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A Polynomial-time Perfect Sampler
for the Q-Ising with local fields

M. Yamamoto* S. Kijimal Y. Matsui?

Abstract

We present a polynomial-time perfect sampler for the Q-Ising with a vertex-independent noise.
The Q-Ising, one of the generalized models of the Ising, arose in the context of Bayesian image
restoration in statistical mechanics. We study the distribution of Q-Ising on a two-dimensional
square lattice over n vertices, that is, we deal with a discrete state space {1,..., Q1" for a positive
integer Q. Employing the Q-Ising (having a parameter ) as a prior distribution, and assuming
a Gaussian noise (having another parameter o), a posterior is obtained from the Bayes’ formula.
Furthermore, we generalize it: the distribution of noise is not necessarily a Gaussian, but any
vertex-independent noise. We first present a Gibbs sampler from our posterior, and also present a
perfect sampler by defining a coupling via a monotone update function. Then, we show O(n log n)
mixing time of the Gibbs sampler for the generalized model under a condition that 8 is sufficiently
small (whatever the distribution of noise is). In case of a Gaussian, we obtain another more natural
condition for rapid mixing that a is sufficiently larger than 8. Thereby, we show that the expected
running time of our sampler is O(nlogn).

1 Introduction

The Markov chain Monte Carlo (MCMC) method is a popular tool for sampling from a desired proba-
bility distribution. The probability distribution is defined by constructing a (an ergodic) Markov chain
so that its (unique) stationary distribution is the desired probability distribution. We then run the
chain repeatedly, that is, start at an arbitrary initial state, and repeatedly change the current state
according to the transition probabilities. The state after a large number of iterations is used as a
sample from the probability distribution. The Gibbs sampler, which is used in this paper, is one of the
well-known MCMC algorithms.

The sample generated by this simple method is just an approximation: the precision of approxi-
mation is often measured by total variation distance. The mizing time of a sampling algorithm is the
number ¢ such that how many iterations ¢ are needed to converge to the target stationary distribution
within a prescribed (or an acceptable) precision. The main drawback of this simple method is in a
practical issue: practitioners implementing this algorithm have to know the mixing time. For getting
around this problem, Propp and Wilson {6] proposed a sampling algorithm which does not take any
information about the convergence rate beforehand. This was achieved by coupling from the past, where
how many (coupling) steps we need is automatically determined. Moreover, this algorithm produces an
exact sampling from the target distribution. That’s why this algorithm was called an ezact sampling,
which is now called a perfect sampling.

In this paper, we present a polynomial-time perfect sampler for the Q-Ising with a vertex-independent
noise. The Q-Ising is one of the generalized models of the Ising. (The Q-Ising for Q@ = 2 is the Ising.)
We study the Q-Ising on the two-dimensional square lattice. Throughout this paper, we denote by n
the number of vertices of a square lattice. In the Q-Ising, vertices of a square lattice take on discrete
Q values, say, {1,...,Q}, while vertices in the Ising take on binary values, say, {—1, +1}.

The motivation of the Q-Ising comes from Bayesian image restoration studied in statistical mechan-
ics: the original image that has n pixels, each of which has Q grey-scales, is assumed to be generated
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from the Q-Ising over n vertices. Initially, Geman and Geman [2] proposed a Gibbs sampler for Bayesian
restoration of a black-and-white (i.e., two valued) image, adopting the Ising as a prior distribution. In-
oue and Carlucci [5] investigated static and dynamic properties of gray-scale image restoration by
making use of the Q-Ising. They checked the efficiency of the model by Monte Carlo simulations as
-well as an iterative algorithm using mean-field approximation. Tanaka et al. [7] proposed an algorithm
‘based on Bethe approximation to estimate hyperparameters (that are used for image restoration) when
the Q-Ising is adopted as a prior distribution.

In [3], Gibbs showed a perfect sampler for the Ising with a Gaussian noise. Given a square lattice
G = (V, E) over n vertices, the prior distribution is assumed to follow the Ising: any z € {—1,+1}" is
generated with Pr{X = z} = e¢=#7()/Z; for some § > 0, where H(z) = — > (i.j)eE TiTj, and Zg is
a normalizing constant. The value of 3 reflects the strength of the attractive force between adjacent
vertices. The distribution of noise at each vertex is assumed to independently follow a normal (or
Gaussian) distribution N(0, 02) of mean zero and variance o2. From the Bayes’ formula, the posterior
of x given y is defined as follows:

1 1
PT{X = (L‘IY - y} = m exp %E Z.’L‘iyi + ﬁ Z (Ei.’I:j ’ (1)
g 2% (i,J)EE

where Z, s(y) is a normalizing constant. Then, it was shown that the mixing time of a Gibbs sampler
from (1) is O(n?), which was improved to O(nlogn) in [4, section 4]. Moreover, Gibbs showed a
monotone coupling, thereby derived a perfect sampler that has the expected running time O(nlogn).

