{5,4,Q,7}

DA4ONHRY LD, RBEME S := {1,2,...,n}, RELEHM%Z A := {a1,a,, ... yaky &35 kRoES
*EETD:
(2.1) P(S) :={p = (p1,p2,...,Pn) ERL|D pi =1},

€S
(2.2) P(S|S) :={g = (@, : i, € S) e RF*"|Y qi; =1 (i € )},

jES

(2.3) P(S|S x A) :={Q = (gi;(a) : i,j € S,a € A) € Ri"x"lqi.(a) € P(s) (i€ S,ac A)}.

2L, R, R i, ERENHEAD n REENRT b E (m,n) BEITFI2RT. HBRRITIZ Q =
(g:j(a)) € P(S|S x A), FIfGBKE r = (r(i,a)) € BL(Sx A) THRY. 722U, B, (D) 344 D Lo# A
EEEREROLEERT. Bad, HBREEITHI Q = (¢,;(a)) (1,j € S,ac A) MRATHA LI THRE
1B (Uncertain MDPs) 2% 2 5. #BEERITFIOHRELZIMY AN/ L a 7REBR L LT, HLHE
& (cf. [2, 5, 6, 11]) oA ZHEEIE (cf. [5, 12, 17)) BERLMOLNTW5. KR TIX, XA XHEEIZE
WT, EDOFRISGMOBRECXKMAEEZHANS.

AFERTIL, KMHEE MDPs O 2 82§ % 72 DIZ, BEER) (deterministic) 2> % (stationary) 72
BRDb &L TOVLa TREBRIZOVTERETS. - T, LUk, H5EE S deterministic stationary
policy TOHFE SN SHEBHERITINE P = (p;;) LR T LIZT 5.

SHhHA~DER fO2KE FTHRT. FED fe FIZRH LT, HIBIRB (0<B8<1)iTL->TEY
SINT-RIAFFFIBNZ bV o(f|Q) € R #HERITHI Q € P(S|S x A) DL LTKRTEDS:

(2.4) o(f1Q) = Y _(BQU))T(S),

t=0

2L, m(f) = (7(L, f(1)), (2, f(2)), ..., 7(n, f(n))) € RE, Q(f) = (g:;(f(i))) € P(S]S).



KRR MDPs ORRIZ DWW T, HEBRERITIIIFAT I LIRSS RHEEEITY . #5T, =2 2T,
HDEESNTCREL S ROHIHB T DHEE (p ies ICOWTHR L TITL.

P, :=P(S) ={p=(p1,p2, - -,0a)Ip: 20,30 pi =1} £B. R* OAR—TFAJIEGOLES B
TRY. BED2 O ORE LU PMMEED AcBIZXHLTLA) SUA) THDHEX, BIZ LS B E%kT
LD ZDEIRLIU THD 2 oOREEXAWT, FRIRKMEEIES [L,U] & &1

ZIT, P, EOAR—=TRIE L() b, HIORE U X, U() =kL() LRBEIRBEL D k(k 2 1)

1ZB89 2 BRI B (proportional measure) & RET 5, '9"&?9‘5 HRIXMBAES, (L, kL] = [dp, kdp] &
T5.

FSLRITERE 6 EUTV, ROMITIREE | ~ B L72E % o, THRT LTS, 0, T ThOREE
BT BT~ 5% 0= (01,02,...,0,) ERT L 6=3}_ 0k THD. KRB ~HEBTIREE p, L5 5
L&, o DHMERBEEBEBIINRTI A—F p= (p1,p2,...,pn) CHTEEBE/HTHRENT

(01+"'+an) 01,02

(2.5) f(01,0'2,-.~,0'n|;0) = Py Py pn

L3,

Z Z T, DeRobertis/Hartigan[1] O XK@~ XHEEDFIELFRIXME (L, kL1 W CHEHAT 5 &, FHAE
KM [Lo,Us| := [Lo, kLy) RBRTEAN—FEARKICE > TR EN, &5 p; qu§T6$T'£?ﬁUEEﬁ§ A )
(BHEOD AN ERTI LT D) T, BEXKERE Q € (Lo, kL, ICEBRDE > % p; & @ﬁﬁﬂ:UD
HHI OELNS:

oyl oy

fp piQ( p)

. = L, SQZU,
(2.6) { fP,,, Q(dp) =Q=
EHIZ, M) ZENEFRROFBRDO—EDORTHS.

