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“The two-constants theory” and tensors of the original Navier-Stokes equations
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Abstract

The two-constants theory, which was at first, deduced by Laplace in 1806-07, is the one now accepted
for isotropic, linear elasticity. The original Navier-Stokes equations [ NS equations ] or Navier equations were
introduced in deducing the two-constants theory. From the view of NS equations, we would like to report the
deduction of tensor or equations by Navier, Cauchy, Poisson, Saint-Venant and Stokes', and the concurrence
between each other. Especially, we would like to take up a subject for discussion on Saint-Venant, however
his idea on tensor is, we think, an epock-making for taking the concurrence among three pioneers of NS
equations and contributing to Stokes’ tensor and equations, which strengthens the frame of NS equations.

1 Preliminary

We use in this report the definition of stress tensor, which is due to I. Imai(7, p.178] as follows : we call the
stress tensor such as the matrix P of 3 x 3 that

P"-T Pz pyx Pzx l
Poy | = | Poy Pww Pzy m = P,=P-n
Pr. Pzz DPyz P2z n

where, by multiplying P by n, it turns into new vector P,,. Moreover, if pyy = DPyz & Py = P2y & Dzz = Dia,
then this tensor is called symmetric, and if not, i.e. if ¢;; = —t;; then antisymmetric or skew symmetric, where
we suppose t;; is the (7, j) element of a matrix.

Below in this paper we show a tensor, in brief, by using two following items :

e 0;; : Kronecker 6,
=33 9v; _du y dv dw Eingtein’ i
® Uik =D, 50 = g5 + 4 + %5 - Einstein’s convention

By the way, although Navier does not express the tensor, we can put the tensor of Navier, which is the same
method or way as we use today’s vectorial expression for brevity. In case of Navier’s elastic of (1-1) in Table 4
is as follows :

du d dw di d d d
3+ gz dy) (f4+3) (de+ge crode  dugde dudu
d d d dv |, d d d _ d dv dv dv , dw
—€| |$+% & +35 + 55 Frinalrm =—c| §+i c+2?f’ d’;+‘}_‘,’ ,

d_w+ du dv dw du dv 3dw %‘f‘% %‘*"di C+2'ﬁ
dz T @ &ty & tdy T v

where €= g—: + g—; + ‘fi—':-, which is the same style as Poisson’s elastic case (3-1) in Table 4.

Moreover, we can compute easy Navier’s ¢;; in elastic : t;; = —e(Siur .k + Ui ; + u;,;). In the another case,

. . . v

Stokes’ fluid (27) or (5) in Table 4 : t;; = (—p— Zpvi,i)8i; +p(vi,j +vj4), Or 045 = —Pdi; +u(%§ +5t) - géijg—gf

are equivalent in expression.2 Below, we mean the tensor as the stress tensor defined by L. Imai. 3

2 Introduction

We study the original NS equations, in which the formulators?, Navier, Cauchy, Poisson, Saint-Venant and
Stokes, contain their purposes, their ideas to formulate new equations and so on, to deduce the “indoles” 5 of the
fluid mechanics, as Gauss [5] says in his papers, so we would like to put our two main results as the “indoles”
of fluid mechanics below.

“The two-constants theory” was introduced at first by Laplace with H and K in the case of capillary action in
1806 (cf. Table 4). After this, the various two-constants were proposed by the formulators through the process
of the formulation of NS equations or the equilibrium or the capillary equations. It is called that this theory is
the one now accepted for isotropic, linear elasticity.®

1Navier(1785-1836), Cauchy(1789-1857), Poisson(1781-1840), Saint-Venant(1797-1886), Stokes(1819-1903).

2¢.f. Schlichting [19], in our footnote(21).

3Left-side numbers of equations are by authors in the original papers and right-side numbers are ours. N¢/N f . elastic/fluid
by Navier, etc. If there are the same numbers over the sections, we put it as the double number of “section no.-no. by author”.

4This ordering is by the order of the proposition or publication of the paper.

