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1 Introduction

In 1959, Aharonov-Bohm [AB] asserted that an electrically shielded solenoid can affect
the phase of an electron moving outside the solenoid; this phenomenon is called the
Aharonov-Bohm effect. Since then, numerous experimental attempts to demonstrate
the Aharonov-Bohm effect were performed. However, as far as they used a solenoid of
finite length, they could not avoid the criticism that their experimental result is caused
by the leaking magnetic field from the ends of the solenoid. To avoid this criticism,
Tonomura et al. [To] made a decisive experiment using a toroidal magnetic field enclosed
by a superconductive material in 1986. Historical reviews in these subjects are found in
e.g. Peshkin-Tonomura [PT] and Afanasiev [A].

After the experiment of Tonomura et al., several authors studied the Schrédinger op-
erators with toroidal magnetic field. Afanasiev [A] gives a numerical calculation for the
scattering amplitude by the toroidal solenoids. Ballesteros-Weder [BW] consider mag-
netic fields supported on handle bodies K (the boundary sum of several tori), and study
the inverse scattering problem by means of the high-velocity limit for the Schrodinger
operators defined on the exterior region R?\ K with Dirichlet boundary conditions.

We consider the Schrédinger operators H, in R® with magnetic fields supported in a
torus of thickness ¢, and consider the singular limit ¢ — 0. The result of this type is
obtained particularly in the two-dimensional case; see e.g. Albeverio et al. [AGHH] for
the scalar potential case, and Tamura [Ta] for the magnetic case.

We have shown in [IMS] that, if we choose the magnetic field and the vector potential
appropriately, then H. converges in the norm resolvent sense to some operator Hy, which
is the Schrodinger operator with a singular magnetic field supported on a circle.

We like to present some improvements of our result of [IMS]: First we show the choice
of the three dimensional magnetic fields B, is arbitrary in the sense that, if B, are of the
form given in the condition (A2) below, the two dimensional magnetic field b is arbitrary
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as far as it satisfies the assumption (A1) below. Second we show “the norm resolvent
convergence” of the Schrodinger operators defined on the exterior region R3\ T, with
Dirichlet boundary conditions as ¢ tends to zero, where 7 is the torus of thickness €
around a fixed circle and where we should interpret the meaning of the norm resolvent
convergence appropriately since the operators considered are defined on different domains
(see Theorem 1.2 below). The proof is very similar to that of [IMS] with some refinement of
the argument. In the last section we give some result concerning spectral and scattering
properties of the operator Hy with singular magnetic fields: see Theorems 9.1 and 9.3
below.

Now let us explain the rigorous mathematical setting. We consider magnetic Schrodinger
operators on R3

3
L.=(D—A) =) (D; - A,),
=1

where 0 < € < ¢y (€p is some positive constant), D; = %Bj, 0; = 5%, D = *(D,, D, D3)
and A, = Y(Ac1,Ac2, Ac3). The magnetic field B = *(Bi, B;, B3) corresponding to a
vector potential A = *(A;, Az, A3) is given by

Oy Az — O3A,
B=VxA= 33.41——31443
O Ay — 024,
We denote
B, =V x A.. (1.1)

We shall define our magnetic fields as follows. Let a > €¢p be a constant. We introduce
a local coordinate

x (a + Tcos¢)cosb
z=|x2 | = (a+7cos¢)sinb |, (1.2)
T3 Tsin ¢

where 0 <7 <a,¢ € R/21Z,60 € R/2nZ. ! We denote the torus and the circle
{r<e} =T, {r=0}=C (1.3)

for 0 < € < a. If we fix two of the coordinates (7, ¢,8) and vary the rest one, we have a
linear orbit or a circular one. We denote the unit tangent vector of these orbits as

cos ¢ cos 0 —sin ¢ cos @ —sinf
e;=| cos¢psind |, es=| —singsinfd |, eg= cos 6
sin ¢ cos ¢ 0

We shall need the following conditions:

1R/27Z is the quotient Lie group equipped with local coordinates R/27Z > 6 = r+2nZ — r €
(ro,T0+27), 7o € R. In these coordinates, the trigonometric functions and the derivatives are well-defined
as sinf = sinr, cosd = cosr and Gy f = O, f.
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(A1) Let E := {(z1, 72) € R?*|2? + 22 < 1} and b € C°(E; R) satisfying

/ b(SCl,.’Ez)diL‘ldIL'z = 27TC¥, a € R\ Z. (14)
E

(A2) For 0 < € < ¢, we assume B, € C®(R3; R)3, supp B, is contained in the open
torus 7. and in this torus