(2.7) Ug(pi =A) ™ + Lo(pi —A)T =0
(2.8) Us(pi = N7 + Lo(ps — X))~

KEL, ot = max{0,z},2” = z - 2+ = min{0,2} THhB. = =T, U, = kL, T 5= & L BR5
R—ZBEH (T 4V 7 VBE) FHVHE, BRD (2.7),28) 1I3KRD LD ICF 4V 7 LN L B HFERX L
LCEF - LRTES:

(2.9) (lower bound )): & // (pi — N)p7{* - -pSrdp + // (pi —N)p7* - pSrdp =0

0<pi<A,pePn A<pi<1,p€Pn

(2.10)  (upper bound X): k // (ps — N)p7* - -p2rdp + // (pi = N)pit - pordp =0

A<pi<l,peP, 0<pi<A,peP,
W =BT (x) (x> 0), X—=F B B(a,y) (z,y > 0), R~ —# B B(x,y|A) (z,y > 0,0 <
ASD) Z2ENETNRRDIIICERT B:
Ho<BE: T'(x) = / t*"le=tdt (x> 0)
0

1
~—Z % B(zy) :/ £ 1=t Vdt (z,y>0)
0
A
Risde~— 5898 Blz,yl)) = / =11 — 1) ldt (z,y>0,0 S A< 1)

0
E, T4V VY D(vi,va, - Uk vker) BEW D(vi,vg, .. ki1 A) (21,05 051) 2K
DESITEDD.

D(U17V27" V}C;V’C+1)

—/ / Pl g (1 —xy —zg — - — ) L daydas - - - day
Sk

D(vi,. .., vk vks1|A)

o vi—1 vi—1 v, -1
_// T T (- — - — )R T dxy - dy
Skn{0<z, <A}

71
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2L, Spi= (2, k) 2 20,i=1,.. . kS 2 S 1)
IIT, T4 Y LS EN— 2 M OBEND

(2.11) D(vy.va, .., vkivky1) = B(vi,va + - + vk 1) D(va, vs, - vk Vi)
(2.12) D(vy,va, ... Uk vks1|A) = B(yi,va + - - + vk |A) D(va, vs, oo, Uk Vg 1)

ThoT, ELII_N—FBEEOHEEZRAL T, X (2.9) LXK (2.10) ZRO N ICETIEZHFEROETH
LI LBPREND.

(2.13) K(s,t, ) := (S i - - A) B(s,t) + (k — 1) (B(s + 1,t|A) — AB(s,t|]\)) = 0
(2.14) G(s,t,\) =k (S‘ i - ,\) B(s,t) — (k= 1) (B(s+1,£|A) — AB(s,£|A)) = 0

EREND EEL 6= jons=m+1,t=6—0+n-1Th?. ZOR(213) & (2.14) i1, Bk
BITIZ (6 + n) RBEFBRATHS (s +t=06+n). UTFICERE LTEEHTHL

Theorem 2.1. /XF A—% p= (p1,p2,...,Pn) ITOWVWT, & p, IZEATHEKBERM ), N RKROLIH
FRAOHEL LTEHEGNS.

(2.15) K(s.t,)) := B(s+1,1) — AB(s,t) + (k — 1) (B(s + 1,t,A) — AB(s,£,A)) =0

(2.16) G(s,t,X) == k(B(s+ 1,t) = AB(s,t)) — (k = 1) (B(s + 1,t,X) — AB(s,t, 1)) =0

7L, s=0+1,t=6—0;+n—-1THh5B.

K(s,t,A),G(s, 6, A) i, B AN ICEAL T, EHITHRBERBEET K(s, L, \) X EIZM, G(s, L, \) XTI
MTHY, K,GiZEHiT[0,1] I 1 DDOREZ LD ENERITRENS.

3 K(s,t,A)=0 & G(s,t,\) =0 DO

BTEIOR (2.15) & (2.16) X & biT (6 +n) REBB|FEBANTH D AH TII, B K, G ORBHERME L Mk
#>5 Newton-Raphson #E# A L7/ T Y XL %EFRT. E6I12, W{bkX2 5 2 2008 ¢ & ¥EHERIRE
(Fractional programming problem) & OBFKIZ OV THIRRB.

LA, K(s,t,A) =0 DREANIZOWVWTIBRRD. G(s,t,\) =0 DB bRKDOT L TY Xh LR ERED
ZEDBREBITRENS.