5 “ndoles” is the proper Latin, according to a Latin dictionary : Lewis, “indoles” means : an inborn quality, natural quality,

nature ( sic. in Eng. )
SDarrigol (4, p.121].
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3 Main result 1 (Two-constants theory)

Now, we would like to propose the uniformal methods to describe the kinetic equations for isotropic, linear
elasticity such as :

e The partial differential equations of the elastic solid or elastic fluid are expressed by using one or the pair
of C; and Cs3 such that :
in the elastic solid : %—} —(C1Ty + CIp) = o,
In the elastic fluid : 42 — (C1Ty + CoT2) + -+~ =1,
where T}, Tb, - - - are the tensors or terms consisting our equations. For example, in modern notation of
the incompressible NS equations, the kinetic equation with the equation of continuity are conventionally
described as follows :
%%—/LAu+u-Vu+Vp=f, divu=0. 1)

e Moreover, C; and C3 are described as follows :

C1 = Lrig1 S, Sy = [[ g3 — Cs, - C1 = CsLrigy = ¥ L1,
Ca = Lr29257, Sa = [f 94 — Cs. Cz = C4Lrags = & Lrags.

e C; and C, are two coefficients, for example, ¢ and E by Navier, or R and G by Cauchy, k¥ and K by
Poisson, € and § by Saint-Venant, or u and & by Stokes, which are expressed by the infinite operator £ (
3o or f0°° ) by personal principles or methods, where r; and r; are the functions related to the radius
of the active sphere of the molecules, rised to the power of n, for Poisson’s and Navier’s case, the relation
of function in expressing by logarithm to the base of r exists such that : log, &t = 2.

e g1 and go are the certain functions which are dependent on r and are described with attraction &/or
repulsion.

e S; and S are the two expressions which describe the surface of active unit-sphere at the center of a
molecule by the double integral ( or single sum in case of Poisson’s fluid ).

e g3 and g4 are certain compound trianglar-functions to compute the moment in the unit sphere.

e C3 and C4 are indirectly determined as the common coefficients from the invariant tensor. Except for

Poisson’s fluid case, C3 of C; is 2:{—, and C4 of C3 is "1’—’5', which are computed from the total moment of
the active sphere of the molecules in computing only by integral, and which are independent on personal

manner. In Poisson’s case, after multiplying by ﬁ, we get the same as above.

e The ratio of the two coefficients including Poisson’s case is always same as : %“1 = é

4 Main result 2 (A genealogy and convergence of stress tensor)

We show in the figure 1, a genealogy about the tensor of the Navie-Stokes equations including ¢;;, and Table
4, in which, we distinguish from the material of elastic or fluid. Especially Cauchy[1, 2] may be the inventor or
the first user of tensor, and Poisson[16] says he gets the idea of symmetric tensor from Cauchy. Moreover, the
idea of Saint-Venant transfer to Stokes. Here, we call the two routes, NCP and PSS pattern, which are in our
figure, and by which, we may explain the genealogy of tensor on the NS equations. cf. Table 4.

(fig-1) A genealogy of stress tensors in the prototypical Navier-Stokes equations

Navier[11, 12] : tfj = —e(ijukk + uij + Uji)s t{j = (p — euk,k)0ij — e(us; +uj;)
N

/ Il
(Euler) = --- || Poisson[14, 16]e => Saint-Venant(18]t = Stokes[20]f
N b 2 /
Cauchy|l, 2] : t:']’-f = Avk k035 + 11(vi,; + Vi)
«— molecular deduction— | «— non-molecular deduction—
«— Navier-Cauchy-Poisson pattern— | —Poisson-Saint-Venant-Stokes
e Poisson : tf; = ~§(6,-]-uk‘k + U +uji), t{j = —pbi; + Ak ki + p(vi; + v54)

t Saint-Venant : t{j = (%(PII + Py, + Pzz) — %Uk.k)‘sij + E(’U-L'J +'v]',,'), %(sz + Pyy + Pzz) = —p
1 Stokes : tijj =(-p— %;wkvk)&ij + p(vi; + Vji)
® Poisson says his reducing of tensor elements to 6 from 9 is due to Cauchy. (cf.§5.2).




