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1 Introduction
WG consider Navicr-Stokes equation with Robin boundary condition in a
pcrturbed half space. We show that Navier-Stokes equation has a unique
strong solution $u(t)$ on $(0, \infty)$ with a small data. Navier-Stokes equation is
given by the following:

(1.1) $\{\begin{array}{ll}\prime u_{t}-\triangle u+u\cdot\nabla u+\nabla p=0 in \Omega\cross(0, \infty),\nabla\cdot u=0 in \Omega\cross(0, \infty),u\cdot\nu=0, B_{\alpha,\beta}(u,p)=0 on \partial\Omega\cross(0, \infty),u(x, 0)=a(x) in \Omega.\end{array}$

whcrc $u=(u_{1}, \cdots, u_{n})$ is velosity, $p$ is pressurc, $\nu$ is a unit outer normal
vector of $\partial\Omega,$ $a$ is a initial value. And we assume $\Omega\subset \mathbb{R}^{3}$ is a perturbed half
space with smooth boundary $\partial\Omega$ . Here a perturbed half space is a domain
that satisfies the following condition:
thcre exists $R>0$ such that $\Omega\backslash B_{R}=\mathbb{R}_{+}^{n}\backslash B_{R}$ , where $B_{R}=\{x\in \mathbb{R}^{n}||x|<$

$R\}$ . And Robin boundary condition is given by

$u\cdot\nu=0$ , $B_{rx,\beta}(u, p)=\alpha u+\beta\{T(u,p)\nu-(T(u,p)\nu, \nu)\nu\}=0(\alpha+\beta=1)$ .

where $T(u, p)=D(u)-pl$ denotes stress tensor of the Stokcs flow, $D(u)_{jk}=$

$\partial_{k}u_{j}+\partial_{j}u_{k}$ is strain tensor, whcre $\partial_{k}u_{j}=\frac{\partial_{l4_{j}}}{\partial x_{k}}$ . Wc know easily that $B_{\alpha,\beta}(u,p)$

is independent of $u$ :
$B_{\alpha,\beta}(u, p)=B_{\alpha,\beta}(u)$ .

Espccially when $\alpha=0$ , Robin boundary condition bccomes Navier’s slip
condition $(\partial_{n}u=0)$ . And when $\beta=0$ , it bccomcs non-slip condition $(u=0)$ .
With non-slip condition there are many papers. R. Farwig and H. Sohr
showed that Stokcs operator $A$ generates an analytic semigroup $T(t)$ on $J_{p}(\Omega)$
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in a half spacc and a perturbcd half space [1]. Kubo-Shibata traeted thc non-
slip condition case in a perturbed half space in [2]. In this papcr wc would
like to cxtcnd thcir rcsults to the case of Robin boundary condition. When
paramctrix is constructcd with non-slip condition, $Bogovsk\dot{i,}$ lemma is very
uscful. But with Robin boundary condition wc can usc thc lcmma, and so
we can not do by same way. And in Navicr’s slip condition ca.se, wc need
the different way, and we assume $\alpha>0,$ $\beta>0$ in this paper. Thc following
theorem is our main result.

Theorem 1.1. Let $n\geq 3$ .
There is a constant $\epsilon=\epsilon(\Omega, n)>0$ such that if $a\in J^{n}(\Omega)$ satisfies

$\Vert a\Vert_{L^{n}(\zeta\})}\leq\epsilon$ ,

Navier-Stokes equation admits a unique strong solution $u(t)$ on $(0, \infty)$ .
Moreover as $tarrow\infty_{f}$

$\Vert u(l)\Vert_{Lp(\zeta l)}=o(l^{-\frac{1}{2}+\frac{n}{2p}})$ for $r\iota\leq p\leq\infty$ ,

$|1\nabla u(t)\Vert_{L^{n}(\zeta l)}=o(t^{-\frac{1}{2}})$ .

To gct this main thcorcm, wc considcr Stokcs equation which is given by
the following:

(1.2) $\{\begin{array}{ll}u_{t}-\triangle u+\nabla p=0 in \Omega\cross(0, \infty),\nabla\cdot u=0 in \Omega\cross(0, \infty),u\cdot\nu=0, B_{\alpha,\beta}(u, p)=0 on \partial\Omega\cross(0, \infty),u(x, 0)=a(x) in \Omega.\end{array}$

Using semigroup argument, we define a operator the following. We consider
the solcnoidal spacc: $J^{p}(\Omega)$ which is given by

$J^{p}(\Omega)=\{u\in L^{p}(\Omega)^{n}|\nabla\cdot u=0 in \Omega, u\cdot\nu=0 on \partial\Omega\}$ .

And we define Stokes operator by $t1_{1}c$ following:

$Au=-P\triangle u$ for $u\in D(A)$

$D(A)=J^{p}\cap\{u\in W^{2,p}(\Omega)|B_{\alpha,\beta}(u, p)=0 on \partial\Omega\}$ ,

herc $P$ is a continuous projection from $L^{p}(\Omega)^{n}$ onto $J^{p}(\Omega)$ . According to
Kato’s argument [4], to get the main theorem, it suffices to show the following
two results about Stokes equation:

1. Stokes operator $A$ generatcs an anlytic semigroup $\{T(t)\}_{t\geq 0}$ ,
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2. $L^{n}-L^{q}$ decay estimates of the Stokes semigroup $\{T(t)\}_{t\geq 0}$ .