B, = —-—l—b ('rcosqﬁ, 'rsinqb) co. (1.5)

€2 € €

(A3) For € = 0, we assume B, € D'(R3; R)*® (the vector-valued distributions on R?) and
By = —2mwadceq, (1.6)

where ¢ is the delta measure on the circle C, that is,

27
(Bo, p) = —271ax (/ w(acosf,asinb,0)ega d9>
0

for any test function ¢ € C$°(R?), where (-, -) denotes the coupling of a distribution
and a test function. 2

(A4) For 0 < € < €y, A. € CP(R? R)3. For e = 0, Ay € C®°(R*\ C; R)*N L*(R% R)?,
and supp Ay is compact in R?. A, satisfies (1.1) for 0 < € < €.

Remark 1.1 Let II = {2 = 0,z; > 0} (the half z3z, plane). We have the flux &
through the plane II of B, equals 27a independently of € > 0:

o = / Be,2 d(l':3 AN dxl = f (Ae,ldwl + Ac,3dx3) =27«
IIN{r<e} nNn{r=¢}

by (Al), (A2) and by the Stokes theorem. The minus sign before 1/¢? in (1.5) and (1.6)
is added since (e, es, —ep) makes a right-hand system.

For given magnetic fields {B,}o<c<e, satisfying (A2) and (A3), we show in section 3
that there exist vector potentials {A¢}o<e<e, Satisfying (A4).

Then we can define self-adjoint realizations of {L¢}o<e<e, as follows. When 0 < € < ¢,
the vector potential A, has no singularity. Then it is well-known that L. = £€|030(R3)
is essentially self-adjoint (see e.g. [IK] or [LS]), so we define H, = L.. When € = 0, our
vector potential Ay has strong singularities on the circle C so that Ay does not belong
to L*(R®)® (see (3.3); see also Proposition 5.1). Then Lo = Lo|cs(rs\c) is positive,
symmetric, but not essentially self-adjoint.2> As a self-adjoint realization, we choose the
Friedrichs extension of Ly, and denote it by Hj.

2Cg°(Q2) denotes the space of C* functions on R? with compact support contained in an open set
Qc Rr*
3In fact, we can prove the deficiency indices of Lo are (0o, c0).
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We further define the operators HP for 0 < € < ¢, in the exterior region Q(e) := R*\ 7.
with Dirichlet boundary conditions on its boundary as the Friedrichs extension of the
operator LP = Lolcse(aey)- Note that Ap is smooth outside of C so that Ap is smooth in
a neighborhood of Q(e).

The main results of this paper are the following:

Theorem 1.1 Suppose that b satisfies (A1) and { Be}o<e<e, are given by (A2) and (A3).
Then there exist vector potentials { Ac}o<e<e, Satisfying (A4) such that H, converges to Hy
in the norm resolvent sense, as € tends to 0.

Theorem 1.2 Suppose By is given by (A3). Then there exists a vector potential A
satisfying (A4) such that x;,(é)(HeD + E) xq) converges to (Ho + E)~' in the operator
norm of L*(R®) as € tends to 0, where xq is the restriction operator L2(R?®) — L?*(Q)
and x4 is its adjoint which is the extension operator L%*(Q)) — L*(R®).

These result are analogies of the result by Tamura [Ta]. There remains a natural question:

If we add some scalar potential V, to H,, then the norm resolvent limit exists?
If it exists, what are the boundary conditions on C of the limit operator?

Tamura’s result suggests the conclusion is true if we choose suitable V, and the boundary
conditions depend on the existence of the zero-energy resonance. We will discuss this
problem elsewhere in the future.

2 Torus Coordinate

Let us give several formulas for the coordinate (7,¢,0) defined in (1.2). By direct
computation, we have

ox Ox . ox

_— = e _ = T —_—=

or 7 8 B
Since (e,, e4, €9) is an orthogonal matrix, we have

ldet (6?(17_”_22,’;)3)) ‘ = 7(a + T cos ¢).