Table 1: 01,02,6'3. C4 :

Poisson, Navier, Cauchy, Saint-Venant & Stokes

223

the constant of definitions and computing of total moment of molecular actions by

nolname/problem [elastic solid elastic fluid |remark ]
( Na.vier[12] only : )
( Navier[11] only ) Cr=¢= 125 fo dp - p*f(p)
Navier | Cl-—£= %‘g s P dp-pifp 2—3“‘ 1rf dp - p2F(p) a = pcos cos p,
1 |elastic:[11 3 = pcosysingy,
ﬂuid:[][2] Cs=J_ 2— dd)f cos pdyp g3 = {_g _45 g} Cs = fo2 dp fO C(2)s1/)d1/) g3 ~ = psiny
>iz8=2 :>{1Q’30}:>15
Cy= [ dp Jo? cospdy ga = 2
( Cauchy[2] :
Ci=R _AzwA fooo 3f('r)dr cCOSx = COS D,
=+55 2" 5 [r*f' (r) — r3f(r))dr cos 3 = sinpcosgq,
9 Cauchy - Ca = G i ﬂA fm r3f(r)dr ( Cauchy(2] : ) cosy = sinpsing
clastic and fluid[2]|C3 = % 0 cos2 gdq [y cos? a cos? Bdp, samely as in elastic solid A= % : mass of
= zl’ o2 " cos? qd‘I.f cos? psin? psin pdp = 2—75r, molecules per
Cy = f T cos? arsin pdqdp volume.
—7rf0 cos? psin pdp = 2L
( Poisson[16] : both elastic and fiuid )
. d3f
( P01sson[14] only : ) C1=—-k= —ﬁa— Zr3~—dﬂr—r .
5 dLfr 27 F3 d.lfr In Poisson[16],
Ci=k= 15 ‘T dr =715 Ing® v he treates as the same
Poisson Cay = T2 —gfr C2 = ’f =gz xrfr as both elastic and fluid.
3 |{elastic:[14, 16] - 2m 2n -2 S
fluid:[16) Cs = f(’ d7 fo cos B sin fdp g5 = { 15} > 18 G = _71:527_3 d.ljr 3 = rcos 3 cos,
Cs= f3"dvy fo cos @sinBdf g4 => 2T Cs: = 10 dr d’—l—fr y1 = rsinBsin-,
p-r- gt [0 )
Remark: C3 is choiced as the common factor of {-, -} - {%, %} = 51_
Ca:(32ps N=Zs¥rfr=3
4 |Saint-Venant[18] Ci=e, Cz=%
5 [Stokes[20] Ci=A, C2=B Ci=pn, Ca=£5
Table 2: The two constants in the kinetic equations
Ino|name lproblem C1[C2 Cs [C’4 ]E |r1 T2 |g1 ] g2 |remark
Navier . . 2 oo 4 . i
1 (1] elastic solid |e = J57 dolet| |fe p : radius
Navier . 2 oo 4 . .
2 2] fluid e e Jo” delp?| |f(p) p : radius
2
E T Uode] Jp F(p)
system
Cauchy of particles 2 oo 3 _ ,
3 2] in elastic ZA fo drir f(r) f(r) = [’ (v) — ()]
and fluid
f(r) # f(r),
G ZAfy7 dr 3 +f(r)|A = %: mass of molecules
per volume.
Poisson . . dlsr
4 [14] elastic solid |k 2z & |5
k| z sl
Poisson elastic solid 1 1 {al |difr 1 2r 1
5 1] and finid 30 Y| dr CG=%m =%
k| o falll lr lo=dz-d
Saint-Venant|_ . E
6 (18] fluid e |5
Stokes
i 13
7 20] fluid It
8 [Sgg]ke" elastic solid |A [B A=5B
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Table 3: The two constants in equilibrium equation