Remark 1. Here, it is necessary to give some comments on [4], in particular, section & of the paper.
Gibbs obtained O(nlogn) mizing time for a continuous state space, say, [0,1]™, while we deal with a
discrete state space. It seems non-trivial whether the argument in [{] can be extend to the discrete
state space, say, {1,...,Q}"™ for any fized positive integer Q. (The similar analysis might be applied to
{1,...,Q}" for a sufficiently large QQ.) With the practical motivation in mind, it is natural to study a
distribution over a discrete state space.

In this paper, we employ the Q-Ising as a prior distribution to deal with a discrete state space.
In the similar way to obtaining (1), we can derive a posterior, that has two parameters: a related
to a Gaussian noise and  related to the Q-Ising. (This posterior is also appeared explicitly in [5].)
Furthermore, we generalize it: the distribution of noise is not necessarily a Gaussian, but any vertex-
independent distribution. See the next section for the details. We first present a Gibbs sampler from
our posterior, and also present a perfect sampler by defining a coupling via an update function. We
then show that it is monotone. Finally, we show O(nlogn) mixing time of the Gibbs sampler for the
generalized model under a condition that g is sufficiently small. In case of a Gaussian, we obtain
another more natural condition that « is sufficiently larger than 3. Thereby, we derive the following
our main theorems:

Theorem 1.1 (vertex-independent noise). Let D, be a posterior of the Q-Ising with an arbitrary vertez-
independent noise D. For any positive integer (Q and for any distribution D, we have the following: if

B > 0 salisfies
p< 2B -BEI=D 52 0a/0%),

then there exists a perfect sampler for D) that has the expected running time O(nlogn).

Theorem 1.2 (Gaussian noise). Let D, be a posterior of the Q-Ising with a Gaussian noise. For any
positive integer Q, and for any a, 8 > 0 satisfying

a2 8Q°0+31In(Q/2) (a=2(Q*)A +2(nQ)),
there exists a perfect sampler for Da that has the expected running time O(nlogn).

Remark 2. The former theorem says that if B is sufficiently small, e.g., B = O(1/Q%?), then a
polynomial-time perfect sampler ezists whatever the distribution D is. On the other hand, the lat-
ter says in case that D is a Gaussian, if a is suitably larger than 3, then a polynomial-time perfect
sampler exists even if B = Q(1/Q?). Gibbs showed (for the continuous version) that if a > (3/4)3,
then a polynomial-time perfect sampler exists.
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2 The probability model and the Markov chain
2.1 The probability model

As is stated in the introduction, we consider the @Q-Ising as a prior distribution, which is defined as
follows: Given any two-dimensional square lattice G = (V, E), let £ = {1,...,Q}"Y. (From now on, we
denote {1,...,Q} by [Q].) Then, for any € Z, the distribution is defined as

Hp(z) = B Y (z(u)-z(v))?

def. exp (—Hp(x)) where (u,v)EE
Zg Zg = Y exp(—Hp(z)),

TEE

Pr{X = z}

where z(v) € [Q)] is the value of x € E at v € V. We assume that the distribution of the noise at
each vertex independently follows a common distribution, here denoted by D. That is, for a given
X =z € E, the distribution of the output ¥ = y € Z caused by this degradation process is

Pr{Y =y|X =z} = []Pr{Y(v)=y()IX@)=z(v)}
veV
= exp (Z lnD(z(v),y(v))) :
veEV

In case D is a normal (or Gaussian) distribution N(0,o2) of mean zero and variance o2, then

Pr{Y =yl X =z} = Zia exp (_ zvev(xglc’r)z— y(v)) ) ’

where Z, is a normalizing constant. Then, the posterior is obtained from the two distributions defined
above using the Bayes’ formula:

_Pr{Y =y|X = z} Pr{X =z}

Pr{X =z|Y =y} Pr(Y = 3]

Fix y € Z arbitrarily. Then, the denominator of the Bayes’ formula is a constant. The numerator is
Pr{Y = y|X =z} Pr{X =z}

