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KERNEL FUNCTION AND QUANTUM ALGEBRAS
B. FEIGIN, A. HOSHINO, J. SHIBAHARA, J. SHIRAISHI AND S. YANAGIDA

ABSTRACT. We introduce an analogue K, (z, z;¢,t) of the Cauchy-type kernel function for the Mac-
donald polynomials, being constructed in the tensor product of the ring Ar of symmetric functions
and the commutative algebra A over the degenerate CP!. We show that a certain restriction of
K (z, z; q,t) with respect to the variable z is neatly described by the tableau sum formula of Macdon-
ald polynomials. Next, we demonstrate that the level m representation of the Ding-Iohara quantum
algebra U(q, t) naturally produces the currents of the deformed W; ,(sl,). Then we remark that the
Kn(z,z;q,t) emerges in the highest-to-highest correlation function of the deformed W, ,(s!,) algebra.

1. KERNEL FUNCTION

1.1. The algebra A. We briefly recall the definition and the basic facts about the commutative
algebra A introduced in [FHHSY]. Let ¢, ¢2 be two independent indeterminates and set ¢3:=1/q,¢o.
We also use the symbols F:=Q(q1,¢2), N:={0,1,2,...} and Ny :={1,2,...}.
For n,k € N, we define two operators 9(0*) (4} acting on the space of symmetric rational
functions in n variables z,,...,z, by
. n! ,
o0.k) . f = m %1_1;% F(x1y ooy Tk, ETn—kt+15 ETn—k+2, - - - ,€Tn)
n! .
ok i f =Tl I F (@1, s @i S0 1, ETnmi2s - - -5 ETn)
whenever the limit exists. We also set 3(%%)¢ = 0, 8(°*)¢ = 0 for ¢ € F. Finally we define 8% and
(>0 to be the identity operator.

Definition 1.1. For n € N, the vector space A, = A,(q1, 92, q3) is defined by the following conditions
(1), (i), (iii) and (iv).

(i) Ao :==F. For n € N4, f(z1,.-.,2,) € Ay is a rational function with coefficients in F, and
symmetric with respect to the z;’s.

(i) Frn € N, 0 < k < n and f € Ay, the limits 8 f and d©F) f both exist and coincide:
(k) f = 0K f (degenerate CP! condition).

(iii) The poles of f € A,, are located only on the diagonal {(z1,...,zs) | 3(4,J),¢ # j,2; = z;}, and
the orders of the poles are at most two.

(iv) For n > 3, f € A, satisfies the wheel conditions

f(z1, 171, 19271, T4, . . .) = 0, f(z1, 9221, 19221, 24, . ..) = 0.
Then we set the graded vector space A = A(q1, ¢2,93) := Pp>g An-
Definition 1.2. For an m-variable symmetric rational function f and an n-variable symmetric

rational function g, we define an (m + n)-variable symmetric rational function f * g by

(f *g)(x1,. .., Tmyn) :=Sym [f(xla ey Zm)I(Tma1s - - - s Tmtn) I I w(Tq, 35;9)] (1.1)
1<a<m
m+1<g<m+n
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Here w(,y) is the rational function

(¢~ qy)(@ = eY)(@ — 6y) (1.2)
(z —y)®

and the symbol Sym means Sym(f(z1,-..,2zn)) = (1/n!) Y ce, f(Zo@)--- za(n)).

Fact 1.3 ([FHHSY, Theorem 1.5]). A is closed with respect to *, and the pair (A, *) is a umtal
associative commutative algebra. The Poincaré series is D, < dlm]]i‘ An)2" = [l (1 =7 my-t

UJ(.L' y) - OJ(J 2/1(11’(12)(13)

1.2. The ring Ar of symmetric functions. As for the notations and definitions concerning the
partitions, we basically follow the notation in [ ]. A partitionof n € Nisa sequence A= (A1, A2,...)
of non-negative integers satisfying A\; > Mg > ---. We define [A\|:=Ay+Ap+- -+, £A):=#{i | A; # 0},
and write A F n if |A\| = n. We denote the conJugate (transpose) of a pa.rt1t1on A by N. We

work with the dominance partial ordering defined as : A > pu N = A =g, M+ + N2
w1+ -+ p; foralli > 1.

We recall some basic facts about the ring of symmetric functions. As was in [FHHSY], we set ¢, =
g 1,q2 =t (hence g3 = gt™!) and F = Q(gq1, g2) = Q(g,t). Let Ap be the ring of symmetric functions
over the base field F, constructed in the category of graded ring with the projection operators
Pmmn - f(xls -axm)Hf(xl, c 3 T, 0 O)

Let pp(z) := }_, 2" be the power sum function. For a partition A = (A1, A2,...), the monomial
symmetric function is defined by my(z): Z z®, where a runs over all the distinct permutations of A.
The elementary symmetric function e, () is defined by the generating function E(y):= [LA+zy) =

S aso en(@)y™ Set G(y):=[T;{(tziy; Q)oo/ (Ti¥i @)oo} = ano gn(z;,t)y™, where (25 q)oo: ~H,>o(1

q'z). For a pa.rtltlon A= (A, A2,...) set px:=pxy Py, . Similarly we write ey := ey, ey, -+ and
gx = gxn 9, -+ - It is known that {pa}, {ma}, {e>\} and {g)\} form bases of Ar.
Recall Macdonald’ scalar product (px,pu),, = Orp [Tipy ™ ma! >l —¢ %)/(1 — ), where
m; denotes the number of parts 4 in the partltxon A. For any dual bases {u)} and {v)}, we have
Moy )= 1 Uzib5i8)es _ 5, (s)ua (v). (13)
(TiY559) 00 ~

It is known that {my} and {g»} form dual bases, namely we have (mx, g,) o= I p-

Macdonald polynomials Py (z; ¢, t) are uniquely characterized by (a) the triangular expansion Py =
mx + 2 ,cx @y (ax, € F), and (b) the orthogonality (P, Pu),, = 0 if A # p.

Se set

ba(g,t) = (Pa(z: 0, 1), Pa(z 0, 1)) 70 Qalzi 4, %) := balg, ) Palz5 4, 1) (1.4)
Then {Q,} forms a dual basis to {Py}.

1.3. The isomorphism ¢ : AF — A. Both Ar and A are commutative rings having the same
Poincaré series 3,5 (dimp AR)2" = 3,50 (dimp Ap)2" = [Im>1 (1 — 2 m)=1  where A} denotes the
ring of symmetric functions of degree n. Moreover it was shown in [FHHSY] that thcre is a natural
way to identify Ap and A from the point of view of the free field construction of the Macdonald
operators. Based on the finding in [FHHSY] we give an isomorphism ¢ : Ap — A as follows.