[no name |problem |C'1|C’2 Cs3 |Cay IC l’rl lr;;]gl lgg remark —|
Laplace - . oo L3
1 [9, p.700] capillary action H 2T Jo dzlz W(z) z : distance
K 2r | fo dz W (2)|cf.Gauss[5]
2 ﬁ(;x]sson capillary action H zp? Joodrjrt| ler [17, p.14]
K 2—.;'-p2“[0°° dr| |r3 er |[17, p.12]
Navier
3 [fluid equiliblium of fluid p T I~ dple®] |f(p) p : radius
[12]
4 E’%l]sson equiliblium of elastic bodylg i Y& k| |[FR Cs=gEn=4%
pmalll Ik Jo-a%-y

5 Deductions of two constants and tensor

Not only today’s Darrigol [4, p.121] says : “it is called that the two-constants theory is the one now accepted
for isotropic, linear elasticity,” but also Poisson [17, p.4] said already in 1831 : “elles renferment les deux
constantes spéciales donc j’ai parlé tout 4 ’heure. ( we says already about two equations contain two special
constants. ) Moreover, we think, first of all, the proposer of two constants is Laplace [9] in Table 3.

5.1 Navier’s two constants and tensor

The corresponding Navier-Stokes equations by Navier himself on the incompressible fluid (1) are as follow :

3
s = X+€(3 + 48 + 44 +2a;d—y+2m:) F-pu-Hov-Fow;
1d, d?v d d: d d .
;32 }+E(E'7+3 P+2d1dy+2dydz)—.d_it)—d_;.u_ﬁ'v_ﬁ'w’ (2)
Bz c(fn e fe oty ot 12fy) g o ou- B0,

and the equation of continuity :

du dv dw
iz + d_y + € 0. 3)
Navier supposes two constants as follows :
8 [ 4 [ 4 [ 2 [
(3-10)ys €= 3—0/ dpp* f(p) = IE/ dpp*f(p), E = —é—/ dpp®F(p) = 3/ dpp®F(p). (4)
o o 0 0

dz*
By the way, Navier always uses his well-worn devices through the four steps to solve the three equations such

as the equilibrium equation for the fluid [12], the kinetic equation for the elastic [11], and the kinetic equation
for the fluid [12] with the common methods as follows :

Navier is always necessary (3), because he must get €A from (2), by derivating (3) with dz, dy, 4

1. at first, to deduce one or two constants including uncomputable function,
2. then, to make the indeterminate equation,

3. then, to take Taylor expansion and partial integral, exchanging d and 6, and pairing with the same integral
operator,

4. and at last, to solve the indeterminate equation from the two points of view of the inner point and the
boundary condition.

Here we show only the case of fluid by Navier [12].
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5.1.1 Indeterminate equation

The indeterminate equation, which Navier says it is called then, is as follows :

[P - p(% +uds +vi +wi)]ou
(324)nr O = // dxdyd:= [Q gs pd”+u +vd"+wgg)]6v
| [R-2-» dt+uz;"+vdy+wddz)ww
é du éd du 6d dv éd: dv éd: dw éd dw é
i 4 duddy y duddu) | (dosdu 4 dusdu) | (quidu g duid)
du

x

ddv du &dv dv ddv dv édv dv ddv dw ddv | dw ddv
6// dxdydz E;—Jﬂ-_'-@?;)-*-(ﬁdz +3dy dy +dz dz)+(dy dz +dz dy)
du ddw du §dw dv ddw dv ddw dw édw dw ddw dw ddw
dz t 3@ dz )+d_ydz+5dy +(?idx+ﬂdy+3z z)

+ Sds?E(udu + vév + wéw). (5)

5.1.2 Taylor expansion and partial integral

Considering Sds?E(uéu + vév + wéw) = 0 of indeterminate equation (5) and neglecting the total of the rest
terms of below the 2 orders of Taylor’s expansion, we get as follows :

[P—4 —p(4 dt +uds +vdy+w )+E(%'é

(329)ys 0 = // dxdydz [Q— %5 —p dt +ud“ +1.v +w ) +E(%’é g—;l’; + Z—:’;’)]&v (6)

[R— % — p(dw 4 ydv +vdy +w‘fi‘;’) +e

From (6) we get (2) i.e. the kinetic equation which is the first expression of (1).