To consider the two theorems about Stokes equation, I consider the rc-
solvent problem:

(1.3) $\{\begin{array}{ll}\lambda u-\triangle u+\nabla p=f in \Omega,\nabla\cdot u=0 in \zeta\},u\cdot\nu=0, B_{\alpha,\beta}(u)=0 on \partial\Omega.\end{array}$

About this resolvent problem we introduce thc known result ([5]). It is thc
theorem about resolvent estimate with large $\lambda$ .

Theorem 1.2. For all $\epsilon>0$ there exists $\lambda_{0}$ and $C_{c}$ such that satisfies the
following:

$|\lambda|\Vert u\Vert_{L^{q}(\Omega)}+|\lambda|^{\frac{1}{2}}\Vert\nabla u\Vert_{L^{q}(\zeta\})}+\Vert\nabla^{2}u\Vert_{Lq(\Omega)}+\Vert\nabla p\Vert_{L^{q}(\Omega)}\leq C\Vert f\Vert_{Lq(\Omega)}$

for $\lambda\in\sum_{\epsilon}$ , $|\lambda|>\lambda_{0}$ where $\sum_{\epsilon}=\{\lambda\in \mathbb{C}\backslash \{0\}||\arg\lambda|\leq\pi-\epsilon\}$.

This theorem implies 1, that is the gcncration of an anlytic scmigroup
$\{T(t)\}_{t\geq 0}$ . But wc can not know 2, that is $L^{n}-L^{q}$ decay estimatcs of the
Stokes semigroup $\{T(t)\}_{t\geq()}$ . Therefore our aim of this paper is to show the
$L^{n}-L^{q}$ decay estimates. To do so, we havc to analyze the resolvent problem
with small $\lambda$ . Therefore first we show the resolvent expansion with small $\lambda$ in
scction 2. In section 3 we show $L^{p}-L^{\infty}$ estimatcs in a half space. Concrctely
we show the rcsolvcnt estimates in a half spacc. In section 4 wc get $L^{n}-L^{q}$

decay cstimates, using the estimates with small $\lambda$ .

2 The resolvent expansion with small $\lambda$

Instead of (1.3) we consider generalized resolvent problem in a pcrturbed half
space:

$\{\begin{array}{ll}\lambda u-\Delta u+\nabla p=f in \Omega,\nabla\cdot u=g in \Omega,u\cdot\nu=0, B_{\alpha,\beta}(u)=h on \partial\Omega.\end{array}$

Generalizcd means that the right mcmbcrs : $g$ . $h$ are not zero. Let us define
thc solution operator $U(\lambda)$ and $\Pi(\lambda)$ by the formula:

$U(\lambda)F=u,$ $\Pi(\lambda)F=p$ ,

where we set $F={}^{t}(f,$ $g,$ $h)$ . Thcn we know

$U(\lambda):L_{R+3}^{p}(\Omega)^{n}\cross W_{R+3,0}^{1,p}(\Omega)\cross W_{R+3}^{1,p}(\Omega)^{n}arrow W_{loc_{d}}^{2,p}(\Omega)$ ,
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$F={}^{t}(f,$ $g,$ $h)\mapsto u$ ,
$\Pi(\lambda):L_{R+3}^{p}(\Omega)^{n}\cross\ovalbox{\tt\small REJECT} V_{R+3,0}^{1,p}(\zeta])\cross W_{R+3}^{1,p}(\zeta\})^{n}arrow W_{loc_{d}}^{1,p}(\zeta l)$,

$F={}^{t}(f.g,$ $f\iota)\mapsto p$ ,

where wc havc sct thc function spaces:

$L_{R+3}^{p}(\Omega)=\{f\in L^{p}(\Omega)|suppf\subset B_{R+3}\}$ ,

$W_{R+3,0}^{1,p}(\Omega)=\{f\in W^{1,p}(\Omega)|suppf\subset B_{R+3},$ $\int_{tl}fdx=0\}$ ,

$W_{R+3}^{1,p}(\Omega)=\{f\in W^{1,p}(\Omega)|suppf\subset B_{R+3}\}$ .

About the solution operator $U(\lambda)$ and $\Pi(\lambda)$ we can gct the following:

Theorem 2.1. Let $n\geq 3$ and $1<p<\infty$ .

$G_{\zeta l}=\mathcal{L}(L_{R+3}^{p}(\Omega)^{n}\cross M_{R+3_{2}0}^{1,p}/’(\Omega)\cross\nu V_{R+3}^{1,p}(\Omega)^{n}, W_{loc_{\vee}}^{2,p}(\Omega)\cross\ovalbox{\tt\small REJECT} V_{loc}^{1,p}(\Omega))$

Then solution operators $(U(\lambda), \Pi(\lambda))\in G_{\zeta l}$ for $\lambda\in U\frac{\alpha^{2}}{(1+\sqrt{2})^{2}\beta^{2}}$
,

moreover they have the following expansion formula
$(U(\lambda)F, \Pi(\lambda)F)$

$=\lambda^{\frac{n-1}{2}H_{1}(\lambda)F}+\lambda^{\frac{n- 2}{2}H_{2}(\lambda)F}+(\lambda\log\lambda)H_{3}(\lambda)F+H_{4}(\lambda)F$,

where $\mathcal{L}(X, Y)$ is the Banach space of all bounded linear operators from $X$ to
$Y,$ $H_{j}(j=1,2,3,4)$ are $G_{\Omega}$ -valued holomorphic functions in

$U \frac{\alpha^{2}}{(1+\sqrt{2})^{2}\beta^{2}},$
$F=$

${}^{t}(f,$ $g,$ $h)_{f}U_{\lambda}=\{\lambda\in \mathbb{C}||\lambda|<r\}$ .