For p € F, let

-1
Zi — PZi)\Zy — Z4
€n(21,22, .« y 20} P) = | | (z ‘D(;')E”z')zp ’), (1.5)
1<i<j<n ke J

and set e (2;p) := (€x, * €, * -+ * €x,)(2; p) for a multi-index X = (A1, Az, .., A)-
Fact 1.4 ([FHHSY, Propositions 2.20 & 2.23]). For i = 1,2,3, {ex(#; @) }arn forms a basis of Ay.
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Let us write the expansions of Py in the bases {e,} and{gu} by
P .
Pazaq,t) = > Sl (g en(ziant), Palzigt) =Y ) (g, 1)gu(z; 0,1). (1.6)
n>N n>A

A detailed study of the algebra A with the help of the free field representation allowed us to establish
the following equality.

Fact 1.5 ([FHHSY, §3 E]). Set the next two elements in A.

-1 t—P‘] M
)(\q )(z;q, t) = aj:l—)tw Z C&;)P(q,r)‘clt(“)q) H‘J(I")l (17)
=1 l
‘ ( 1) A —)P |ual!
F(za,t) = P (0, Ve (5 t) —ge— (1.8)
A )l'\”)\l' Z g Hf(=”1) s

Then we have f)(\q_l)(z; q,t) = f/\ Nz q,t)

Definition 1.6. Let F)(z;q,t) := fiq—l)(z; q,t) = f)(\t)(z;q, t).

Definition 1.7. Define the isomorphism ¢ : Ap —+ A by
=M 1
ver) = — T =37 ex(z;q)-

Proposition 1.8. (1) We have

_ (=

Lgr) = (1= ™ 15 a1
1= :

ex(z;t).

(2) We have (Py) = F\(z;q,t).

Proof. (1) By the Wronski relation given in [FHHSY, Proposition 3.11].
(2) By (1.6) and the definitions of ¢+ and F). O

Remark 1.9. To explain the importance of the element F)(z;q,t), we recall the Gordon filtration
on A. For pe Fand A = (\y,...,\) F n, we defined a linear map

wg”) : An — Fly1,...,9)
f(z17"'7zn) — f(ylapyla”'apl\l_‘lyl)
Y2,PY2; - - - ,P'\2”192, (1'9)

Yi, PYL- - - PN T,
called the specialization map. The Gordon filtration is given by Aff‘)\ = ﬂ“g ) ker <p(q‘) for:=1,2,3.
Then by [FHHSY, Theorem 1.19] , .A,L " R N Af,f,)u, is one dimensional and is spanned by Fi(z;q,t).

1.4. The kernel function. Now we are ready to study the kernel function from the point of view
of the algebra A.

Definition 1.10. Introduce Ky (z,z;¢,t) € A ® A, as

Kn(z,2;0,t) i= Y _ Qa(2) Falz 4, 1)
Abn

1Note that the first and second lines of Page 25 in [FHHSY] contains typos and should be read as (1.7) and (1.8).
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Remark 1.11. The name “kernel function” comes from II(z,y) in (1.3). By Proposition 1.8 (2), we
have, in a suitable completion of Ar ® A,

ZK z,2;q,t) ZQ/\(LF)L(P,\(ZJ)),
n>0

where A runs over all the partitions of every non-negative integer. Thus K, is a homogeneous
component of the analogue of II(z,y).

Proposition 1.12. In Ay ® A we have

(=" Al
Ky(z,z;q,t) = ————— my(z)ex(z; t) —5— 1.10
A e ROCECEE (110)
Proof. First we show
=3 (0, )Qu(mi g, 0). (1.11)
nA

Since {Qu z;q,t)} is a basis of Ar, we can expand my(z) = Y, c,aQu(z;q,t) with ¢, € F. Then
the pairing (m,, u) 4 s calculated as (m;\,P,,)ql 5, enQu(z;q,t), P, )qt = ¢y, where we
used the fact that {P,\} and {@,} are dual. On the other hand, by (1.6), we have (m,\,PH)

<m,\, Z,,># o P(q, t)g,L> = (,Z;’P(q,t). Comparing both expressions, we obtain (1.11).

Then we have

q—P l)‘l'
RHS of (1.10) = 1 = q i ,ZZ (¢, 1)Qulz; g, t)ea(z; t)Hg(A)/\_!

AFn p<A
Al

P
"n‘ ZQy (@3,) D T (@ ex(zit) iy — = D Qulwi 6, ) Fulz,)-
pn A>p I_Iz_l Ail nkn
0
Consider the case of finitely many variables and set z = (z1,Z2,...,Zm). Alsolet z = (21,22,...,25)

be the set of variables for the elements in A,,.
Proposition 1.13. We have
( l n m
Kn(z,219,t) = (1 — )"'n' Z Z Z TiyTig =" Tiy, H Yiasig (Zar 285 45 1), (1.12)
9 11=1ia=1 in=1 1<a<f<n

where the function v; j(z,w; ¢, ) is given by

((z — tw)(z — t~w) y
(z — w)? L=
— g1 Y — Y — o1
Yi,5 (2, w; q, t) = < (z = g~ w)(z — tw)(z = gt~ w) i< g, (1.13)
(z —w)3
(z — qu)(z — t7w)(z — g~ Htw) . _ .
. i> .
\ (z —w)?
Proof. Note that we have
ea(z, w;t) i =7,
Yij(z, wiq,t) = w(z,wiq™!, ¢, qt™) i <, (1.14)

w(z,w;q,t7L, q7 M) = w(w, 25974, t,qt™h) P>,
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which is obtained from (1.2), (1.5) and (1.13). Thus we have

m m
z Z Z LiyTgy * Ty H Yiarig (zaa Z33 49, t)

t1=ldie=1  inp=1 1<a<f<n
m
_ KPR D) a . . o—1 =1
- § : Ty X" Ty H eak(sz,t) H H w(Za, 2854~ 1, qt ),
Iy Iim k=1 1<i<j<m a€l;,BE];

where Iy (k = 1,2,...,m) is asubset of {1,2,...,n} such that |Iy| = a, [HULU---UL, ={1,...,n}.
Using the multi-index notation a = (a1,...,a;,) € N, we have
n

= Z Hk ag! Ea,(Z;t)

aENm ,|a.|—n

with |a| :=a1 + -+ + am. Applying S, on the running index a and averaging them, we have

Z Z 27 Hm _- fa(a) (#:1).

. c€S,, aeNm ]a| =n
Dividing &,, by the stabilizer Stab(a) of ¢ € N™ and using the commutativity of .4, we have

1 a(a
= Z #Stab(a) =m— Hm 1Gk! ( Z 77( ))ea(z; t).

" a€Nm |af=n F€Gm /Stab(a)
Then we obtain the result by taking a partition A as the running index. O

1.5. Macdonald’s tableau sum formula. We recall the tableau sum formula for the Macdonald
polynomials.

Let Tb(A; m) denotes the set of all the ways of drawing numbers 1,2, ..., m into the Young diagram
of shape A without any conditions. Reading the numbers from left to right then top to bottom, namely
in the English reading manner, we get a bijection between Th(\;m) and the set {1,2,...,m}".

Let RTb(\;m) denotes the subset of Th(\;m) in which the numbers in each row are arranged
in non-decreasing manner. The element of RTb(A; m) is uniquely speciﬁed by the set of numbers
0;; which denote the number of j in the i-th row. We have A\; = ZE 16k for 1 <4 < n. Next
we introduce a sequence A&) = (AP, A9 ) by setting AY := 529 _ 6, ;. Tt is clear that we have
=29 c XD c...c AW = )\ Note that A\ may not bo a partition.