(a + T cos ¢)eq. (2.1)

Thus we have

/ udxridreodrs = / ut(a + 7 cos ¢) drdpdl (2.2)
-

€0 7:0

for any function u € L*(7,). For the derivatives, we have by (2.1)
Oru=Vu-e, OGpu=7Vu-es; Jou= (a+ Tcosd)Vu-ey,
where 0, = 59—7, etc. Thus we have in T,

Vu = (Vu-e;)e; +(Vu-eg)eg + (Vu-eg)eg

1 1
= (Bfu)eT + (;3451.1,) ey + (m@gu) €y. (2.3)
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3 Vector potentials

There are many ways of constructing vector potentials giving the toroidal magnetic
fields: see [A] and [BW]. Especially, Afanasiev gives compactly supported vector poten-
tials by using the Riemann toroidal coordinate [A, section 2.2.6]. In this section, we shall
give vector potentials giving the toroidal magnetic fields, by using the coordinate defined
in section 1. The resulting vector potentials can be compactly supported for a suitable
choice of the functions given in the following construction. And in fact we shall assume
that Ag is compactly supported throughout the paper as is stated in the condition (A4).

In section 2, the coordinate functions 7, ¢, 6 are defined only in the torus 7,. However,
(1.2) is still valid in R*\ (CN X3) and T, ¢, § are smooth there, where X5 = {z; = 2, = 0}
is the z3-axis. Mollifying the functions 7 and ¢ near X3, we can construct new functions
71 and ¢; satisfying the following conditions:

(i) m € C*°(R*\C;Ry), ¢1 € C®°(R*\C; R/27Z).
(ii) 7 = 7 and ¢; = ¢ in the torus T, = {7 < &}.
(iii) 7 > o on R*\ T,,.

(iv) Let A, = {|z3| < k(a? — 22 — z2)} for k > 0. |¢p1 — 7| > mo on R®\ A, for some
k > 0 and 79 > 0, where we choose 0 < ¢; < 27 as the branch of R/27Z.

In the sequel, we use only new functions 7; and ¢;, so we omit the subscript 1 and write
T=T1 and ¢ = ¢;.
Let ¥ € C*(R/27Z; R) satisfying

2Wz,b(s)ds =27 (3.1)
0

Define the vector potential Ag by

Ao = $(8) V. (3.2)

Then, with the use of (2.3), we have

Ao =YAVP=b(P)es in T, (33)

and, by (2.2), 4o € C*(R*\ C; R)* N L] (R? R)*. We assume also

(v) supp®¥ C (7 — no, 7™ + m9) for some 7 with 0 < mp << 1.

Then, by the condition (iv) above, supp Ag = supp ¥(¢)V¢$ C A, and hence is compact.
We have also

By =V x Ay =" (¢)V¢ x Vo +(¢)(V x V)¢ =0 on R*\C,
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so supp By C C. Let p € C®°(R; R) such that 0 < p(r) < 1 for every r, p(r) =0forr < 1
and p(r) =1 for r > 2. Put p,(7) = p(n7) for n = 1,2,.... For any ¢ € CF(R?), we
have

<B03 SO>
= Ap X Vpdz = lim pnAo X Vdx
R3 n—»o0 R3
= lim / Ao X V(pnp)dx — lim f pAg X Vppdx
n—oo R3 n—o0 R3
= lim (Bo, puyp)
n—o0
2/n 2w 27 1
— lim dr/ d¢/ df o=(d)ey x np'(nt)e,7(a + T cos )
N0 Ji/n 0 0 T

27 2n

= —( ¢(¢)d¢/ p(acosb,asind,0) egadO)
0 0

= —(2madcey, ),

where we used (2.2), (2.3) and (3.3) in the third equality, supp By C C, e4 X e, = eg, and
the Lebesgue dominated convergence theorem in the fourth, and (3.1) in the last. Thus
we see By = V X Ay satisfies the condition (A3).

As for the vector potentials A, for € > 0, we only give a remark that we can construct
them by modifying Ay in 7; so that A, satisfies (A4).

Let us discuss the gauge invariance for the potential Ay.

Proposition 3.1 Let a;, as € R, Y1, 2 € C°(R/27Z; R) satisfying

2r

Yi(s)ds = a;
for 3 =1,2. Let A; = ¢;(¢)Vp. Assume
o - €Z. (3.4)
Then, there erists ® € C=(R®\ C; C) such that |®(z)| = 1 and
(D — A))Pu=9(D - Ax)u (3.5)
foru € CP(R3\ C).
Proof. Put

é(x)
®(z) = exp (@/0 (¥1(s) — 1/)2(3))413) :

The right hand side is independent of the choice of the representative of ¢(z) € R/2nZ
by the assumption (3.4), and is smooth in R®\ C. The equation (3.5) can be checked by
direct computation. []
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By this proposition, there is some arbitrariness in the choice of the function v satisfying
(3.1). The simplest choice is the constant function ¥(¢) = a, then