To provc this theorem, we necd the results of a half spacc problem. Therc-
fore we shall considcr generalized rcsolvent problcm in half space:

(2.1) $\{$

$\lambda v_{h}-\triangle v_{h}+\nabla\theta_{h}=f$

$in\mathbb{R}_{+}^{n}in\mathbb{R}_{+}^{n}$

,$\nabla\cdot|fh=g$

$\alpha v_{hi}-\beta\partial_{n}v_{hi}=h_{j}(j=1, \cdots n-1),$ $v_{hn}=0$ on $\partial \mathbb{R}_{+}^{n}$ ,

where thc unit outcr normal vcctor becomes $\nu=(0, \cdots, 0, -1)$ in a half
space. We shall introduce theorcms about this problem. Thcy were proved
in [6] by Y.Naito.

Theorem 2.2. Let $n\geq 3$ and $1<p<\infty$ .

$G_{\mathbb{R}_{+}^{n}}=\mathcal{L}(L_{R+3}^{p}(\mathbb{R}_{+}^{n})^{n}\cross W_{R+3,0}^{1,p}(\mathbb{R}_{+}^{n})\cross W_{R+3}^{1,p}(\mathbb{R}_{+}^{n})^{n}, W_{loc,}^{2,p}(\mathbb{R}_{+}^{n})\cross W_{loc}^{1,p}(\mathbb{R}_{+}^{n}))$
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Then solution operators $(U_{h}(\lambda), \Pi_{h}(\lambda))\in G_{\mathbb{R}^{n}+}$ for $\lambda\in U\frac{\alpha^{2}}{(1+\sqrt{2})^{2}\beta^{2}}$
,

moreover they have the following expansion formula
$(U_{h}(\lambda)F, \Pi_{h}(\lambda)F)$

$=\lambda^{\frac{n-1}{2}H_{1}(\lambda)F+\lambda^{\frac{n-2}{2}H_{2}(\lambda)F+(\lambda\log\lambda)H_{3}(\lambda)F+H_{4}(\lambda)F}}$,

where $H_{j}(j=1,2,3,4)$ are $G_{\mathbb{R}^{n}+}$ -valued holomorphic functions in
$U \frac{\alpha^{2}}{(1+\sqrt{2})^{2}\beta^{l}}f$

$F={}^{t}(f,$ $g,$ $h)_{f}U_{\lambda}=\{\lambda\in \mathbb{C}||\lambda|<r\}_{f}$ where we have set $U_{h}(\lambda)F=$

$v_{h},$ $\Pi_{h}(\lambda)=\theta_{h}$ .

Theorem 2.3. Let $1<p<$ oo, $n\geq 3$ . Let $(U_{h}(\lambda), \Pi_{h}(\lambda))$ be the solution
opemtor to (2.1) for $\lambda\in \mathbb{C}\backslash (\infty, 0]$ . Then there exists operator

$(U_{h}(0), \Pi_{h}(0)):(L_{R+3}^{p}(\mathbb{R}_{+}^{n})^{n}\cross W_{R+3,0}^{1,p}(\mathbb{R}_{+}^{n})\cross W_{R+3}^{1,p}(\mathbb{R}_{+}^{n})^{n}, W_{loc_{-}}^{2,p}(\mathbb{R}_{+}^{n})\cross W_{lor_{d}}^{1,p}(\mathbb{R}_{+}^{n}))$

which have the following properties:
(1)$If$ we set $\mathfrak{l}f_{h}(0)F=\uparrow\prime_{h}$ and $\Pi_{h}(0)F=\theta_{hr}$ then then $(?)\theta)$ satisfies the
equation:

$\{\begin{array}{ll}-\triangle v_{h}+\nabla\theta_{h}=f in\mathbb{R}_{+}^{n},\nabla\cdot v_{h}=g in \mathbb{R}_{+}^{n},\alpha v_{hi}-\beta\partial_{n}v_{hi}=h_{j}(j=1, \cdots n-1), v_{hn}=0 on \partial \mathbb{R}_{+}^{n},\end{array}$

(2) $(v_{h},$ $\theta_{h})$ satisfies the estimates:

$|1v_{h}\Vert_{W^{2_{1}p}(B_{L}^{+})}+\Vert\theta_{h}\Vert_{W^{1,p}(B_{L}^{+})}\leq C_{R,L}\Vert F\Vert_{A(\mathbb{R}_{+}^{n})}$ ,

$\sup_{|x|\geq 1,x\in \mathbb{R}_{+}^{n}}\{|x|^{n-1}|v_{h}(x)|+|x|^{n-1}|\nabla v_{h}(x)|+|x|^{n-1}|\theta_{h}(x)|\}\leq C_{R,L}\Vert F\Vert_{A(\mathbb{R}_{+}^{n})}$

$\Vert U_{h}(\lambda)F-\lceil J_{h}(0)F\Vert_{W^{1,p}(B_{R}^{+})}+\Vert\Pi_{h}(\lambda)F-\Pi_{h}(0)F\Vert_{L^{p}(B_{R}^{+})}$

$\leq C(|\lambda|^{\frac{n-2}{2}}+|\lambda|^{\frac{n-1}{2}}\log\lambda)\Vert F\Vert_{A(\mathbb{R}_{+}^{n})}$

where $\Vert F\Vert_{A(\mathbb{R}_{+}^{n})}=\Vert f\Vert_{L^{p}(\mathbb{R}_{+}^{n})}+\Vert g\Vert_{W^{1,p(\mathbb{R}_{+}^{n})}}+\Vert h\Vert_{W^{1,p}(\mathbb{R}_{+}^{n})}$ .