Let SSTh(A;m) be the set of semi-standard tableaux. A semi-standard tableau T is expressed as
a sequence of partitions f = A\@ ¢ A1 ¢ ... ¢ A(™ = X where the skew diagrams A(¥)/\(k—1)
(k =1,2,...,m) are horizontal strips. We have 6;,; =0 for i > j, \; = > ., 6ix for 1 <i <n, and

I76))
0<6i SXi—Aig1— Y (Bik — Oipre)
k=j+1

for 1 <i<j <M.

It is known that the bx(g,t) in (1.4) has the factorized form.

1 — qa(s)tE(s)+1
Qx(z; g, t) = b,\(q,t)P,\(a:; q,t), ba(g,t) = g\ 1— qa(s)+1te(s)’ (1'15)
$

where for a box s = (3,j) of A, a(s) := \; — j is the arm-length and £(s) := A; — i is the leg-length.

The Py(z;q,t) has the tableau sum formula:

P)‘(x;q,t) = Z xT";bT(q’ t)'

TEeSSTh(A;m)
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Here the coefficient v(q,t) € F is determined by

Pr(g,t) := [ ] ¥acaa-n(a,0),
k=1 (1.16)

n et g g Y s

flgimt ) f(gh M) (1 9)oo

Yasu(gst) == I | % VISP — T flu) = ———.
/“ 1<i<G<O(p) F(gHmHitI=2) f(gri—i+1ed =) (qu; @)oo

The next proposition is obtained by simple combinatorics, and we omit the proof for lack of space.

Proposition 1.14. Let 7' € RTb(A\;m) \ SSTb(A; m) and regard T as a sequence () explained as
above. Then 7(q,t) calculated from (1.16) vanishes.

1.6. Tableau sum formula and K,(z,z;q,t). Now we investigate the relationship between the
function Ky, (z, z; q,t) and the tableau formula of Macdonald polynomial. We fix a natural number
m and consider the case z = (z1,...,Zm).

In order to state the main result, we need to consider the composition of the specialization maps

gof\p) of (1.9). For a partition A = (A1,...,A;) of n and ¢ € F, we define the map {o'(f) by

-1
7 :=<p§f))°</)§q V. Flary..om) — Fy)
Flzt, o vzm) = fly,qty,...,g KDy,
Cy,q~ ¢y, ..., g~ P27y, (1.17)
¢ty g7y, L g DLy,
©

Here the map (péf)) denotes the substitution ) gy, ---,u) =9y, Cy,. .., ¢Ly).

Theorem 1.15. For partitions u, A of n, (‘3{/\4) (Fu/F,) is regular at ¢ = t and its value is 6y .
Our proof uses the tableau sum formula of Py(z;¢,t). Let us express the statement as

) Fulzigt) _
B RGian

Then by using Proposition 1.12, it can be rewritten into the next equivalent form.

lim @C)M = Qx(z;q,1t). (1.18)

Al

(ot Fi(z4,t)
Regard T = (i1,142,...,in) € {1,2,...,m}" as an element of Tb(A;m). For simplicity we set
(@)= [ Vieris (Zar 2850, 2)-
1<a<fsn

We also use the same symbol for the cases T € RTb(\;m) and T € SSTb(A;m). By Proposition
1.12, (1.18) is equivalent to

(=1)" Ty =0 _r(2)
—_— z* lim —_—= z;q,t).
(1 = g)rn! TGTbZ(Am) S Fa(zia,0) Nz 0.

It is easy to see from the definition of 7; ; that all the terms with T € Tb(A;m) \ RTb(\;m) vanish
after the first specialization wg\q-l). Thus we may replace Y reTh(am) PY 2TeRTb(Am)"

Hence it is enough to show that for T € RTb(A; m) we have

(=D" oo ol ,
(1 — q)nnl P_I_E P FA(z;q, t) = b/\(q) t)‘/)T(q, t)'

We prove this in two steps.
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Proposition 1.16. Let D € SSTh(\;m) given by 6;; = A\; and 8; ; = 0 for ¢ # 5. Then we have

(=" . ) _7p(2)
— et LY 4 — b f 1
(1 — q)nn! Cl_Ig L F,\(z;q,t) )\((L f), (1 19)

(>t A p(2)
Proof. The proof is postponed until §3.1. O

2. DING-IOHARA ALGEBRA AND KERNEL FUNCTION

In this section all objects are defined on F:= Q(g!/2,t/2). We will also use p := g/t.

2.1. Review of the Ding-Iohara algebra U(g,t). Recall that the Ding-Iohara algebra [DI] was
introduced as a generalization of the quantum affine algebra, which respects the structure of the
Drinfeld coproduct. In [FHHSY, Appendix A}, the authors introduced a version U(g, t) of the Ding-
Iohara algebra having two parameters ¢ and t.

Definition 2.1. Set
G*(2)
9(2) = 7= )
Then we define U(q,t) to be a unital associative algebra generated by the Drinfeld currents

2 (2) = e PER) = Y Y

neZ +neN

GE(z) = (1 — ¢FL2)(1 — t712)(1 — gFLtEL2).

and the central element y*!/2, satisfying the defining relations

$E(DHE () = (W) (), Y ()9 (w) = éﬁy—mw(w)«/ﬁ(zx

IV, T Tw/z)
PH@)at (w) = g TP F et (), 9 (@)rEw) = g2 w) e (w)e (2),
o o™ )] = LU Z D 50yt (0 2w) = Sy i (7 2),
GF(z/w)z® (2)zE (w) = GE(z/w)zt (w)zt(2).

Fact 2.2 ([FHHSY, Proposition A.2]). The algebra U(q,t) has a Hopf algebra structure with
Coproduct A:

A(yEL?) = y£1/2 @ y£1/2, Azt () =z (z) 1+ ¢~ ('7(112 ) ® ¥ (7(1)2)s
AWE() = v (1) "2 @ ¥ ()% 2, Ale™(2) =27 (n2) @ ¥ wg/) ) +1@s7(2),

£1/2 _ 4 ® ytl/2,

where 'y(d;)l /2 = v*1/2®1 and Y2)

Counit e:
etV =1, e(pE() =1, e(@*(2)) =0.
Antipode a:

a(y /%) =y a(at(@) = ¥ (e (7 l2),
a(*(2) = ¥(2) L, ala™ () = —a~ (v 2t (727
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2.2. Level one representation of U/(q,t). We say a representation of U(q, t) is of level k, if the
central element v is realized by the constant (t/¢)/? = p=*/2,

Fact 2.3 ([FHHSY, Proposition A.6]). Consider the Heisenberg Lie algebra h over F with the
generators a, (n € Z) and the relations

1—glml_
! On+n,0 Qo- (2~1)

Let h20 (resp. h<0) be the subalgebra generated by a, for n > 0 (resp. n < 0). Consider the
one dimensional representation F of h2%, where a,, (n > 0) acts trivially and ap acts by some fixed

element of . Then one has the induced Fock representation F :=Ind220 F of h. Let us also introduce
the following four vertex operators [FHHSY, (1.7),(3.23),(3.27),(3.28)].