5.1.3 Boundary condition

As the same way of above notice, Navier explains as follows : regarding the conditions which react at the
points of the surface of the fluid, if we substitute

e dydz — ds?cosl, [ : the angles by which the tangent plane makes on the surface frame with the
plane yz,

e dzdz — ds?cosm, m : samely, the angles with the plane z,

e dezdy — ds?cosn, n : samely, the angles with the plane zy,

o [[dydz, [[dzdz, [[dzdy — Sds?,

then because the affected terms by the quantities du,dv and Sw respectively reduce to zero, the following
determinated equations should hold for any points of the surface of the fluid :
Eu +¢[cosl2%: + cosm(jz + d—”) +cosn (9% + 5’:)] 0,
(3-32) s bv+e[cosl(%’—‘+ dz) +cosm2d” + cosn Zl’ + f’i‘;’)] =0, )

Ew +5[cosl(d“ z) +cosm(d" + ‘fiz) + cosn242] =0,

here the value of the constant E must vary in accordance with the nature of solid with which the fluid contacts.
(7) express the boundary condition. The first terms of the left-hand side of (7) are defined by (4) for the
expression which we seek for the sum of the moments of the total actions which caused between the molecules
of the boundary and the fluid, and the second terms are the normal derivatives. Here, (7) is put by :

u 24+ 3% +$ ¢ + g cos!
El v | +e Z; + Z; 23—!1 dv 4 dw cosm | =0 (8)
dv | d du
w dz -+ T a_“:. + a’yﬂ 2&r w cosn

If putting the basis of the tensor as [ cos! cosm cosn ]T, then the tensor part of (8) is expressed as follows

tij = 6[{2‘01‘,]‘ - ('Ui,j + Uj'i)}éij + (’U,',j + ‘Uj,i)] = 5{06,-j + (‘01',_7' + ’U]',i)} = 8(’1),',3' + 'Uj,i)-
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5.2 Cauchy’s two constants and tensor

( Invariant value of tensor )
Cauchy says about the elements of tensor i.e. the invariable values : G, H,I,L,M,N,P,Q, R :

If we suppose that the molecules m, m/, m”,--- are originally allocated by the same way in relation to the
three planes made by the molecule m in parallel with the plane coordinates, then the values of these quantities
come to remain invariable, even though a series of changes are made among the three angles : o, 3,7.

Cauchy considers symmetric tensor such that :

()¢ G=H=1, L=M=N, P=Q=R, (45)¢ L=3R
Cauchy may be the inventor of the nomenclature” of “tensor”, and Poisson backs up this fact such that his
idea reducing from 9 to 6 elements is due to Cauchy, as follows :

D’un autre c6té, il faut, pour I’equilibre d’un parallélépipede rectangle d’une étendue insensible,
que les neuf composantes des pressions appliquées a ses trois faces non-parallélles, se réduisent a
six forces qui peuvent étre inégales. Cette proposition est due 4 M.Cauchy, et se déduit de la
considération des momens. [16, §38, p.83]

We assume the mass of molecules per volume such as : (48)¢ A = Mv‘) where, M : the sum of the mass of
molecules comtained in the sphere, V : the volume of the sphere.

(50) G==x% 7 (f" Jo m3£(r) cos? a sin pdrdqdp, )
¢ R=%[7 02" Jo 3 f(r) cos? a cos? 3 sin pdrdqdp

We compute in general case such that :

(51)¢ cosa =cosp, cosfB =sinpcosq, cosy =sinpsing

then (9) turns out as follows : 8
G = £ 228 [ p3f(r)dr,
(52)c znas 0{0 3 o 2ma oo | ap 3 (10)
R =28 [*r3f(r)dr = +32 [ [7’ f'(r) —r f(’r)]d’r

D’ailleurs, si, pour des valeurs croissantes de la distance r, la fonction f(r) décroit plus rapid-
ment que la fonction que ;1;, si de plus le produit r4f(r) s’évanouit pour » = 0, on trouvera, en
supposant la fonction f’(r) continue, et en intégrant par parties,