Ao = qub

However, we have chosen v so that suppy C [ — mo, 7 + no] for some small positive 7o,
to obtain a compactly supported vector potential Ag = Y(P)Vo.
Especially in the torus 7,, we have V¢ = (1/7)eg by (2.3). So

A= Ao = ~b(des (36)

for € < T < €5. Then, for 0 < € < o and u € C°(R?), we have by (2.2) and (2.3)

/ (D — A)ultde
e<7<€Q

= [ (Dl + 1 (De — i)l
+|(a + 7 cos #) "t Dpul?)T(a + T cos ¢p)dTdede, (3.7)

where D, = 1.2 etc. When € = 0, the equality (3.7) holds for u € Ce(R?\ {0}). By
an integration by parts, we have the explicit form of the operator Lo in the torus Teo in
terms of the coordinate (7, ¢, 8):

1
7(a + 7 cos ¢)
+ (Dy — 9(9))7" (a + T cos $)(Dy — ¥(9))
+ (a + Tcos ¢)2D}).

Lo

(D,7(a+ Tcos¢)D,

4 Hardy type inequality

The Hardy type inequality is first proved by Laptev and Weidl [LW], for the two-
dimensional Aharonov-Bohm type magnetic field. An analogy of their result holds for our
operators, as stated below. '

Proposition 4.1 Let « € R. Put
C. = (a + €)~*(a — €) min |m — af*.
meZ

Then, we have

/ (D = Adufdz > Ca L julde (4.1)
e<T<E€Q T

for any 0 < € < €y and anyu € C(R®). When e =0, (4.1) holds for anyu € CP(R3\C).

e<T<€Q

Remark. The constant C, is positive if and only if € R\ Z.
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Proof. By Proposition 3.1, we may assume % is the constant function ¢ = a. For
0 < 7 < €, we have
O0<a—¢ <a+Tcosp < a+ €.

Thus we have by (2.2) and (3.7)

1
/ lz|u|2d:v < (a+ €) —|ul2dTdgd8, (4.2)
e<t<eg T e<t<eo T
1
/ (D — AJul?dz > (a — €o) (D — a)ul2Ldrdgds. (4.3)
e<T<€Q e<T<€p T

Using the Fourier expansion u =Y, 5 um(7,6)e"™?, we have

[ 105 = auas = 213 1m - @)un(r, OO

meZ

> 27rmin|m—a|22 |um (T, )|
mez
meZ

2m
= min|m—a|2/ |u|*dg. (4.4)

Integrating (4.4) with respect to the measure 1drdf on (1,0) € (¢,€) x (0,27) and

T

combining it with (4.2) and (4.3), we have (4.1). []

5 Diamagnetic inequality

In this section we state known facts about the diamagnetic inequality (see [LS], [DIM])
which holds for very wide class of potentials and for general open set:

Proposition 5.1 Suppose A € (L2 (R%)?, V € LL_(R%),V > 0, Q is an open set
in R%. Define sesqui-linear form hg = haya and h8 as ho(u,v) = (D — A)u, (D —
A)v) + (Vu,v) with form domain Q(hq) = {u € L2(Q)|(D — A)u € (L?(Q))3, VY24 €
L*(2)}, h§ = the form closure of ha|cg(a). Denote HF = HZ\  the selfadjoint operator
associated with hy. Then we have the following:

(1) For Q@ = R*, C°(R%) is a form core for hga, i.e. hga = hB,.

(2) Let E > 0 and f € L2(?). Then
I(HF + E)7' f(2)| < xa(Ko + E)'x3lfl(z) ae z€Q

where xq is the restriction operator L*(R*) — L*(Q) and K, = —A with domain
H?*(R%).
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6 Cauchy sequence

The following lemma says the resolvent of our operators forms a Cauchy sequence in
the operator norm.

Lemma 6.1 Let {A.}o<e<e, be the vector potentials defined in section 8 and {H }o<e<eo
the corresponding self-adjoint operators defined in section 1. Then, we have

lim |[(He+1)'—=(Hs+1)7Y =0
€,e/—0

We omit the detail of the proof of Lemma 6.1 since it is very similar to that in [IMS].
We only give several propositions needed and would like only note that the use of the
resolvent equation (H, +1)™! — (He +1)~! = (H, + 1)"Y(Hy — H.)(Hs + 1)7! and the
function L.(7) given by (6.3) below is key to our proof.