Proposition 3.1. K(s,t, \) IXROHEE %2 Ho:
e K(s,t.0) = B(s+1,t) = 55 B(s,t) > 0,K(s,t,1) = k(B(s + 1,t) — B(s,t)) = —%B(s,t) <0
e KR'(s,t,\)=—B(s,t) - (k—1)B(s,tlA) <0,
o K'(s,t,\)=—(k—-1DX"11-XN"1<0
ZOMENL, FIHEE LT K(s,t,A) <0 &7225 A0 < A < 1) 28 Newton-Raphson 38 H L
f=7aY XA (Algorithm A) XL T X 52725,
Algorithm A:

Step 1. Set n := 0 and specify € > 0. Select A(0 < A < 1) such that K(s,¢,)\) < 0. Set x,, := .

K(s,t,Zn
2. Let W(s,t, o) : CRLY

= _—K’(s,t,xn)' Compute 7,41 = 3, — W(s, t,2,).

3. If Jzny1 — zn| < &, set ); := 41 and stop. Otherwise increase n by 1 and go back to Step 2.
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ZIT, Wis, b xn) = —((S—‘—i)) i BARBIC T

zn)B(s,t) + (k — 1)(355 ~ 20)B(s, t,zn) — £ 25 (1 — z,,)*
B(s,t) + (k — 1)B(s,t,x,)
&, R—F B B(s,t) EREER—F B B(s, t,z,) ICE > TRENDD, ZOHBEITEMETH S,
—M#IZ, Nerwton-Raphson #ED#ER 21 = 2 — f(:;")) IZ2WT, ¢(z) = J]:((:c)) ETnix

f(@) #F0THB alZoNT, fla)=0THBZ Ll ¢gla)=aTHBZLIXFAMETHS. S5IT, Kizo
WTKROHE %15%:

Proposition 3.2.

(3.1) VV(&t,xn):=«~(s+t

(3.2) K(s,t,A) = AK'(s,t,A) — K'(s+1,t, \)
K(s,t,\) K'(s+1,t,))
(3:3) K'(s,t,A) = K'(s,t,A)
LR DMEN
_ K'(s+1,t,))
THoT,

! t,Tn B 1, - b, Zn
(3.5) tir = 9lan) = KL L 1:95’”) ) _ B(s ;(g : E: - ngf L iz )
/5. E7, o(\) D1 KEBEKIZHOWNT
—(k = 1As"1(1 - )

K'(s,t,X)

(3:6) (A = (A= o(N)

THDHIEDD, ROMBLEREES:
Proposition 3.3. ¢(A\) = K'(s+ 1,¢,A)/K'(s,t,)) &+5 & &, RMBEY L.
(i) ¢(0) = ¢(1) = B(s + 1,t)/B(s, 1)

(i) $'N)=0&722BXEA=0,1% ¢(a) =a BT aTHS, T2bb, ZOalEK(s,t,)) =00
BTHD.

(i11) o(\) DHEBWILI0< A< ’Gﬁéiﬁﬁmﬁ'}‘, a<A<1 TREHPBEMTHS.
Theorem 3.1. KIIFMETH S. (i) K(s,t,a) =0 (ii) ¢(a) = a

EROGEEERENSG y=¢(z) DT T 7 (M 3.1) DEKE%E X 5 L, Newton-Raphson ¥R EHET 3
PBME 21 12 [0, 1] EITERICRA Z LN TED. BT, A< 2, =2 A< Tppg = ¢(@n) < 2n THBMD A
Tl {zn} 1En=2LKRT¢()\) OFRBLE N ICHRBICIRT 5.

0.6

0.5}

04
03
02}

0.1}

Figure 3.1: y = ¢(z),y =z, y=B(s+1,t) IS 7
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WiZ, ¢(A) L ZEDARBR ¢(A) = A ITDOWT, A(s, t,\) DHE (€iRE 3.2) 225 53 $FHE R (fractional
programming problem) & £0 /35 A + Y v 7 [§/8 (parametric problem) M & OREMREZ KD X 51T
5.

K'(s+1,t. )
Kt
Parametric problem: (P,) F(q) = minygo1|(K'(s+1,4,A) — gK'(s,t.))) &+ B L &,

Fractional programming problem: (P) minjy¢o.1

Proposition 3.4.
) . K'(s+1,t.A) K'(s+1.t)
(1) o8 = miacon et N T K s )

(i1) F(p) iIRBEFAML, MBAKTHS.
(iii) At F(p) =0 W7 d pe[0,1] D—BDOETH 5.