Moreovcr wc usc the follwoing lemma:

Lemma 2.4. Let $1<p<$ oo $fr\iota\geq 3$ .
We assume that $u\in W_{loc}^{2,p},$ $p\in W_{\iota_{oC,}}^{1,p}$ and they sastify the following condition:

$\{\begin{array}{ll}-DivT(u,p)=0 in\Omega,\nabla\cdot u=0 in \Omega,u\cdot\nu=0, B_{\alpha,\beta}(u,p)=0 on \partial\Omega,\end{array}$

$\sup_{x\in \mathbb{R}_{R+3}}\{|x|^{n-1}|u(x)|+|x|^{n-1}|\nabla u(x)|+|x|^{n-1}|p(x)|\}<\infty$ .

Then $u=p=0$ .
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Proof. Let $\psi(x)\in C_{0}^{\infty}(\mathbb{R}^{n})$ be a cutoff function such that

$\psi(x)=\{\begin{array}{l}1 for |x|\geq R+10 for |x|\leq R\end{array}$

We set $’ \psi_{l}(x)=\psi(\frac{x}{l})\in C_{0}^{\gamma}\infty(\mathbb{R}^{n})$ .

$0=-(DivT(u,p), \psi_{l}u)_{\Omega}=$

$=-(T(u, p)\nu, \psi_{l}u)_{\Gamma}+(T(u,p), \nabla(\psi_{l}u))_{\zeta l}$

$=(T(u,p)\nu-(T(u,p)\nu, \nu)\nu, \psi_{l}u)_{\Gamma}-((T(u,p)\nu, \nu)\nu, \psi_{l}u)_{\Gamma}$

$+(T(n, p), \nabla(\psi_{l})u)_{fl}+(T(u, p), \psi_{l}D(u))_{\zeta 1}$

$= \frac{\alpha}{\beta}(u, \psi_{l}u)_{\Gamma}-(T(u, p)\nu, \nu)(\nu, \psi_{l}u)_{\Gamma}$

$+(T(u,p), \nabla(\psi_{l})u)_{fl}+(T(u, p), \psi_{\iota}D(u))_{\zeta l}$

As $larrow\infty$ , we can get $\frac{\alpha}{/t}\Vert u\Vert_{\partial\Omega}^{2}+$ I $D(u)\Vert_{\zeta\downarrow}=0$ . Thcrefore we know I $D(u)\Vert_{\zeta\}}=$

$0$ which implies $u=0$ by the boundary condition. By thc equation wc can
get $p=0$ . $\square$

Under thesc preparations we provc Theorem 2.1

Proof. We consider a zcro extcnsion which is givcn by

$f^{*}(x)=\{\begin{array}{ll}f(x) for |x|>R0 for |x|\leq R\end{array}$

Let $R_{h}(\lambda),$ $\Pi_{h}(\lambda)$ be a solution opcrator to a half space problcm. And we set
$v_{h}=R_{h}(\lambda)F^{*},$ $\theta_{h}=\Pi_{h}(\lambda)F^{*}$ whcrc $F^{*}={}^{t}(f^{*},$ $g^{*},$ $h^{*})$ . That is $v_{h},$

$\theta_{h}$ sastisfy
the following problcm:

$\{\begin{array}{ll}\lambda v_{h}-\triangle v_{h}+\nabla\theta_{h}=f^{*} in \mathbb{R}_{+}^{n},\nabla\cdot v_{h}=g^{*} in \mathbb{R}_{+}^{n},\alpha v_{hi}-\beta\partial_{n}v_{hi}=h_{j}^{*}(j=1, \cdots n-1), v_{hn}=0 on \partial \mathbb{R}_{+}^{n},\end{array}$

Moreovcr wc considcr the following problcm:

$\{\begin{array}{ll}-\triangle w+\nabla\theta=f, \nabla\cdot w=g in E_{R}w\cdot\nu=0, B_{\alpha,\beta}(w, \theta)=f\iota on \partial E_{R}.\end{array}$

Knowing thc cxistcncc of the solution of this problcm, wc sct $AF=w,$ $BF=$
$\theta$ . Wc use a cut off function : $\psi_{R}^{\infty}(x)\in C^{\infty}$ which is givcn by

(2.2) $\psi_{R}^{\infty}(x)=\{\begin{array}{l}1 for |x|\geq R+10 for |x|\leq R\end{array}$
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And we set

$\{\begin{array}{l}U(\lambda)F=\psi_{R+1}^{\infty}R_{h}(\lambda)F^{*}+(1-\psi_{R+1}^{\infty})AF\Theta(\lambda)F=\psi_{R+1}^{\infty}\pi_{h}(\lambda)F^{*}+(1-\psi_{R+1}^{\infty})BF.\end{array}$

We know $U(\lambda)F,$ $\Theta(\lambda)F$ satisfy thc following:

$\{\begin{array}{ll}(\lambda-\triangle)U(\lambda)F+\nabla\Theta(\lambda)F=f+S_{\lambda}^{1}F in \Omega,\nabla\cdot U(\lambda)F=g+S_{\lambda}^{2}F in \Omega,U(\lambda)F\cdot\nu=0, B_{(\}_{-\beta}},(U(\lambda)F)=h+S_{\lambda}^{3}F on \partial\Omega.\end{array}$