1—¢n 1—¢n
n(z) ;= exp (Z - a_nz") exp ( - Z ~ anz_"> ,
n>0 n>0
1—¢" 1" .
£(2) :=exp ( -y —p za—nzn) exp (Z —p 2anz‘"),
n>0 n n>0 n
+ — _ 1" —nyn/4 -n
et(z)=exp( - 1-p")p" anz™"),
n>0
1-—

t—n
- (1- p—n)pn/‘la_nz'n).

¢~ (2) :=exp (Z

n>0

Then for a fixed ¢ € FX, we have a level one representation p.(-) of U(g,t) on F by setting
pe(YEV?) = pFUA p(E(2)) = 03 (2), pelat(2)) = en(2), pe(e(2)) = ¢TIE(2).
Remark 2.4. We can rephrase this fact as follows. Let us define b,’s by the expansion of Pt

Pt (2) = g exp (—i— Z bn'yn/2z_"> , P (z) =Py exp (— Z 1)_nfy"/2z”> . (2.2)

n>0 n>0

Then we have
(oo bn] = (1 = ™™ (1 = £™)(1 = )™ =761, (23)
and the coproduct for b, reads
Aby) = by @7y M + 1 ® by, (2.4)
Then the representation p, is given by v£1/2 s pF1/4 and
11—t
|n|

Definition 2.5. Consider the m-fold tensor representation py, ® -+ ® py,, on F®™ for m € Zx».
Define A(™) inductively by

A®@) .— A, AlM) . — (d® - ®id® A)o Alm=1)

bp — — (plnl/'z - p—‘nl/2)0na l/’ét =1, .’L‘+(Z) = C’I](Z), :E—(Z) = c~1£(z)'

Since we have py, ® -+ ® py,, AM) () = Y1) Vm) = p~™/2 the level is m. We also define
Y 1= pyy ® -+ ® pyy, © A 1 U(g,t) — FO™ (2.5)
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Lemma 2.6. We have
m m

pIM (@t (2) = S wibiz), A (z7(2) =Y v AL (2),

=1 =1
where the A;(z), K;“ (z) are defined to be
Ki(2) =0 (0 V) @0~ (0 *2) @ @~ (p~® ) @V @10 - 1,  (26)

() =18 @10t ™ 2) @ ot (p- 2D/ ) 0. @ o' (p ), (2.7)
where n(p~=1)/22) and €(p~(m~9/22) sit in the i-th tensor component.
Proof. By the definition (2.5), Fact 2.3 and Remark 2.4. O

2.3. New currents t(z) and ¢*(2).
Definition 2.7. We define
t(2) := a(z)at (2)B(2), t'(2) ==alp™'2)"em (p7 Iy ) B(Y PP T T (2.8)

Here we used auxiliary vertex operators

= 1 = 1 _
a(z) = exp ( - n2=:1 ’)m'_’_—__’y__'ﬁb—nzn), ,B(z) = €xXp (; mbnz TL) . (29)

Here the part 1/(y" — ™) is considered to be the formal power sum 3 52, y~(2+0n,
Remark 2.8. The definition of t*(z) can be read as
t*(yp2) = a(v2) "z (2)B(v " 2) T

This form is convenient in the actual calculations.

1

Proposition 2.9. (1) The elements t(z) and t*(z) commutes with a(w), S(w) and PE(w):
[t(2), a(w)] = [t(2), Bw)] = [t*(2), a(w)] = [t"(2), B(w)] = O,
[£(2), 4 (w)] = [F*(2), ¥ (w)] = 0.
(2) Set

| o — N — 4N ey~ Na—2n
A(2) :=exp(Z%(1 ) f_jfin P ), (2.10)

n=1

where the part 1/(1 —y~2") is considered to be the formal power sum 207 2™, Then we have

A1) - AHw) = LU= 5 y0) — s ), (211)

A @ W) - A @) = LI D)) - s e @), 212

where 6(2) 1=, cn 2" + 271 Ypen 2" is the formal delta function, and
t3)(2) := a(pz)a(2)z* (p2)a™ (2)B(p2) (=),
') (z) = alypz) " alyz) e (p2)e ()BT T AT T
(3) As in (2), set

o0 - —2n.,—2n —n .,—20
11-gM(1 -t - )
B(z) :=exp ( E ;L-( ") 1)(_:07_21 e — z"’). (2.13)

n=1
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Then
_ -1
B W) - B ) )ie) = L0 (st - s wug). (219)
Proof. See §3.2. O

In the next subsection we show that the currents #(z), t*(z) are connected to the realization of
deformed W algebra in the Fock representation of U(q,t).

2.4. Deformed algebra W, ,(sl,,). We basically follow the description of Wy »(sl,,) in [FF, §4]. As
for the connection between the singular vectors of the Wy 5(sl;,) and the Macdonald polynomials,
see [SKAO, AKOS].

Definition 2.10. Set
X (1 = a™) (1 — t—")(ptk—Ln _ p(i=1)n
fri(2) :=exp(z( ") ) p ) )
n=1

1— pln

Remark 2.11. Our functions A(z) and B(z) give special cases of this function under p,(,m), that is,
A (A(2)) = fm(2),  PT™(B(2)) = fn-1,m(2)-
Definition 2.12. Set
T(z) = Ti(2) := p{™ (t(2)), T*(2) = T} (2) := p{™ (t*(2)). (2.15)
Let us also define
Ai(2) = p{™ (a(2))Ai(2)pf™ (B(2)),  Af(2) 1= p{™ (a(p™ 2) ™1 )A; (p{™2/22) o™ (B(v~2p~12) 7).

(2.16)
Then by Definition 2.7 and Lemma 2.6 we have
m
Ti(z) = ) _wihi(2), Ti(2) = ZﬂA*(r) (2.17)
=1 =1
For 1 = 2,...,m, we further define
Ti(z)i= D> Wi ¥ A (2)An(zp) - Aj(zp ) 5 (2.18)
1<1<<ji<m
T = 3wt A @A G A (Y (2.19)
1<j1<<ji<m
Proposition 2.13. (1) The operator product of A;(2) and Aj(w) is given by
1 1=7,
Fim(F)Ai(2)Aj(w) =: Ai(2)Aj(w) : X § v4(2,w59,p) @ <, (2.20)
v-(2z,w;q,p) > j.
Here we used the symbol
z—q w)(z - gt w z — qu)(z — ¢~ Htw
Y+(2, w3 q,t) =T gt w) v-(z, w;q,t) = g — g tw) (2:21)

(z —w)(z -t~ lw) °’ (z —w)(z — tw)

(2) We have
, t A (2)A2(pz) -+ A (p™ t2) := 1.
Therefore Tpp(z) = y1y2 - - Ym-
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(3) The A;(z) and A’ (z) are connected by the following equation.

k—1 ; m

Ap(z) = [T as*2) ] M 22) -
i=1 I=k+1
Thus we also have
Tl* (Z) = ?/1-1?/2_] v 'er;LI;n-—l(z)'

(4) The operator product of A}(z) and Aj(w) is given by

Hm(PIAL(2)Af(w) =1 A} (2)A] (w) : x { v—(2,w;4,p) i<,
Y+(z,w59,p) @ > .
(5) We have
M)A E8) - A7) 1= 1,
Therefore Ty, (z) = y7 lys Lyl

Proof. See §3.3.