ERDOME34 025, BREFEK K(s,t,\) = 0 DR L FEEHERIE (P), /72 MY v 78 (P,) I
BROX D RBERH D BN D:

Corollary 3.1. F()\) = K'(a+1,b,A) — AK'(a,b,A) = —K(a,b,A) = 0

UEDZ &%, G(s,t,A) =0 DL LTHONIZERRAERMO LRE XN oW THFEBEOBRN T
5. Tihbb,

=

G'(s+1,t,A)  kB(s+1,t) — (k—1)B(s+1,t,A)
G'(s,t,A\) kB(s,t) — (k — 1)B(s,t, \)

ETBHLE, YN =9'N) =X TH-oT, p(A) X ¥(0) = ¥(1) = = B(s,t) > 0,0 < X < X THRIEHFH
M A< A<l TERBEHBRDVTHD. y=y(@) DI 71K 32D L 5 2BE%2 o,

0.6
0s: /

T

(3.7) P(A) ==

04"
03!
02!

0.1

0.0 02 04 0.6 08 10

Figure 3.2: y = ¥(z),y =z,y = kB(s+ 1,t) DT F 7

TOEHOBREIZ, AN ERDETNLTY XA (Algorithm B) #UTFTD LSt L THEL.
Algorithm B:

Step 1. Set m := 0,n := 0 and specify € > 0. Select 0 < z,y < 1 such that K(s,¢,z) < 0and G(s,t,y) > 0.
Set ., := z.yn 1= y.

2(a). Compute £, 41 := ¢(Tm).

2(b). If |zym+1 — Tm| < &, set A := x,,41 and go to Step 3(a). Otherwise increase m by 1 and go back
to Step 2(a).

3(a). Compute y,+1 := ¥(yn).
3(b). If |ynt1 — yn| < &, set A := y, 41 and stop. Otherwise increase n by 1 and go back to Step 3(a).



4 BUEH

AIEID Algorithm B iIZOWT, BlxiE, s =4,t =5k =2, LT, 21 = 1, Zonr1 = &(Tm), y1 = 0, Yns1 =
P(yn) PREFHEERITLTHD &, {2,} = {1.,0.444444,0.401901, 0.400395, 0.400394, 0.400394, . . .},
{yn} = {0.,0.444444,0.487562,0.48911,0.489112,0.489112, ...} #%85. 7=, KK n = 3, T— &
B s = 10, REKBIEE k=2 L LkeED s Lt ICBLTROE S RFXEBS (R41, =FL
s=o0;+1,t=6+n—-sTHBZLICHEETSB):

Table 4.1: n=3,6 =10,k =2 D& D p, DEHFEXE [\, )]

s=1,+=12 | [0.060,0.097 s =0,t= 0.349,0.421 §s=9,t=4 0.657,0.726
s=2,t=11 1 [0.129,0.182 s=6,t= 0.424,0.499 s=10,t =3 | |0.734,0.799
s =3, =10 | [0.201,0.263 s=17,t=06 | [0.501,0.576 s=11.+=2 | [0.818,0.871
s=4,t=9 0.274,0.343 s=8,t=25 | [0.579,0.651

ZORAL KOIRT—ET—TNVERBELTETE, EBOBRT—# 25 XH#E MDPs ##R+5 =
EBRTED. s tiX,15s26+1,n—-15tS6+n-1ThdD. FIxidn=3k=26510& L7
BF, 5,0t DENENDEIZOVWT Algorithm B 2 A L TH LN I ERXBOMESA AN DF —F F—
TNERA2ERAIZIZEFLEDTHEL. k=150 k=5%T05 TOBLEEE L EDERXE
ZRA4LERASICELDTEL. ZHLOREFIA L THER SN 5 XREHEE MDPs OfFT X, 52T
FATERZED [7) BRIV,

Table 4.2: Lower bound for estimated inverval(n = 3,k = 2,6 < 10)

t=2 t=3 t=4 t=5 t=6 =7 t=8 t=9 t=10 t=11 ¢t=12

s=1 0.268 0.198 0.158 0.131 0.112 0.097 0.087 0.078 0.071 0.065 0.060
s = 0.435 0.344 0.284 0.242 0.211 0.187 0.168 0.153 0.140 0.129 0.119
s=3 0542 0.446 0.379 0.330 0.292 0262 0.238 0.218 0.201 0.186 0.173
s = 0.615 0.521 0.453 0.400 0.359 0.325 0.297 0.274 0.254 0.237 0.222
s=5 0668 0.579 0511 0.458 0414 0.379 0.349 0.323 0301 0.282 0.265
s= 0.708 0.624 0.558 0.505 0.461 0424 0.393 0.366 0.343 0.322 0.304
s = 0.740 0.660 0.597 0.545 0.501 0.464 0.432 0.404 0.380 0.358 0.339
s=8 0.765 0.690 0.629 0.579 0.535 0.498 0.466 0.438 0.413 0.390 0.370
s=9 078 0.716 0.657 0.608 0.565 0.529 0.496 0468 0.443 0.420 0.399
s=10 0804 0.737 0.681 0.633 0.592 0.556 0.524 0.495 0.470 0.447 0.426
s=11 0.818 0.755 0.702 0.656 0.615 0.580 0.548 0.520 0.494 0.471 0.450