Let x € C*°(R; R) such that 0 < x(t) <1 and

1 (¢>2),
x(t) = {0 (t <1).

Put x.(7) = x(7/€) for € > 0.

Proposition 6.2 Assume o € R\ Z. Then, there exists C1 > 0 dependent only on o
and €, (independent of €), such that

XLY—)(He +1)73 | <

for any € with 0 < 2¢ < €.
This proposition is shown by using the Hardy type inequality.
Proposition 6.3 Let M € L?>(R?®). Then, we have
IM(He +1)7H| < Ca|| M| 2w, (6.1)
where Cy = ([s(£2 + 1)‘2d§))1/2 /(2m)3/2.
Proof. 1t is sufficient to show that
IM(He + 1) Y us < Col|M|| 12w, (6.2)
where || - || zs denotes the Hilbert-Schmidt norm. By the diamagnetic inequality, we have
|M(He+1)7' f| < IM|(-A+1)7Yf| ae

The operator [M|(—A + 1)~! has the integral kernel |M(z)|g(z — y)/(27)3/2, where g
is the inverse Fourier transform of the function (£2 + 1)~!. Thus (6.2) follows from the
Plancherel theorem. []
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Take n € C°(R,) such that 0 <n <1 and

{0 (5= e0),
n(s) = { 1 (s <e/2).
For 0 < 4¢ < €, put
co/2 Xe(8)
L(7)= 17(7')/ —S-ds. (6.3)
Then we have .
< |log=> 4
|L(7)] < [log 2| (6.4)

for 0 < 7 < €, and
log(eo/4€) (0 < T < 2e),

Ldr) 2 {108(60/27') (2e <7 < €/2).

Proposition 6.4 There exists a constant C3 > 0 independent of € and v such that

(6.5)

IL2(He +1)77| < Cs (6.6)
for0<4e<e and 0 <y < 1.

We can show this proposition by the interpolation theorem from Proposition 6.3.

7 Form domain of H

We can specify explicitly the form domain of the operator Hy. Define a sesqui-linear
form hgy by

ho(u,v) = (Lou,v) = ((D — Ag)u, (D — Ao)v),
Q(ho) = CP(R*\O).

Let hg be the closure of the form hy. The operator Hy is the self-adjoint operator associated
with the form hy.

Proposition 7.1 Suppose a € R\ Z. Then, we have
Qo) = {u e L) | (D - Au € (R, Tue DR,

where the distribution Du = —iVu is defined as an element of D'(R*\ C)3.
For the proof of Proposition 7.1, we shall use a lemma.

Lemma 7.2 Assume u € L2(R3), (D — Ao)u € L*(R?)® and suppunC = 0. Then
u € Q(ho)-

Proposition 7.1 and Lemma 7.2 can be shown by using usual cutoff argument and
making the approxmating sequence of functions (see [IMS]).
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8 Sketch of the proof of the main theorems

By Lemma 6.1, there exists a bounded, self-adjoint operator R on L? (R3) such that
R= 1i_r)ré(H€ + 1)L
Thus the proof of Theorem 1.1 is completed if we prove
R=(Hy+ 1) (8.1)

For the proof we use a series of lemmas which are shown with the use of the Hardy type
inequality.

Lemma 8.1 The operator R is injective.
By Lemma 8.1, we can define a self-adjoint operator T' by
T=R'!-1, D(T)=RanR.

Then T is self-adjoint and R = (T' + 1)~1. Thus it suffices to prove T' = H,.

Lemma 8.2 For u € D(T), we have

Tu = Lou = (D — Ap)*u, (8.2)

where Lou is defined as an element of D'(R*\ C).

Lemma 8.3 We have D(T) > C&(R?*\ C).

Lemma 8.4 Suppose o € R\ Z. Then, we have D(T) C Q(ho).

Lemma 8.3 and Lemma 8.3 implies T is a self-adjoint extension of Lo|cg(r3\c)- Since
the Friedrichs extension Hj is the unique self-adjoint extension of Ly with the property
D(H,y) € Q(hg), we have H = Ty by Lemma 8.4. Thus Theorem 1.1 is proved. The proof
of Theorem 1.2 is quite similar.

9 Spectral and Scattering theory

In this section, we study the spectral properties of Hy and develop the scattering theory
for the pair (Ho, Ko), where K, denotes the free hamiltomian Ko = —A with D(Ky) =
H?*(R?).

Theorem 9.1 The operator Hy has no etgenvalue.