Proposition 2.14. We have

Frm(D)T1(2)Tsw) = fim (P~ 2)T(w) Ty (2) = L= ql)(_ :

J1,m () Tm—1(2)Tin—1(w) — F1m(Z) Tn—1(w0)Tin—1 (2)

Sl m- |
-5 1)J(“11 Vspe)73(2) - 5 )75 ()],

Proof. (2.25) follows from (2.17), (2.18) and (2.20). See [FF, Theorem 2] for detail?.

(2.26) is also shown by the same method using (2.23), (2.19) and and (2.24).
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(2.22)

(2.23)

(2.24)

— _1 . .
) (5o ) Ty (2) — (L) T ()]

(2.25)

(2.26)

O

2.5. Deformed W algebra and kernel function. Our final consequence of this paper relates the

vacuum expectation values of the deformed algebra W, ;, with the finite kernel function.

Theorem 2.15. Let |0) be the vacuum of F, that is, ag |0) = |0) and a, |0) = 0 for n > 0. Let (0]
to be the dual vacuum. We denote the tensor |0)*™ € F®™ by the same symbol |0). We use the
similar abbreviation for the tensored dual vacuum. Then, denoting y = (y1,...,¥m), we have

(=)~
(1-g)r

Proof. This follows from (2.17), the operator product (2.20) and the definition (1.12).

=1 L fum(#/2)) (01 Ti(20)Ti(22) -+ Ta(20) [0) = Kn(9, 23 ,p).
i<y

2It seems that [FF] contains some typo. In (6.2) of that paper, the term fm,n(£) should be fn, ~ (p""‘;"‘;).
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3. PROOFS OF THE PROPOSITIONS

3.1. Proof of Proposition 1.16. Using the v+ defined in (2.21), we have

w(z, w) w(w, z) w(w,z) _ y-(z,w;q,1) :
=y, (2, w5 q,t), —pm—— =7-(2,w;q,t) = . 3.1
eg)(z,w) + ) ef,f)(w, ) ( Tow(zw)  ve(zwigt) &)
For later purpose, we prepare the following formulae. Let € and p be natural numbers. Then
—i 1 —tz/w\’ (gz/w
Il (a7 za7wig,t) = (1 — (z;w> ((‘iz;w;o (3.2)
1<i<j<0 1 0
- 1—-2z/w o (gt~ z/w)g
Il -z wigt) = ( - ) (3.3)
1<i<i<o 1—gt~lz/w (z/w)e
9 p —p -1
1, —k (g Pw/z)g  (qt” w/z)g
TITI v+ 2 g w; g, 1) = 2= w1 (3.4)
pegeie (w/z)g (q=PFit~tw/z)e
_ (@ z/w)g (q7%z/w)e (3.5)
(g=0*1z/w)e (¢~ 0tz/w)o’ '
4 p -
(qw/z)e (g7 tw/z)q
z, w; ,t) = 3.6
11;11!;[17 R (=Pt w/z)g  (tw/z)e (3.6)
-0 p—0+14—1
_ (g7%2z/w)e (q t™ z/w)e 3.7)

(g7 % /w)e (g7t z/w)e

Here we used (1), := (u;¢@)n = [[1=,(1 — ug*~!). These equations are checked by simple calculations.

3.1.1. Proof of (1.19). By (1.7) we have

1 —¢)"n! 1 - !
Q-9 g (siq,0) = = 2)&;;”’ 0 Deulzs ) —l .
(-1) (B |
p>N i=1 Mi:

-1
Recalling the argument of [FHHSY, Proposition 2.19], we find that under the specialization <p(q )
only the term €y in Fy(z;q,t) survives and the other terms €, vanish. The specialization result i is 3

£()) () DV
H )‘h . ™M —j+1 —k+1
ex(y) = fo(ul, i) I TT I @@ yara™**  ys)
1<j<k<lN) a=1 =1
()

I e(A) | |
2eh=lTh Hex vi-und) X [T T @@ e a7 )

Tl X
a=11<i<j<Aa

x ]I [ T @@ Yar a7 yp)wle™  ys, 077+ ya)
1<a<B<eN) | 1Si<i<Hs

-1
(pf\q )

AB A(\ . .
<[] 11 w(q“’“yﬂ,q‘“lya)]-
i=1 j=Ag+1

We also note that ¢$3F (g, t) = 1.

3This expression is given at the last equation in the proof of [FHHSY, Proposition 2.19], although it contains a
typo. The range “1 < j < k < I” of the third product should be “1 < j < k < {(X')"
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Recalling (1.14), we can also calculate the first specialization <p(q ") of the numerator in (1.19) as
- () o L) ) da s _ ,
o e =11 11 e2a a7 )] [ T T1 HHw(Q‘*qu“’yﬁ)]
k=11<i<j<Ag a=1f=qi=1j=1
¢
= [H I ea(q"z,q”;t)] 11 [( IT w@vaaup)( II (@ *vara7ys))
k=11<i<j<A 1<a<B<()) | 1Ki<i<Ag 1<i<i<Ag
Aﬂ Aa . . Aa . .
(IT TI «@ v aup) (I] (a7 vara " us))]-
J=li=Ag+1 i=1

Thus we have

110 . -
(=" o_mG) _ (1—t)'*‘ T ) (= 0, 7 p)
(1—q)mn!"* Fy\(zq,t) 1—-¢q (g~ Ty, =i +1yp)

a=11<i<j< A
. A Aa
II [( I w(g~ ya, g7 yp) ﬁ I w(g 7 ya, q ’“y;s))( W(Yar Y8) )A,.,]
= +1 591 ) ) .
1<a<B<A(N)  1<i<i<Ag w(g™ 1yp, a7 Hya ) =1 j=Ag+1 w(g™ Y 7 ya) T el (yg, ya)

Then recalling (3.1) and using (3.2) and (3.3), one has

H eg)(q_.i"}'lymq_'j“"lyﬁ) _ (1 — q>>‘°’ (t)aa
w(g™Flyq, g It yg) 1—t (@ra’

1<i<i<Aa

I w(q*"*'lya,q‘j'“yﬁ)[ w(Ya, yp) ]*ﬂ _ (tYp/¥e)re (417'5/Ya)ra
w(g™ Y, a7 ya) LelD (5, 40 (qys/¥adra  (WB/Ya)r

1<z‘<j<,\ﬁ

H ﬂ w(g 7 ya, g7 yp)

B Pp—
i=1 j=Ag+1 w(g™** 1y, ¢ 7t ya)

_ (aus/ya)rs  WB/yadrs (2 tys/ya)as ("2t yp/ya)as
(tys/Ya)rs (G Ys/Ya)rs (@*"ys/ya)rs (@721 yp/Ya)rs

Combining these factors, we obtain
A
(1”50 D) ﬁ

I —gmnl ¢t * Fa(zia,t)

(t)xa 1T (P "28tys /ya)rg (@21 yp/ya)r,
i @ 1<a<A<E(N) (=" Yp/Ya)rs (227 H yp/ya) s

(qAa -8 tﬁ—-aH))\ i")\[3+1

H Yot —a
l<a<8<£’(A) ((] 1! ))\4 A3+l

But one can easily find that the last expression equals to by(g,t) using the form (1.15).