Table 4.3: Upper bound for estimated inverval(n = 3,k = 2,6 < 10)

t= t=3 t=4 t=5 t=6 t=7 t=8 t=9 t=10 t=11 t=12

s=1 0404 0307 0.248 0.208 0.179 0.157 0.140 0.126 0.115 0.105 0.097
s = 0.565 0.458 0.385 0.332 0.292 0260 0.235 0.214 0.196 0.182 0.169
s=3 0656 0554 0479 0.421 0376 0.340 0.310 0.284 0.263 0.245 0.229
s=4 0.716 0.621 0.547 0.489 0.442 0.403 0.371 0.343 0.319 0.298 0.280
s=5 0.758 0.670 0.600 0.542 0.495 0.455 0.421 0.392 0.367 0.344 0.325
=6 0789 0.708 0.641 0.586 0.539 0.499 0.465 0.435 0.408 0.385 0.364
s=7 0813 0.738 0.675 0.621 0.576 0.536 0.502 0.471 0.444 0.420 0.399
s=8 0832 0.762 0.703 0.651 0.607 0.568 0.534 0.504 0.476 0.452 0.430
s=9 0.847 0.782 0.726 0.677 0.634 0596 0.562 0.532 0.505 0.480 0.458
=10 0.860 0.799 0.746 0.699 0.657 0.620 0.587 0.557 0.530 0.506 0.484
s=11 0.871 0.814 0.763 0.718 0.678 0.642 0.610 0.580 0.553 0.529 0.507




Table 4.4: Examples of posterior intervals for k£ :(1)
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k=15 k=2 k=25 k=3
s=1,7/=12 [0.066,0.088] [0.060,0.097] [0.055,0.104] [0.051,0.110]
s=2t=11 [0.139,0.170] [0.129,0.182] [0.121,0.191] [0.115,0.199]
s=3,0=10 [0.213,0.249) [0.201,0.263] [0.191,0.274] [0.184,0.283)
s=4.t=9 [0.288,0.328] [0.274,0.343] [0.264,0.354] [0.255,0.364]
s=5.t=8 [0.363,0.406] [0.349,0.421] [0.337,0.433] [0.328,0.443]
s=6.t=7 [0440,0.484] [0.424,0.499] [0.413,0.511] [0.403,0.521]
s=7.t=6 [0.516,0.560] [0.501,0.576] [0.489,0.587] [0.479,0.597]
s=8t=5 [0.594,0.637] [0.579,0.651] [0.567,0.663] [0.557,0.672)
s=9.t=4 [0.672,0.712] [0.657,0.726] [0.646,0.736] [0.636,0.745]
s=10,t =3 [0.751,0.787] [0.737,0.799] [0.726,0.809] [0.717,0.816]
s=11.t=2 [0.830,0.861] [0.818,0.871] [0.809,0.879] [0.801,0.885]
Table 4.5: Examples of posterior intervals for k :(2)
k=35 k=14 k=45 k=5
s=1,1=12 [0.048,0.116] [0.045,0.120] [0.043,0.125] [0.041,0.129]
s=2,t=11 [0.111,0.206] [0.106,0.212] [0.103,0.217] [0.100,0.221]
s=3,0=10 [0.178,0.290] [0.173,0.297] [0.168,0.303] [0.164,0.308]
s=4,t=9 [0.248,0.372] [0.242,0.379] [0.237,0.385] [0.233,0.391]
s=5t=8 [0.321,0.451] [0.314,0.459] [0.309,0.465] [0.304,0.470]
s=6,t=7 [0.3950.529] [0.388,0.536] [0.382,0.542] [0.377,0.548]
s=7,t=6 [0.471,0.605] [0.464,0.612] [0.458,0.618] [0.452,0.623]
s=8.t=5 [0.549,0.679] [0.541,0.686] [0.535,0.691] [0.530,0.696]
s=9.01=4 [0.6280.752] [0.621,0.758] [0.615,0.763] [0.609,0.767]
s=10.t=3 [0.710,0.822] [0.703,0.827] [0.697,0.832] [0.692,0.836]
s=11,t=2 [0.794,0.889] [0.788,0.894] [0.783,0.897] [0.779,0.900]
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