Here we have set $S_{\lambda}^{1}F,$ $S_{\lambda}^{2}F,$ $6_{\lambda}^{\urcorner 3}F$ by the following:

$S_{\lambda}^{1}F=2\nabla\psi_{R+1}^{\infty}\cdot\nabla R_{h}(\lambda)F^{*}+(\triangle\psi_{R+1}^{\infty})R_{h}(\lambda)F^{*}+\lambda\psi_{R+1}^{\infty}AF-2\nabla\psi_{R+1}^{\infty}\cdot\nabla AF$

$-(\triangle\psi_{R+1}^{\infty})AF-2(\nabla\psi_{R+1}^{\infty})\pi_{h}(\lambda)F^{*}+2(\nabla\psi_{R+1}^{\infty})BF$

$S_{\lambda}^{2}F=-\nabla\psi_{R+1}^{\infty}\cdot R_{h}(\lambda)F^{*}+\nabla\cdot AF$

$S_{\lambda}^{3}F=\beta(\nabla\psi_{R+1}^{\infty}\cdot\nu)(-R_{h}(\lambda)F^{*}+AF)$

Hcre wc have use

$\int_{\zeta\}}(-\nabla\psi_{R+1}^{\infty}\cdot R_{h}(\lambda)F^{*}+\nabla\psi_{R+1}^{\infty}\cdot AF)dx$

$= \int_{D_{R+1}^{+}}(-\nabla\psi_{R+1}^{\infty}\cdot R_{h}(\lambda)F^{*}+\nabla\psi_{R+1}^{\infty}\cdot AF)dx$

$= \int_{D_{R+1}^{+}}(-\nabla\cdot(\psi_{R+1}^{\infty}R_{h}(\lambda)F^{*})$

$+\nabla\cdot(\psi_{R+1}^{\infty}AF+\psi_{R+1}^{\infty}\nabla\cdot R_{h}(\lambda)F^{*}-\psi_{R+1}^{\infty}\nabla\cdot AF)dx$

$= \int_{\partial D_{R+1}^{+}}(-\psi_{R+1}^{\infty}R_{h}(\lambda)F^{*}\cdot\nu+-\psi_{R+1}^{\infty}AF\cdot\nu)d\sigma$ .

Where we have set $D_{R+1}^{+}=\{x\in \mathbb{R}^{n}|R+1<|x|<R+2\}$ and $d\sigma$ denotes
surface. Since $\mathbb{S}_{\lambda}={}^{t}(S_{\lambda}^{1},$ $S_{\lambda}^{2},$ $S_{\lambda}^{2})$ is a compact operator on $\mathcal{L}(L_{R+3}^{p}(\Omega)^{n}\cross$

$W_{R+3,0}^{1,p}(\Omega)\cross W_{R+3}^{1,p}(\Omega)^{n})$ , to show $I+\mathbb{S}_{\lambda}$ has a inverse operator, it is sufficient
to show $1+\mathbb{S}_{\lambda}$ is injective. And so we shall show $(1+\mathbb{S}_{\lambda})F=0$ $\Rightarrow F=0$ .

Setting $u=U(0)F,$ $p=\Theta(O)F$ , we know that $u,$ $p$ satisfy thc problcm:

$\{\begin{array}{ll}-\triangle\uparrow/+\nabla p=0 in \zeta],\nabla\cdot u=0 in \Omega,u\cdot\nu=0, B_{\alpha,\beta}(u)=0 on \partial\Omega.\end{array}$

By Lemma 2.4 we can gct $u_{1}.p=0$ which implies

$\{\begin{array}{ll}\psi_{R+1}^{\infty}R_{h}(0)F^{*}+(1-\psi_{R+1}^{\infty})AF=0 in \Omega\psi_{R+1}^{\infty}\pi_{h}(0)F^{*}+(1-\psi_{R+1}^{\infty})BF=0 in \Omega.\end{array}$

111



Considering $supp\psi_{R+1}^{\infty}$ , wc know

$R_{h}(0)F^{*}=\pi_{h}(0)F^{*}=0$ $|x|\geq R+2$

$AF=BF=0$ $|x|\leq R+1$

Setting

$w=\{\begin{array}{l}BF |x|\geq R, x\in ERAF0 [Matrix]\geq R<R’ x\in ER\theta=\{\end{array}$
$0$ $|x|<R$ ,

wc know that $w,$
$\theta$ satisfy thc following:

$\{\begin{array}{ll}-\triangle w+\nabla\theta=f^{*} in E^{\vee}R,\nabla\cdot\prime tl)=g^{*} in \Gamma_{1}^{\sim} I\{,w\cdot\nu=0, B_{\alpha,\beta}(w)=h^{*} on \partial E^{\sim}R,\end{array}$

where we have sct $E^{\sim}R=\{x\in ER ||x|\geq R\}\cup B_{R}^{+}$ . On the other hand, we
know

$\{\begin{array}{ll}-\triangle R_{h}(0)F^{*}+\nabla\pi_{h}(0)F^{*}=f^{*} in E^{\sim}R,\nabla\cdot R_{h}(0)F^{*}=g^{*} in E^{\sim}R,R_{h}(0)F^{*} \ddagger \text{ノ} =0, B_{\alpha,\beta}(R_{h}(0)F^{*})=h^{*} on \partial E^{\sim}R.\end{array}$