3.1.2. Proof of (1.20). For a tableau T € RTb(A;m), define 6, and /\( ) as explained in §1.5. Then
by the direct calculation we have

Ao A3

¢§ch(7) I IIII~+te ’C“,q ¢yt (3.8)

7D (%) 1<a<B<l(N) i=1 j=1
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(k-1)
m A) &N) Y

«IITL IT II I =@ e e (3.9)

k=1a=18=a+1 i=1 j—l
m ((N) f()\) 90, k

< [TITIIII H (g™ e gmIgh) (3.10)

k=1a=1f=a =1 J—-1+/\g‘)

By the formula (3.4) we find that

(tP=%), (g retitP—o-l),
(g8tB—),,  (qtf~o—1),,

%i_:g 68 = ]] (3.11)

1<a<f<e(A)

Note that the regularity of (3.8) at ¢ = ¢ is included in this equation. Similarly by the formula (3.6),
(3.9) is regular at ( =t and its value is

m ) £{A) (g ,\U"”—Htﬁ—a) AL _\G=1) B—a+1
0 (g st )
lim(3.9) =T [T II SNy o =D =D = (3.12).
(—t Pl la—-lﬂ_a+1 qA =Xz tﬁ-—a+1)omk (qz\n —Ag +1t'3—a)0a.k
The rest term (3.10) is calculated by the formula (3.4) and (3.5):
m £(A) Aa—A) 41
(B)oa e (@7 T o, 4
tim @10 = THT [~
k=1 a=1 a.k q a * )oa,k, (3 13)

) (PN ey, (q’\‘(*k—l)""”tﬁ"“)oak ]

H (k=1) _ (k)
A =g

(b~
p=at1  (¢"° A

tﬁ“a)ga R (q -A;;+1tﬁ—a—l)0a'k

Note that some parts of (3.12) and (3.13) are combined into the next form.

=1 _, (k= 1) .
k=1a=18=a+1 ( q’\ A tﬂ“"“)g
m £(A) (q ,\o,—,\”‘)+1) ¢N) (q A0 —Aa¢B- @)
L! e 0 Jk
X [H II o= 11 =D ]
kel aml  (gha e Joar B=atl (qr _’\’9+1tﬂ_a_1)0a.k
(A
_ [I(I) @)l ] (@8~ (qt"=%)x ]
- ~Ag+18—a—~1 B—-a+1
a=1 (t)/\a 1S“<651(A) (q 8 tﬂ « )/\q (t @ )/\a

— A - — ] ) (A)—a
(g72tP—2),, (gt~ 1 (qt?N=),,
= H ratlif—a— H - =(3.13)7" x H )—atly.
[15a<ﬁs£‘(/\) (g rstlgp-a 1),\“] [19(\35[,(/\)4_1 (7= 0 ] oo (tER—aF )y

Therefore we have

() l(N)—a
.~ r(2) _ (gt e TT Hoan
}13}?’,\ o(z) [I;.[1 (te(,\)—a+1)/\ H (q 6o k]

(k—=1) _ 3 (k- 1) (k—1) _y(k-1) _
Aa A tﬂ‘&"‘l)o (q)‘“ Aﬂ +1t3 a+1)oak

ﬁ H (q
AETV ATV, ~a),.

k=11<a<f<t(r) (¢°¢

AG=D_\®Y g
(q « A tﬂ a)oo,k
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)‘gk~l)_)‘.(k~l)t

q B—a- I—l)
)\(k—-l) ﬂc—' 9 H H

k=1 1<a<p<e(n) (¢

(k—1) (k)
O )

0'!’\: ¢
bk (3.14)
.

Il
el
I

Note that the function f(u) := (tu)eo/ (qu)C>o satlsﬁes F@)/f(@g %) = (7% )00 /(¢ %tt)oo. Then
(3.14) can be rewritten into
A(k-l)

flg™ "\fsk_l)t/?—a) f(q'\&k)“)‘gkzltﬁ—a)
(3.14) H I1 0D @
k=11<a<p<e(n) f(g" ~78

th-a) f(g% Henipa)
Finally, if T € SSTb(\; m), we have k > £(\¥)), Therefore if 8 > k then )\/(3'21 = )\gg_l) = 0. Thus
one can see that

=1 I <

k=11<a<p<e(r*-0) f(g"®

which is 17(q,%). On the other hand if T € RTb();m) \ SSTh();m), one can see that (3.15) = 0.
Using Proposition 1.14, we have the desired equality.

(3.15)

A("‘ 1) A(k -1) [3 a) f _A(Sltf)-]_tﬁ—a)

m
. Yt /atk-1) (g5 1),
A )-/\g' 1‘,19—04) f(q/\c(x —/\(.Htﬂ —a) ,}_:Il /

3.2. Proof of Proposition 2.9. First we rewrite the relation of ¥*(z) and z*(w) given in Definition
2.1 into the next adjoint form.

exp (Z ady, vV/%2~ ) rE (w) = exp ( F Z ;12—(1 — g1 -t (1 - p_")'ﬂ"/z(%—)n)mi(w),

“

n>0 n>0
o ik n -n =)y T Wyn\ _ +
exp( nZ)%adb_, /2, )mi(zu) = exp (:i: nz>:o —(1-¢")(A -t (1 —p )7 /2(;) )x (w).

Here we used the exponential form (2.2) of 4*. Then we see that

a(2)zt(w)a(z)"" = exp ( Z adb_n = 7_n) zt(w)
n>0
=exp (+ 3 2 OO EDAZP D ponsimnsa(2)) gk, (3.16)
n>0
B(2)zt (w)B(2) ™! = exp (%adbn ;ﬂ—i—g_—n)xi(w)

=exp (7 30 T DI EDUE P pmnromnsz (U)o, (aa7)

n __ ~—"Nn
n>0 v R

We also prepare the operator product of a(w) and B(z), which is easily obtained from the definitions
(2.9) and the commutation relations (2.3) of b,’s:

Ble)er(w) = ae(w)Blz) exp (Z %(1 —g™) (1 —t"™)(1 -p—”),y_a,(g)n)' (3.18)

N A= 2z
n>0 v 7

3.2.1. Proof of (1). Using (3.18) and (3.16), we see that
a(z)t(w)a(z)"! = alz)a(w)zt (w)B(w)a(z) *
Z 11-¢"1-t7T™) (1 —-p™™) _n(w)n)

= a(w)a(x)s* (w)a(z) " Bw) x exp (-

n>0 ﬂ LAt A
1A-g")(A -t (A =p™") _n( 2
= a(w)zt (w)B(w) x exp ( - Z ;1-( )(’Y" — 7_)11 4 (.1;)"

n>0
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11-¢n(1—-t™"™) (1 -p™) _,,, 2
+Z;( q")( - _)n( p )’Y n(zl_)") = t(w).
n>0 v v

Thus we have [t(z), a(w)] = 0. The other relations [t(2), B(w)] = 0, [t*(2), a(w)] = [t*(2), B(w)] = 0,
[t(2), ¥E(w)] = [t*(2),¥T (w)] = 0 also follow from equations (3.16)-(3.18) and we omit the detail.