90

Proof. It suffices to show that Hy has no nonnegative eigenvalue, since Hj is nonnegative.
First assume that there exist u € D(Hp) and A > 0 such that Hopu = Au. Then, since
Ay is smooth except the circle C = {7 = 0} , it follows from Lemma 8.3 and the elliptic
regularity that v is smooth except C. Moreover, since Ay has a compact support, u
satisfies the Helmholtz equation (A + A\)u = 0 on {|z| > R}(some large R > 0), which
implies u must vanish on that exterior region by [M, Lemma 8.4]. Thus, noting the unique
continuation property for the eliptic equations (e.g. [H]), we have u = 0 in L?(R3). Next
assume that there exists u € D(Hj) such that Hou = 0. Then, we have

0 = (Hou,u) = ho(u,u) = [|(D — Ao)u||*.

Hence Du(z) = 0 on {|z| > R}(some large R > 0), which implies u must vanish on that
exterior region, since u € L?(R?). Thus, the unique continuation property again shows
u=0in L?(R®). []

Let us proceed to the scattering problems for the pair (Hp, Kp). The wave operators
W4 (Hy, Ky) are defined by

Wi(Hp, Ko) = s — lim e*tHoe—itKo
t—+too

if they exist. We use the Enss method and know the following ([P, p.106, Theorem 8.1;
p.108, Proposition 8.1]).

Theorem 9.2 Let H be a self-adjoint operator on L?*(R®) such that
(s1) (H —2)' — (Ko — 2)7! is compact. |

(s2) The function h(R) = ||jr(Ko + %)t — (H + 1)~} (Ko + 1) jr(Ko + 1) ~1|| is integrable
on (0,00), where jr(z) = ga(ERl) and ¢ € C*°(R; R) is taken such that

0<¢(s) <1(VseR), ¢(s)=0(s|<1), =1(Is|=2).
Then :
(1) Oess(H) = [0,00) , where gess(H) denotes the essential spectrum of H.
(ii) H has empty singular continuous spectrum.
(iii) The wave operators Wi (H, K,) exist and are complete.
We apply the above theorem to obtain the following.

Theorem 9.3 We have :

(i) o(Ho) = 0abs(Ho) = 0ess(Ho) = [0, 00), where o(Hy) and oqs(Ho) denote the spectrum
of Hy and the absolutely continuous spectrum of Hy, respectively.



91

(ii) The wave operators Wi (Hy, Ky) exist and are complete.
Proof. We first show (s1) for (Hyp, Kp) with z = —1. We write

(Ho+1)7' = (Ko+ 1) = {(Ho+1) ' = (H+ 1)+ {(Hc+ 1) = (Ko +1)7'}
= I.+ J.

In view of Theorem 1.1, I, — 0 in the operater norm as € | 0. On the other hand, the
resolvent equation reads as ‘

Jo = (H+1)"YD A +2A.-D — |A*} (Ko + 1)7*
= (Hc+1)7'V(z,9)(Ko+1)7,

which implies J, is compact, since V(z,8) (Ko + 1)~! is compact by (A4). So, (s1) holds,
since the set of compact operators is closed in B(L*(R?)).
Next, we show that (s2) holds for (Hy, Ky). It suffcies to show that B(L?(R?))-valued

function
B(R) = jr(Ko +14)™" — (Ho +14) ™ (Ko + i)jr(Ko + 1)

vanishes for large R. Take Ry > 0 such that Ag(z) = 0 for |z| > Ry and put u =
(Ko + 1) f,v=(Hy —1)"1g for f,g € L*(R?). Then we have
(B(R)f,9) = ({jr(Ko+1i)"' — (Ho+1) (Ko +1i)jr(Ko+1%)"}f,9)
= (Jru, (Ho — ©)v) — ((Ko + i) (jru), v)
= (Jru, Hov) — (Ko(jru),v).
Now, let us show that for R > Ry
(jRua HOU) = (KO(jRu)a U)’

In fact, since u € D(Ky) = H?(R3), we can find a sequence {u,} C H?(R®) such that
un, — u in H2(R?) as n — co. Then, noting that jru, € C*({|z| > Ro}) € CP(R?*\ C),
we have by Lemma 7.2

(jru, Hov) = nli_}rrgo(jgun, Hyv)
= lim (D ~ 40)*(jaun), v)
= lim (Ko(jrun), v)
= (Ko(jru),v).

The above argument shows B(R) = 0 for R > Ry, and hence (s2) holds. Therefore the
second part of the theorem has been proven. The first part follows from Theorems 9.1,

9.2 (i), (ii). []
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