Thcrcfore wc get $R_{h}(0)F^{*}=w$ in $E^{\sim}Rby_{\sim}$ uniqucness. And we know
$R_{h}(0)F^{*}=w=AF,$ $\pi_{h}(0)F^{*}=\theta=BF$ in $ER$ . For $|x|\geq R+1$ ,

$0=’\psi_{R+1}^{\infty}ii_{h}(0)F^{*}+(1-’\psi_{R+1}^{\infty})AF$

$=-(1-\psi_{R+1}^{\infty})(R_{h}(0)F^{*}-AF)+R_{h}(0)F^{*}$

$=R_{h}(0)F^{*}$

By similar argment, we get $\Pi(0)F^{*}=0$ for $|x|\geq R+1$ . Therefore for
$|x|\geq R+1$ and $x\in\Omega$

$f=-\triangle R(0)F^{*}+\nabla\Pi(0)F^{*}=0$ ,
$g=\nabla\cdot(R(0)F^{*})=0$ ,

$h=B_{\alpha,\beta}(R(O)F^{*}, \Pi(0)F^{*})=0$ .

For $|x|\leq R+1$ and $x\in\Omega$ we know

$0=-\triangle\Lambda F+\nabla B\Gamma=f$ ,
$0=\nabla\cdot$ $A$ $f=g$ ,
$0=B_{\alpha,\beta}(AF, BF)=h$ .

And we know $f=g=h=0$ for $x\in\Omega$ . Therefore we sum up Theorem 2.3,
and we get the following lemma:
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Lemma 2.5. There exists $\lambda_{0}>0$ such that the following holds:

$(I+\mathbb{S}_{\lambda})^{-1}={}^{t}(I+S_{\lambda}^{1},$ $I+S_{\lambda}^{2},$ $I+S_{\lambda}^{2})^{-1}\in \mathcal{L}(L_{R+3}^{p}(\Omega)^{n}\cross W_{R+3,0}^{1,p}(\Omega)\cross W_{R+3}^{1,p}(\Omega)^{n})$ ,

$\Vert(I+\mathbb{S}_{\lambda})^{-1}\Vert_{\mathcal{L}(A(\zeta\})}\leq C$

$\square$

By lemma 2.5, wc can write $(\uparrow\iota, p)$ as follows:

$u(x)=U(\lambda)(I+\mathbb{S}_{\lambda})^{-1}F$ ,
$=’\psi_{R+1}^{\infty}R_{h}(\lambda)(l+\mathbb{S}_{\lambda})^{-1}F+(1-\psi_{R+1}^{\infty})\Lambda(I+\mathbb{S}_{\lambda})^{-1}F$

$p(x)=\Pi(\lambda)(I+\mathbb{S}_{\lambda})^{-1}F$,
$=\psi_{R+1}^{\infty}\pi_{h}(\lambda)(I+\mathbb{S}_{\lambda})^{-1}F+(1-\psi_{R+1}^{\infty})B(I+\mathbb{S}_{\lambda})^{-1}F$ .

Summing up this and theorcm 2.2, wc can get theorcm 2.1.

3 $L^{p}-L^{\infty}$ estimates in a half space
In this scction we trcat a half spacc problcm (2.1) continuously. About this
problem we show thc following thcorem.

Theorem 3.1. Let $be\uparrow$) $h$ a solution of (2.1). Then it satisfies the estimates.

$\Vert v_{h}\Vert_{L^{\infty}(\mathbb{R}_{+}^{n})}\leq C|\lambda|^{-\frac{1}{2}-\frac{n}{2p}}\Vert f\Vert_{L^{p}(\mathbb{R}_{+}^{n})}$ ,

$\Vert\nabla v_{h}\Vert_{L\infty(\mathbb{R}_{+}^{n})}\leq C|\lambda|^{-\frac{1}{2}}\Vert f\Vert_{L^{p}(\mathbb{R}_{+}^{n})}$ ,

for $\lambda\in\sum_{\epsilon}$ , $|\lambda|<\lambda_{0}$ , $p\neq n$ .

To show this theorem, wc introduce the Gagliardo-Nirenberg-Sobolev the-
orem.

Theorem 3.2. The Gagliardo-Nirenberg-Sobolev theorem Let $1\leq p\leq\infty,$ $1\leq$

$q\leq\infty$ .
Let $j,$ $m$ be integers such that satisfy $0\leq j<m$ .
We assume $m-j- \frac{n}{p}\neq 0,1,2,$ $\cdots$ .
For $0\leq a\leq 1$ set

$\frac{1}{r}=\frac{j}{n}+a(\frac{1}{p}-\frac{m}{n})+(1-a)\frac{1}{q}$ .

Then the following estimate holds;

$\Vert u\Vert_{L^{r}(\mathbb{R}_{+}^{n})}\leq C\Vert\nabla^{m}u\Vert_{L^{p}(\mathbb{R}_{+}^{n})}^{a}\Vert u\Vert_{L^{q}(\mathbb{R}_{+}^{n})}^{1-a}$ .
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And wc usc thc following thcorcm:

Theorem 3.3. Let $1<p<\infty$ .