= exp (Z In D(m(v),y(v))) : 71; exp (—ﬂ Y (z(w) - z(v))z)

veEV (u,v)EE
= e (Zlnn(m(v),y(v))—ﬁ > (z(u)~m(v))2).
B veV (u,v)EE

Thus, the posterior which we study in this paper is given by

PHX =alY =4} = g exp(~Hop(@v)),

where

Hpp(@y) = = 5. mDEw),y0) +8 3 (a(u) - z(v))?,

veV (u,v)EE

and Zp g(y) is a normalizing constant so that }__.-Pr{X = z|Y =y} = 1. In case D is N(0,0?), the
posterior is given by

Hpp(z,y) = Hap(z,y) = a Y (z(v) —y())* +8 Y (a(u) - z(v))?,

vev (uw,v)EE

where a = 1/(202), and we denote the normalizing constant by Z, 5(y).
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2.2 The Markov chain

In what follows, we fix y € E arbitrarily. We define a Markov chain by presenting a Gibbs sampler (for
the fixed y) from the posterior defined above. Let M be the Markov chain. The state space of M is E.
Then, the transition probabilities are defined by the Gibbs sampler shown in Fig. 1 below, where z(¥
indicates z(? (w) = z(w) for all w € V' \ {v} and 2 (v) = i.

step 0 : Given z € E,
step 1 : Choose v € V uniformly.
step 2 : Set z/(w) = z(w) for all w € V '\ {v}, and let for each j € [Q)],

Pj

def. €XP (—‘HD,ﬂ (x(i)a y))
Zie[k] Di

z'(v) =j with probability ,  where p; = Zoa(0)
D.p

Figure 1: The Gibbs sampler from our posterior

It is easy to see that M is a finite ergodic Markov chain, and hence it has a unique stationary
distribution. Moreover, the stationary distribution exactly follows our posterior. (This is a well-known
property of the Gibbs sampler.) Let v be a vertex chosen at step 1 of the Gibbs sampler. Then, since
for any i,i’ € [Q] we have z(¥(w) = z{¥)(w) for any w € V \ {v}, we have the following from an
elementary calculation: for any j € (@],

P; exp (1ﬂ D(j, f(v)) = B L wenwli — (w))Z)

Yie@Pi 2 ic(q) &XP (ln D(3, f(v)) = B  wenw(i =z (w))2) ,

where N (v) is the set of vertices adjacency to v. In case D is N(0,02),

p; exp (~(alG = F@)? + B uenwmli - a'3(")(‘”))2))
Licl@Pt Sicigyexp (—(ali = f(0))2 + B T uenn i — 2O w)2)

Here, we define a cumulative distribution function q,(,x)(j) of pj/ Zie[Q) p; for later use: qf,z) (0) =0 and
. .\ def.
for any j € [Q], ¢57 () =" Tuep) Pir/(Tieio) PO)-

3 The Perfect Sampler

3.1 The monotone coupling from the past

Before presenting our sampling algorithm, we briefly review the coupling from the past (abbrev. CFTP)
proposed in [6], in particular, the monotone CFTP.

Given an ergodic Markov chain with a finite state space Z and a transition matrix P. The transition
probabilities can be described by defining a deterministic function ¢ : 2 x [0,1) — E as well as a
random number A uniformly distributed over [0, 1) so that Pr(¢(z,\) = y) = P(z,y) for every pair of
z,y € Z. This function is called an update function. Then, we can realize the Markov chain X — X’
by setting X’ = ¢(X, ). Note that an update function corresponding to the given transition matrix P
is not unique. For integers t1 and tz (t1 < t2), let X = (A[t1], Alts + 1],..., Alt2 — 1]) € [0,1)t=~%
be a sequence of random real numbers. Given an initial state z, the result of transitions of the
chain from time t; to time t; by ¢ with X is denoted by ®2(z,A) : E x [0,1)F278 — =, where

7y def.

D2 (x,A) = B(&(. .. (B(z, Alt1]), ... ), Atz — 2]), Atz — 1]).