3.2.2. Proof of (2). Using the commutativity [t(z), «(w)] = 0 given in (1), we have
A(w/2)H2)H(w) = A(w/2)a(2)z* (2)B(z)a(w)z™ (w)Bw) = alz)a(w)e* (2)z* (w)B(2)B(w)
X exp (Z ;1{ R WIS s =) -3 10-¢g")(A -t~ p“")y—n(ﬂ)”)

1 - ,),—Zn 2 n ,yn _ ,Y-n z

n>0 n>0

Here the first summation in the exponential comes from the A(w/z), and the second from transpo-
sition of B(w)z™ (z) using (3.17). Thus we have

A(w/2)t(2)t(w) = al2)a(w)z* (2)5* (w)B(2)B(w) x exp (D %u =M= (E)")

n>0
_(-gna -ty
(1-2)1-p%)

a(z)a(w)zt (2)z7 (w)B(2) B(w).

Then
A(w/2)t(z)t(w) — A(z/w)t(w)t(z) = a(z)o(w)

(1-q@)1—ttw) 1-q2)A—t7'%) | ¢
[ =91 =55 zT ()™ (w) — A= 2)0 —pZ " (w)z (z)] (3.19)
x B(z)B(w).
Now recall the relation of z%(z) and z*(w) given in Definition 2.1:
—(£)°G* (2)zt (2)at (w) = GF (&)™ (w)z™ (2). (3.20)
Using this equation, the line (3.19) is rewritten into
(3.19) = [ = + (£)° ]G+(E)a¢+('w)a:+(z)
1-291-p2)1-p71%) (1-50A-p5HA-p13) z
(%) (%) s(p~'%) _
= ; + s 21 GH L)zt (w)zt (2).
[(1 -pH(1-p) (Q-pH{1-p7?) (@1-p —pz)] ($)z7 (w)a™ ()
Now from (3.20) and Gt (1) # 0, we see that §(w/z)G* (w/z)z* (w)zt(z) = 0. We also find from
(3.20) and G*(p~1) = 0 that 6(pL)GH(L)at(w)zt(2) = 6(PL)GT(p~ 1)zt (pw)z™ (w). Similarly
from (3.20) and G*(p) # 0 we have §(p~ ' £)G*(L)zH (w)zT (2) = 6(p~' 2)G* ()2t (p2)z* (2). Thus
after a short calculation we have
1-¢t7H(1 - _ w
=D 51200t p2)a (2) = 5p2)e (u)e* ()]

Then we have the desired consequence (2.11).
The equation (2.12) can be similarly shown, so that we omit the detail.

w \ "

(3.19) = ¢

3.2.3. Proof of (8). We apply the same method as in (2). Recalling Remark (2.8), we calculate
B(ypw/2)t(2)t* (ypw) — B(y~'p~ z/w)t* (ypw)t(z). From the definition (2.13) of B(z), the commu-
tativity [t(z), a(w)] = 0 given in (1) and the formula (3.18), we have

B(ypw/2)t(2)t* (ypw) = B(yp¥)a(z)zt (2)B(2)alyw) 'z~ (w)By ™ w) ™

= a(@alyw) " a* (2)a" (W)B(2)B(Y " w) ™"
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xexp (3 10=g)(= ) =p™) wy,

n>0 771 - ,),—n z
1 (1 - qn)(l _ t_.n)(,y—?np—z'n . ,},—an—-'n,) . Wan
+ Z ;: 1-— ,-Y—Q'n ,.an § (_Z—) )
n>0

= a(2)a(yw) tzT(2)z™ (w)B(z) By~ w) L.
A similar calculation shows that B(ypZ)t*(ypw)i(z) = a(z)a(yw) tz™(w)zt(2)B(z)B(y  w)~L.
Thus we have
B(yp2)t(2)t" (vpw) — B(ypZ)t* (vpw)t(z)
= a(z)a(yw) "zt (2)2™ (w) — 27 (w)z ™ (2)]8(2) By w) ™!

Using the expression of [z7(z), 2z~ (w)] given in Definition 2.1, the expansion (2.2) and the defnition
(2.9), one may immediately find that

_ -1
BOp)AE (1u) - BOwd)t (puit(z) = S D=L (st 2y - s ).

Replacing w in the above equation with y~!p~lw, we have the desired equation (2.14).
3.3. Proof of Proposition 2.13. Let us define a, (;:=1® - ® 1 ®ap ® 1 ® --- 1, where a, sits

in the i-th tensor component. Then from (2.4) and (2.5) one finds that pf")(bn) — D im Gny ) (1 =
t")(1 — p~I)pm—itDInl/2 /1n|. Thus we have

m 1 (m—i+1)n/2 1 —¢t"™)(1 — p"
/)‘!8771) (a(z)) = I:[ a’él) (z), Ot?(’;l) (Z) ‘= exp ( Z ';p p_nli/2 — pm,)n(/z )a—n,(i)zn) ) (321)

n>0

m ' 1 p(m—i+1)n/2 1— t"’)(l —p™n
m) (B(2)) = ]:Il:ﬁgl) (2), ﬂg) (z) :=exp ( - Z n p—mn(/Z — pmn/2 )

n>0

anz ™). (3.22)

3.3.1. Proof of (1). We calculate each tensor component of A;(z)Aj(w). First assume i = j.
If £ > 4, then the k-th tensor component comes from ok (z)ﬂ(k) (z)a(k) (w)ﬂ(k) (2). Under the
normal ordering, the following coeflicient arises.