$|\lambda|\Vert v_{h}\Vert_{L^{p}(\mathbb{R}_{+}^{n})}+|\lambda|^{\frac{1}{2}}\Vert\nabla v_{\iota}’\Vert_{L^{p(\mathbb{R}_{+}^{n})}}+\Vert\nabla^{2}v_{h}\Vert_{L^{p(\mathbb{R}_{+}^{n})}}+\Vert\nabla\theta_{h}\Vert_{L^{p(\mathbb{R}_{+}^{n})}}$

$\leq C\{\Vert\int\Vert_{L^{p}(\mathbb{R}_{+}^{n})}+|\lambda|\Vert g\Vert_{W^{-1,p}(\mathbb{R}_{+}^{n})}+|\lambda|^{\frac{1}{2}}$ I $(g.l_{1},)$ I $Lp(\mathbb{R}_{+}^{n})+\Vert(\nabla g,\nabla h,)\Vert_{L^{p}(\mathbb{R}_{+}^{n})}$

for $\lambda\in\sum_{\epsilon}=\{\lambda\in \mathbb{C}\backslash \{0\}||\arg\lambda|\leq\pi-\epsilon\}$.

Using this thorem, we show Thcorem 3.1.

Proof. First we assumc $p\neq n$ , and we use thc Gagliardo-Nircnberg-Sobolcv
thcorcm. Whcn $p=n,$ , I consider $p_{1},$ $p_{2}$ such that $p_{1}<n<p_{2}$ . And I
interpolate $L^{p_{1}}(\Omega)$ and $L^{p_{2}}(\Omega)$ , I can remove the restriction $p\neq n$ . $\square$

4 $L^{n}-L^{q}$ decay estimates
In this scction we show $L^{n}-L^{q}$ dccay estimates which is given by thc following

Theorem 4.1. Let 1 $<p<\infty$ and $n\geq 3$ . Then there exists a unique
solution $u$ of (1.2) satisfying the estimates:

$\Vert u\Vert_{L^{q}(\Omega)}\leq C_{q}t^{-\frac{n}{2}(\frac{1}{n}-\frac{1}{q})}\Vert f\Vert_{L^{n}(\Omega)}$ , $t>0,$ $f\in J^{n}(\Omega)$ , $q\geq n$

$|1\nabla u\Vert_{L^{n}(\zeta\})}\leq Ct^{-\frac{1}{2}}\Vert f\Vert_{L^{n}(\zeta l)}$ . $t>0,$ $f\in J^{n}(\Omega)$ .

Wc show the only following theorem which implics Theorem 4.1.

Theorem 4.2. Let $1<p<\infty$ and $n\geq 3$ . Let $u$ be the solution of (1.3).
There exists a positive constant $C$ such that $u$ satisfies the following:

$\Vert u\Vert_{Lq(\zeta 1)}\leq C|\lambda|^{-\frac{1}{2}-\frac{n}{2q}}\Vert f\Vert_{L^{n}(\zeta\})}$ ,

$\Vert\nabla u\Vert_{L^{n}(\zeta 1)}\leq C|\lambda|^{-\frac{1}{2}}\Vert f\Vert_{L^{n}(\zeta\})}$ ,

for $\lambda\in\sum_{\epsilon}=\{\lambda\in \mathbb{C}\backslash \{0\}||\arg\lambda|\leq\pi-\epsilon\}$, $|\lambda$ I $<\lambda_{0}$ .

Proof. We use a cut off function which is given by (2.2).First I shall consider
a bounded part $\Omega_{R}=\Omega\cap B_{R}$ . Wc sct $u=\psi_{R}^{\infty}v_{h}+w,$ $p=\psi_{R}^{\infty}\theta_{h}+\pi$ whcrc
$v_{h},$ $\theta_{h}$ is thc solution of (2.1) with $g=h=0$ . And $w,$ $\pi$ satisfy the following:

$\{\begin{array}{ll}(\lambda-\triangle)w+\nabla\pi=K_{1} in \Omega,\nabla\cdot w=K_{2} in \Omega,w\cdot\nu=0, B_{(x,\beta}(w)=K_{3} on \partial\Omega.\end{array}$
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Here the formula of $K_{1},$ $K_{2},$ $K_{3}$ are given by the following:

$K_{1}=K_{1}(\nabla\psi_{R}^{\infty}\cdot v_{h}, (\triangle\psi_{R}^{\infty})v_{h}, \nabla\psi_{R}^{\infty}\theta_{h_{7}}(1-\psi_{R}^{\infty})f)$ ,
$K_{2}=-\nabla\psi_{R}^{\infty}\cdot v_{h}$ ,
$K_{3}=K_{3}(\nabla\psi_{R}^{\infty}v_{h})$ .

Since $suppK_{1},$ $K_{2},$ $K_{3}\subset B_{R}$ , we can use Thcorem 2.1:

$(w, \pi)=\lambda^{\frac{n-1}{2}G_{1}(\lambda)^{t}(K_{1}.K_{2},K_{3})}+\lambda^{\frac{n-2}{2}G_{2}(\lambda)^{t}(K_{1},K_{2},K_{3})}$

$+(\lambda\log\lambda)G_{3}(\lambda)^{t}(K_{1}, K_{2},1i_{3}^{r})+G_{4}(\lambda)^{t}(K_{1}, K_{2}, K_{3})$ ,

where $G_{j}(j=1,2_{\dot{r}}3,4)$ are holomorphic functions with respect to $\lambda$ . Here
$K_{1},$ $K_{2},$ $K_{3}$ have the estimates:

$|1(K_{1}, K_{2}, K_{3})$ I $L^{\infty}(\zeta l_{R})\leq C\Vert(v_{h}, \nabla v_{h}, \theta_{h})\Vert_{L\infty(\zeta l_{R})}\leq C|\lambda|^{-1+\frac{n}{2p}}\Vert f$ I $L^{p}(\zeta 1)$ .