(53)c [}m r*f' (r)dr = -4 -/000 r3f(r)dr

It turns out from (52)¢

2w A

(54)c R=-—= (5 /0 = r3f(r)dr) = -G,

and after all, we get the followings from the formulae (46)¢ :

X =(R+G) (55 + 5 + 5%) + 2R,
(46)¢ Y =(R+G) %}?+g_:’,l+g_z;l +2R%1}f,
7 =(R+G)(55 + 5% + 5% ) + 2R%
ov ov Bv

(55)c X o 2R—r, Z=2Ro

7George Prange, the editors of Hamilton’s works says in a comment [6].
8We get as follows :

3 b
02" Jo cos? asinpdgdp = 2x [ cos? psin pdp = 21r[— S ]0 =4z,
2w 5
02" Jo cos® acos? Bsin pdp = 02” cos? qdg f cos? p(1 — cos? p) sin pdp = [% + %sin2q]o [-— C_OSTE]

Ci=if = Ci=ig-=%

m
=F-0G-h=%

)
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Lorsque les quantités, désinées dans les formules (40)¢ et (48)¢ par leslettres G, H, I, L,M,N,P,Q. R
et A, deviennent constantes, ¢’est-a-dire, indépendantes des coordonées a, b, c, ou, ce qui revient
au méme, de la place qu’occupe la molécule m, alors, en faisant, pour plus de commodité,

4 P .
= % —_o —o%
A=|L+OGE +(E-GOF + @ G)oc]A, M L+G R-G Q-G
(56)¢ 43:(R—H)%aiJr(M+H)3—;L+(P—H)%§]A, = | B| =A | R-H M+H P-H
c -1 P-I N+1I
c = (Q~I)§§+(P~I)%}+(N+I)?,%]A Q
(
= on &
D= |(P+ D +(P+H)z|A D 0 P+I P+H 0% %
67Nc SE=[Q+&E+@+DN%E|Aa, = E|l =A1Q+1 0 @Q+G %ﬁo on
. F R+H R+G 0 % 0
£ = (R+H)g§+(R+G)g—;l]A, b3
We can reduce (40)¢ as follows :
— OA <
X=3(%+%+%) X A F E L
(8)c {Y=2(E+%+L), = v|=a|r 5D %
_ 1 {08E oD ac ~ < 7 dc
x=31(%+8+%), oe
By (41)¢ and (45)¢, we get the followings : _
§=2(R+G)5§+(R-G)p, B _2R+O)P +(R-Gp, §=2R+G)%E +(R-G)v,
2=R+0)(2+%), £=R+0)(%E+%) E-R+0)(E+%)
For convenience’s sake, in the paticular case, for (41)¢ and (45)¢ to hold, it is sufficient to be as follows :
1
59)ec (R+G)A = §k’ (R-G) A=K
For the equations (56)¢ and (57)c¢,
o 2] ol 2] o
AP E kE Ko k(B +3) e(E+%
(60)c = F B D| = | %(%+2) r2+Kkv k(2+% (11)
F D C 1
2

O
2] O o) ] J5l
(% +9%) h(3+5) k% +kKv
Here, we must remark that the layout of symmetric tensor of (58)¢ or (60)¢ is the Cauchy’s invented nomen-
clature. If, moreover, the condition (54)c : R = —G holds, then k = 0 holds , and the followings hold :
(61)c A=B=C=Kv, D=E=F=0.

5.2.1 Equilibrium and kinetic equation of elastic fluid by Cauchy

We show the equation number of fluid by Cauchy in below, with (-)c- instead by (-)c for discrimination with
the equations of elastic in above.
( Assumption of elastic fluid. )

As the equations in equiliblium and as the equations in motion :

(L+G)5h + (R+H)55+ (Q+ D55 +2REL +20555 + X =0,
2 2 2 2
(67)c (R+ )53 +(M+H)—_¥gy +(P+D)5H +2P—aaa£;'z+2R—ai'ay+Y=Ow (68)c-
02 2 2 2
@+ G5 + (P+ MG + (N + DEH +2Q55; +2P53 + 2 =0,

Si de plus les valeurs de G, H, I, L, M, N, P, Q, R deviennent indépecdantes en chaque
point des directions assignées aux des z, y et 2, les conditions (41)¢ et (45)c seront vérifiées, et, en
supposant la quantité v déterminée par 1’equation (47)c, ou, ce qui revient au méme, par la suivante

o o 7] ,
(69)c~ 1'=5—§+8—Z+8—§=V-u=dwu, u=_(, n, ().