Suppose that there exists a partial order “>” on the state space Z. We say that an update function
¢ is monotone with respect to > if VA € [0,1),Vr,y € E [z >y = ¢(z, ) > ¢(y, A)]. We also say
that a Markov chain is monotone if the chain has a monotone update function. Suppose further that
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there exist a unique maximum state Zmax and asunique minimum state z.,;, with respect to >, that
is, there exists a pair of Tmax and Tpgin such that Tmax % T % Tmin for all £ € E\ {Zmax, Tmin}- Then,
a standard monotone coupling from the past (CFTP) algorithm is expressed as in Fig. 2. Then, the

step 1 : Set the starting time period as 7= —1, and set X as the empty sequence.
step 2 : Generate random real numbers A[T], A[T +1}, . )\[[T/Z'l—l] uniformly from [0, 1),
and insert them to the head of X in order, i.e., set ,\ as X = (A[T), A[T +1],..., \[-1)).

step 3 : Start two chains from Tya and Tpyin respectively at time period 7', and run each
chain to time period 0 by the update function ¢ with A\. (Here we note that each chain
uses the common sequence A.)

step 4 : For two states ®%.(Zmax, X) and % (Zmin, X,

(a) If Jy € = [y = 2N (Zmax, X) = ®%(Zmin, X)], then return y.
(b) Else, set the starting time period T as T = 2T, and go to step 2.

Figure 2: The monotone CFTP algorithm

monotone CFTP theorem says:

Theorem 3.1 (Monotone CFTP Theorem [6]). Given a monotone Markov chain as above. The mono-
tone CFTP algorithm shown in Fig. 2 terminates with probability 1, Moreover, the output ezactly follows
the stationary distribution of the Markov chain.

With these preparation above, we now describe our sampling algorithm. For this, it suffices to
define an update function ¢ for our posterior. Besides a random number A € [0, 1), our update function
¢ :Z2xV x|[0,1) — = takes v € V chosen uniformly from V. Then, given z G =, the new state

' = ¢(z,v, ) is defined as follows: recall our cumulatlve distribution function ¢} )(]) defined in the

previous section. Let 7 € [@] be an integer satisfying gy )(z -1)< A< q(x)(z). Then, for each w € V,
set '(w) =1 if w = v, and z’(w) = z(w) otherwise.

3.2 The monotone Markov chain

For showing the monotonicity of our update function, we introduce a natural partial order “>” to =.
For an arbitrary pair of =,y € E, we say that x > y if x(w) > y(w) for all w € V. Let Tax (resp. Tmin)
be a state such that zp,.(w) = Q (resp. Tmin(w) = 1) for all w. Then, Tpmax (T€SP. Tmin) is the unique
maximum (resp. minimum) of the partially ordered set = w.r.t. >.

Lemma 3.1. Let z,y € = be arbitrary states such that ¢ % y. Let v € V be an arbitrary vertex. Then,
for any a,3 > 0, and for any j € (Q], we have P G) < qf,y)( ).

Proof. Fix j € [Q] arbitrarily. By some elementary calculation, we have qi(,m)(j) < q,(,y)(j) if for any
5t:1<s<j<t<Q,

exp|-[8 3 (s-2@@)?| | exp |- (8 T t-yOw)?

we€ N(v) weN (v)
< ep|-[8 3 G-v@@n?| ] exp|-{8 3 (t-29(w)?
weE N (v) weE N (v)
Furthermore, for any such fixed s,t, this inequality holds if for any w € N(v),
(s — W) + (¢t — yP(w))? > (s — ¥ (w))? + (t — = (w))?.

Since ) (w) > y®(w) for any i € [Q], this inequality holds if ¢ > s, which is the assumption on s and
t. O
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Theorem 3.2. Our update function ¢ is monotone on the partially ordered set = w.r.t. =, i.e., Vz,y €
EVveV,VAe[0,1) [z -y = Plz,v,A) = ¢y, v, A)].

Proof. Let z,y € = be arbitrary states such that z Z y, Fix v € V and X € [0,1) arbitrarily. First, it
is easy to see from the definition of ¢ that z'(w) > y'(w) for every w € V' \ {v}. Next, from the above
lemma, g5 (j) < ¢¥ (j) for any j € [Q]. From this and the definition of ¢, we also have z’(v) > y'(v).

Therefore, z’'(w) > y'(w) for every w € V, and hence we conclude that ¢(z, v, A) = ¢(y, v, ). O

4 Expected Running Time

Before showing the expected running time of our sampling algorithm, we note notions and notations.
For probability distribution p; and p2, the total variation distance between p; and p; is defined as

drv(p1,p2) def- (1/2) 3 _,e=IP1(z) — p2(z)|. Consider an ergodic Markov chain over a finite state

space Z. Given a precision ¢ > 0, the mizing time 7(e) of the Markov chain is defined as 7(¢) def-

maxgez{min{t : Vs > t [drv(m, P:) < €|}}, where 7 is the stationary distribution, and P} is the
probability distribution of the chain at time s where the chain starts at . The path coupling lemma
[1] is a powerful tool for bounding the mixing time.