Therefore I can get thc following:

$\Vert w\Vert_{L^{\infty}(f1_{R})}\leq C|\lambda|^{\frac{n- 2}{2}\Vert(K_{1},K_{2},K_{3})}$ I $L^{\infty}(\zeta l_{R})$

$\leq C|\lambda|^{\frac{r\iota-2}{2}}(|\lambda|^{-1+\frac{n}{2p}}\Vert f\Vert_{Lp(\zeta\})})$

$\leq C|\lambda|^{-2+\frac{n}{2}+\frac{n}{2p}}$ I $f\Vert_{L^{p}(\zeta l)}$

for $n\geq 3p\leq n$ .
Next I shall consider $(w, \pi)$ in $\Omega\backslash \Omega_{R}$ . Sctting $\psi_{R-2}^{\infty}w=z,$ $\psi_{R-2}^{\infty}\pi=\theta$ , we
know that $z_{7}\theta$ satisfy this problem:

$\{\begin{array}{ll}(\lambda-\triangle)z+\nabla\theta=II_{1} in \mathbb{R}_{+}^{n},\nabla\cdot z=H_{2} in \mathbb{R}_{+}^{n},\alpha z_{i}-\beta\partial_{n}z_{i}=H_{3j}(j=1, \cdots n-1), z_{n}=0 on \partial \mathbb{R}_{+}^{n},\end{array}$

where $H_{1},$ $H_{2},$ $H_{3}$ are given by these:

$H_{1}=H_{1}$ $(\nabla\psi_{R-2}^{\infty}\cdot w$ , $(A\psi_{R-2}^{\infty})w,$ $\nabla\psi_{R-2}^{\infty}\pi,$ $\psi_{R-2}^{\infty}K_{1})$ ,
$H_{2}=-\nabla\psi_{R-2}^{\infty}\cdot w+\psi_{R-2}^{\infty}Ii_{2}’$ ,
$H_{3}=H_{3}(\nabla\psi_{R-2}^{\infty}w,$ $\psi_{R-2}^{\infty}K_{3})$ .

Therefore wc can get the following:

$|\lambda$ I $\Vert z\Vert_{L^{p(\mathbb{R}_{+}^{n})}}+|\lambda|^{\frac{\iota}{2}}\Vert\nabla z\Vert_{L^{p(\mathbb{R}_{+}^{r\iota})}}+\Vert\nabla^{2}z\Vert_{L^{p(\mathbb{R}_{+}^{n})}}+\Vert\nabla\theta\Vert_{L^{p(\mathbb{R}_{+}^{n})}}$

$\leq C\{\Vert H_{1}\Vert_{L^{p}(\mathbb{R}_{+}^{n})}+|\lambda|\Vert H_{2}$ I $W^{-1,p}(\mathbb{R}_{+}^{n})$

$+|\lambda|^{\frac{1}{2}}$ I $(H_{2},H_{3})$ I $L^{p}(\mathbb{R}_{+}^{n})+\Vert(\nabla H_{2},\nabla H_{3})$ I $L^{p}(\mathbb{R}_{+}^{n})\}$
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for $\lambda\in\sum_{r}$ .

$\Vert z\Vert_{L^{p}(\mathbb{R}_{+}^{n})}\leq C\Vert\nabla^{2}z\Vert_{L^{q}\mathbb{R}_{+}^{r\iota}}^{\frac{n}{2}(\frac{1}{(q}-\frac{1}{p)})}\Vert z\Vert_{L^{q}(\mathbb{R}_{+}^{n})}^{1-\frac{\gamma}{2}(\frac{1}{q}-\frac{1}{p})}$

$\leq\Vert(H_{1}, H_{2}, H_{3})\Vert_{L^{q}\mathbb{R}_{+}^{n}}^{\frac{\iota}{2}(\frac{1}{(q}-\frac{1}{p)})}$

$\cross\{|\lambda|^{-1}\Vert H_{1}\Vert_{L^{n}(\mathbb{R}_{+}^{n})}+\Vert H_{2}\Vert_{W^{-1,q(\mathbb{R}_{+}^{n})}}+|\lambda|^{-\frac{1}{2}}\Vert(H_{2}, H_{3})\Vert_{L^{q(\mathbb{R}_{+}^{n})}}$

$+|\lambda|^{-1}\Vert(\nabla H_{2}, \nabla H_{3})\Vert_{L^{q}(\mathbb{R}_{+}^{n})}\}^{1-\frac{n}{2}(\frac{1}{q}-\frac{1}{p})}$

$\leq C|\lambda|^{1-\frac{n}{2}(\frac{1}{q}-\frac{1}{p})}\Vert(H_{1}, H_{2}, H_{3})\Vert_{L^{q}(\zeta l_{R})}$

$\leq C|\lambda|^{-1+\frac{n}{2}(\frac{1}{q}-\frac{1}{p})}(|\lambda|^{-2+\frac{n}{2}+\frac{n}{2q}}\Vert f\Vert_{L^{q}(\zeta l)})$

$\leq C|\lambda|^{-3+\frac{n}{2}+\frac{n}{q}-\frac{n}{2p}}\Vert f\Vert_{L^{q}(\zeta 1)}$

$\leq C|\lambda|^{-1+\frac{n}{2}(\frac{1}{q}-\frac{1}{p})}\Vert f\Vert_{L^{q}(\zeta l)}$ for $q\leq p$ .

About $\nabla u$ I can use the rcsolvent estimates.
Thcrcfore I can get thc theorcm: 口
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