SlRyiselR
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The equilibrium equation of fluid and the kinetic equation :

(R+G)( &5+ 55+ 58) +2R9 + X =0, = 2%
(70)c- ¢ (R+G) 3—2+5—4+5—4 +2R$L +Y =0, ()c- 4 = 24,
62
(R+G) (&5 + %5 +55) +2RE+Z =0, = 5,
By (54)c
Ov Ov ov
2)c- —+X=0, 2R—+Y =0, 2R—+Z=
(72)c- 2Rz +X =0 oy Ro-+Z=0
13- 2R 4 x = %X 2R 4y = gpPv 4 O¢
o TT T ar oy otz “Toz T o

On doit observer

e que la quantité v, déterminée par formule (69)c-, représente la dilatation qu’éprouve un volume
trés petet, mais choisi de maniére  renfermer avec la molécule m un grand nombre de molécules
voisines, tandis que ces molécules changent de position dans I'espace.  [2, p.248]

( Verification of equatlons in elastic fluid. )
By replacing (a, b, ) of (56)¢ and (57)¢ with (z, y, z), we get (74)c- and (75)c- of the equivalence of (56)c
and (57)c.

A +eEr g rxa=o0,

oz A F FE 5‘;; X

67)c = (76)c- 3—F+f”3+ Divya=0 = F B D +A | Y =0
2 %
?,’j+°"’+ +ZA =0, E D 3z z

Ay

The layout of Cauchy’s symmetric tensor appears in (76)c-.
We reduce (74)¢ and (75)¢ into as follows :

AP E K+ Ko k(% +3) tk(E+E
(60)c = (78)c- [F B D} = | e($E+52) k2+Kv 3k(5+5
E D C (% + %) w(B+%) K +Kv

By replacing R + G and 2R of (70)¢ and (71)c with followings :°

k+2K

k
As the equations in equilibrium and in motion of fluid :
Cr(EE+35+ 58+ +X =0,

(M {C1(83+33+53)+ e +Y =0, (80)c-

Cr(85+55+58)+ 2 +Z =0,

( Comparison with Navier’s equation in elasticity. )

Cauchy says : for the reduction of the equations (79)c- and (80)c- to Navier’s equations( [11] ) to determine
the law of equilibrium and elasticity, it is necessary to assume such as the condition which we have mentioned
above : k = 2K.

( Comments to Navier’s equations in elasticity. )

If G = 0 then we get as the equations of equiliblium and the kinetic equations in equal elasticity:

L5—§+R3—§+Q3—§+233—5L+2Qm%+x 0, =git§,

i

SRR

Il

2

(83)c- R—’lar, + M——?m + Paz + 2Pa == +2R——§-873y +Y =0, (84)c- = F;Bt ,
2

—§+P—%+N—§+2Q6261+2Pay32+Z=O, =24

The tensor in (84)- is equivalent with the tensor not only of the elastic but also of € in Navier’s fluid equation
(2) (cf. Table 4 ).

9Here, C; and C, are not the two-constants by ours but named temporarily by Cauchy.
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.5.3 Poisson’s two constants and tensor

5.3.1 Principle and equations in elastic solid

We deduce K and k in accordance with Poisson[14, p.368-405, §1-§16] in followings. For brevity, we put as
follows :

azi + byl +(:(21 _ Cl) = ¢7 ¢du wdu 9du — ¢) ,
ad'zy + Wy + (21 = 1) =, P+ 1/’ 32 =9, (12)
allwl + b"y1 + C"(Zl _ Cl) = 0’ ¢d +,¢ dw =¢
Namely,
d d d

¢ a b ¢ T ¢ 7 d:; Fry ¢ ¢

v| = |da ¥ ¢ wo | || =28 & | |v|=Vu v

0 a’ v -z _( 0’ %::_; fl;) % 2] /]

We assume that « : the average molecular interval, w : surface, 25 : the number of molecules in w.