Theorem 4.1 (Path coupling lemma [1]). Let Z; be an ergodic Markov chain on a finite state space
E. Letd: Ex E - {0,1,...,D} be a (quasi-)metric function for some integer D. Let S C Z x = be
a set such that graph (Z,S) is connected. Suppose that there exists a (partial) coupling (X, Y:) for Z;
such that

v < 1,¥(2,2') € S{E[d(X,, Y1) Xo, Yo] < vE[d(Xo, Y0)]]-
Then, 7(e) < In(D/e)/(1 — 7).

In this section, we estimate the expected running time of our sampling algorithm. For this, we first
estimate the mixing time of the Gibbs sampler shown in Fig. 1 by the path coupling lemma above,
where the coupling is the onc implicitly specified in our sampling algorithm shown in Fig. 2.

4.1 Vertex-independent noise

In this subsection, we show the mixing time, and derive a condition for rapid mixing in case the
distribution of noise is any vertex-independent noise.

Lemma 4.1. For any positive integer @Q and for any distribution D, if 8 > 0 satisfies 8 < (In(8Q) —
In(8Q — 1))/(2Q), then the mizing time 7(c) of the Gibbs sampler shown in Fig. 1 is bounded by
7(€) < 2nln(Qn/e).

Proof. As stated above, we prove it by the path coupling lemma, where the coupling is the one implicitly

specified in our sampling algorithm shown in Fig. 2. We will show that E[d(X, Y1)| X0 = %0, Yo = yo] <

1—-1/(2n) for any zo, yo € E with d(zo,yo) = 1, where d(z, y) aef- Y ovev [T(v) — y(v)|. We assume that

Xo and Yy do not agree at vg € V. We denote by v the vertex chosen at step 1 in the Gibbs sampler
shown in Fig. 1.

First, consider the case of v = vg. This event occurs with probability 1/n. In this case, the coupling
is identical since z(w) = y(w) for all w € V' \ {v}. Moreover, the distance decreases by one, i.e, it gets
zero. ‘

Next, consider the case of v € N(vp). In this case, the coupling is identical. However, in contrast
to the first case, the distance does not change, i.e., it remains one.

Finally, consider the case of v € N(vp). This event occurs with probability at most 4/n. Recall the
coupling by the update function: Given X = z and Y = y, choose X uniformly from [0,1). Then, we
define z’(v) and y'(v) as

z'(v) =€ where gf?(€~1)<x<g (),
y'(v) =£ where ¢¥(€-1)< A< gV (o).

In what follows, we assume w.l.o.g. that Xo(vg) = Yo(vo) + 1. We will nee the following propositions:
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Proposition 4.2.
EHd(X2, Y1) = 11Xo, Yo,v € N(wo)] = 3 (a0) - ¢(5))
i€(Q]

Proposition 4.3. If § > 0 satisfies # < (In(8Q) ~ In(8Q — 1))/(2Q), then 3,01 (@ () — 4§ (5)) <
1/8.

Here, we omit the proofs of these two propositions. From these two, we have Eld(X:,Y1)—1|X,,Yo,v €
N(vg)] < 1/8. Therefore, the total expectation is

1 4 1 1
d(X:,h) -1 Yol < = (- 2=
Eld(X1,Y1) — 1| X0, Y] < n( 1)+n 8 on
Since the maximum distance is Qn, this lemma follows from the path coupling lemma. a

Our first theorem, Theorem 1, is derived from this lemma.

4.2 (Gaussian noise

In this subsection, we derive another condition for rapid mixing in case the distribution of noise is a
Gaussian noise N(0,02).

Lemma 4.4. For any positive integer Q, and for any o, 3 > 0 satisfying a > 8Q%8 + 31In(Q/2), the
mizing time 7(e) of the Gibbs sampler shown in Fig. 1 is bounded by 7(e) < 2n In(Qn/e).

Proof. The proof is identical to the one for the general noise, except for using the following proposition
instead of Proposition 4.3.

Proposition 4.5. Ifa, 8 > 0 satisfy the following inequality: a > 8Q26+31n(Q/2), then Zje[Q](ql(*y)(j)_
¢ (7)) < 1/8.

Here, we omit the proof of this proposition. From Proposition 4.2 in the proof for the general noise
and the proposition above, we obtain

E[d(Xl,Yl) = 1|X0,Y0,’U S N('Uo)] <

Q0 | =

From this, we obtain the desired mixing time. a

Our second theorem, Theorem 2, is derived from this lemma.
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