— l — -n 2_(2m—k+1)n n
exp ( gn(l —t )( )% (=)"). (3.23)
For k = i, the i-th tensor component comes from a(k)(z)n(p (i— 1)/1z)[3 (k) (Z)aly (w)n(p~ (i~ )/Zw)ﬂ(k)( w).
Under the normal ordermg, the following coefficient arises.

exp ( Z =(1-¢")(1 t—n)(j)
n>0 " i 3.24
1 —])—n 2 (2m—i+1)n 1 “P—n mn 1- p_n (m—i+1)n 1 ( ' )
{(1_pmn)p +1_pmnp +1_pmnp + })
If ¥ < i, then the k-th tensor component is az’,z_)(z)w“(p”@k“l)/ 4z)ﬂ(72) (2)ay (w)e™ (p= (k=1 4ey)
By (w). The normal ordering coefficient is

exp ( Z (1 - q")(l _ t_"’)( ) {( 1 —§:7n::')2p(21n—k+l)n ( n - I;)mn) (m—lc+l)n}) (3'25)
n>0

By simple calculations, the product of (3.23), (3.24) and (3.25) is shown to be fim(w/z)~!. Thus
the statement holds.
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Next we consider the case i < j. If k < i, then the normal order coefficient is the same as (3.25).
For k = i, the normal order coefficient is

exp( Z (1-¢™(1 - t‘”)(%)"
n>0
— - (3.26)
1-p7" 2 (omeitiyn , 1 —P7" (1 -p")? (m—i+1)n -n
{(1_p1nn)p +1__pmnp "t 1"’P +1 p })
If 2« < k < j, then the normal order coefficient is

exp ( - Z (1- g - (2 ){( pmn)z pCm—ktn %:%p(m-k+1>n})_ 327

n>0
If k = j, then the normal order coefficient is

exp( Z —(1-g")(1 -t (= ){(m)lp@m—aﬂ)n i ;’m:p(m—jﬂ)n})_ (3.28)

If k > j, then the normal order coeficient is (3.23). The product of (3.25), (3.26), (3.27), (3.28),
(3.23) is equal to f1.m(w/2z)"'v4(z,w;¢,p). Thus we obtain the result.
The case 7 > 7 is similar, so we omit the detail.

3.3.2. Proof of (2). The desired equation is equivalent to
m
o) (a(z) - a(p™12)) [T Aw@*'2) : ™ (B(2) - BP™12)) =1
k=1

We will show this equation by comparing each tensor component.
By (3.21), the k-th tensor component of /)3(,"') (a(2) - - a(p™ 22)) is equal to

1 -~ —k—1)r
exp ( =3~ -ty ‘/2a_nz”). (3.29)
n>0
Similarly, the k-th tensor component of p(m) (B(z)--- B(™12)) is equal to
exp (Z (1 — t~™)p(—k+1)n/24 z'") (3.30)
n>0

The k-th tensor component of : [f-, Ax(pF~12) : is
. T](p—(k-—l)/‘zpk—lz)sa—(p—(2k—1)/4plcz)(p—(p—(2k—l)/4pk+1z) L. (p—(p—(‘lk—l)/‘ipm.—] 2):

= exp (Z 1- t—"'pn(2m—k—l)/2a_nzn) exp ( _ Z 1- tnp_n(k,—l)/2anz—n) (331)

n n
n>0 n>0

It is easy to see that (3.29),(3.30) and (3.31) cancel. Thus we have the consequnce.

3.3.3. Proof of (3). The desired equation is equivalent to

A (p™'2) - alp™ %)) HAk(p“ [1 K22) : o™ (B(2) - BE™12))

=t+1 (3.32)

= A} (@"2%2).

We will show this equation by comparing each tensor component.
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As in (3.29) , the k-th tensor component of /)5]’” (a(p™lz) - a(p™ 22)) is equal to

1 Drrr— ks —3 )10 /4
exp ( — Z ﬁ(l — ¢)pZm—k 3)n/2a_n,z"). (3.33)
n>0
The k-th tensor component of pg,m) (B(2z)--- B(p™12)) is given by (3.30).
The k-th tensor component of : [TiZ} Ak(p*~12) [T/%: 1 Ai(p'~22) : depends on k. If k = i, then
by Lemma 2.6 and some simple calculations, the component turns out to be

@~ (p—(2i—1)/4pi—lz)(p— (p—(2'i—1)/4piz) L (p—(p—(Q-i— 1)/4pm—2z)

= exp ( > L=t G2 _ pn<v"—"i>)a_nz"). (3.34)
n
n>0
Similarly, if & < ¢, then by Lemma 2.6 the component is

. n(p—-(k:—l)/2pk«1z)(p— (])—('Zk—l)//lpkz)(p—(p—(2k—1)/4pk+1z) cepT (p-—(2k—1)/4pm—2z) .

—n ‘ __ 4N ) )
= exp (Z 1—-.—t——p“'(2’"“"“3)/2a~nz”> exp ( - Z }-—-—t—p"”(’“"l)/zanz“”> : (3.35)
n>0 n n>0 n
If £ > 4, then by Lemma 2.6 the component is

. n(p_(k_l)/zpk_2z)(p' (p—(2k—1)/4pk—1z)(P— (p—(Qk—l)/4pkz) oo (p—(Zk—l)/4pm—2z) .

= exp (Z }:__élpn@m—k—@ﬂa_nzn) exp ( _ Z _:l____tzp-—n(k-—?»)/?anz—n) . (3.36)
L >0

Then the i-th tensor component of (3.32) is the product of (3.33),(3.30) and (3.34). After a short
calculation, one finds that it is &(p(i=2)/2z), which is the i-th component of A} (p(m=2)/23),

If k < i, then the k-th tensor component of (3.32) is the product of (3.33),(3.30) and (3.35). It is
1, that is, the k-th component of A (p(™=2)/27),

Finally, for k > 4, the k-th tensor component of (3.32) is the product of (3.33),(3.30) and (3.36).
It turns out to be o~ (p(3=5)/4%), which is the k-th component of K: (p(m—2)/27),

3.3.4. Proof of (4). From the known identities (2.20) and (2.22), it is not difficult to calculate
[]_[Zfl_:ll fl_m(p"“”w/z)] Af (2)A}(w) in terms of Ay’s.
First we consider the case ¢ = j. From the operator product (2.20), we have

m—1
[ TT fum®*12)] A3 (2)A (w)
k,l

=1
m—2 m—1 m—1k—1
=TI II wo™9)][TI I1»-e*"e)] : A1) (w)
k=1 [=k+1 k=2 l=1
1 1 — —n(m—2) 1— n(m—1) . .
=e (3 (- - ) S (D)) s Al A ) -
n>0 : -

Here we used the abbreviation v+ (%) :=v+(2,w;¢q,p). Then we have

m—1 ) .
_ 1. ‘ 1= p—-n(m—z) 1 - pn(m—l) Win
[ IT um@**4)] x exp ( - g;o RO T s () )

k=1

1(1—g™)(1—=¢t")(1—pm=Dn 4.,
=exp(— ZO';L X 1_pr)n(n () l) = fim(%).
n>
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Thus the desired equation f1n(%)A}(2)A] (w) =: A} (2)A}(w) : is proved.
Next, note that the calculation of the case i # j reduces to that of £ =« If i < j, then

- (%)

fl,m('f‘)A:(z)A;(w) =: AZ(Z)A;'(?U) : m:;:f

=t A (2)A] (w) : y— ().

At the last line we used the formula y_(2)/v+(pz) = 1. For the final case ¢ > j, we have

’Y+(%)i—j
y_(p-1 &)1

Hm(FIN (2) A (w) =: Aj(2)Af(w) : =: A (2)Aj(w) s v+ (5)-

Thus all the cases are proved.

3.3.5. Proof of (5). This is similary shown as (2) and (3), so we omit the detail.
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