P SCET) PP VS0 WA S CEX0 ') 13)

adr! adr! adr!

It turns out from (12) and (13) as follows :1°

P= E‘¢—+5‘°—Lfr+2:(¢¢'+w'+ea';a%ddr,
(1)pe ¥R fr 4 (00! + vy’ + 00) S 5L (14)
E“’*“‘fr+2(¢d>’+ww’+oa')—§—" f’,

We donate :
0 : the angle between the vectoriel rayon of one of molecules : r and the axis of ¢, and
v : the angle which the projection of the rayon on the z—y plane makes with the axis of xz. We have :

xy =rcosPBcosy, w1 =rsinf@siny, ( =rcosf,

The quantities which majored under the 5 take the form : pFr, which is expressed by

"p : an entire function with sines and cosines of 3 and ~,

Fr : asame function as fr, of which value are insensible for total sensible value of the variable, and moreover,
which is equal to 0O for the paticular value of r = 0.
We consider that the summation which is the question is composed by the parties of the form : Y~ [( Y Y p)Fr],
here, the outer 3 corresponds to r and can extend to r = oo, and the inner double }"s correspond to 8 and «.

d=gr, v=hr, O=Ir, ¢’ =gr, v =h'r, ¢ =1r,

g =asinBcosvy + bsinBsiny — ccos3, g’ ~gd1+h l‘;‘z‘,
. . . dv d d
h =a'sinBcosy + b sinBsiny —c'cosB, k' = gd; h“ ld’z’,
l=a"sinBcosy+b"sinBsiny —c’cos B3, U —gdz +h d’“
In brief :
- du du du
g a b ¢ sin 3 cosy g rr i i g g
h|l = |ao ¥V ¢ sin 3siny |, Ml o= e oo h|l=va-| h
l a” b —cos (3 U du %’5 dw { l
By using the effective transformation by Poisson we get from (13) as follows :
5 d.
P=[F [ g+ D fr+ (99’ +hh’+ll’)g2—g—df;f—’- A,
Q= fo (h+h’)2—gfr+(gg +hh'+ll')h2—q drr A, (15)
R=[F [ (1 +1) S e fr + (a9’ +hh’+ll’)lzl'§ddrf’]A,

10We use pe in the left-side equation number as Poisson’s equation number in [14]. And p; means Poisson[16]
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(15) implies as follows :

P PRI g+y (99’ +hh' +U')g e 2 3 g+yg P
Q = / / A | h+h (99 +hh + 1R % 31 = / / Al r+r @ [
R 0 o L+ (99’ +hR + 1) o Tdr Y o I+ R

where

(92hVzu + gh?Vyu + ghlV u) + (gh®Vazv + B3Vyv + h21V,v) + (ghlVzw + R2Vyw + hi2¥ ;w)
(921Vzu + ghlVyu + gl%gV.u) + (ghlVzv + h3Vyv + hi?V:v) + (912Vzw + hi?Vyw + 13V, w)

P!
QI
RI

1
A :=cosf-sinf df dv, Vzu:=%‘§, etc , K':=Z—-§—Tlr, k'::Z%—f—d'dTh.

$3Vau + g2hVyu + g2lgVau) + (92hVzv + gh? Vv + ghlVzv) + (¢21Vzw + ghlVyw + gl2V . w)
v

2 r3 _2n rsd.lfr
K=53 =/n k=1—z-— r’ (16)

KI
kl

By using (16), we get the following from (15) :

— du du v 4 du ) _ du du,t y dun gy dv s dv dw ¢ dw

P=-K c+d$c+dyc +dzc) k(3dxc+dyc+dzc + ¢ +dyc+dl_c +dzc),
= — /4 dv dv v 4 dv o) _pfdv dv 4 dv oy du s | du dw » | dw

Q=-K(d+ Fc+ Fd+ Fe ) k(d1c+3dyc + S+ Tl + P+ F+ dzc’), 17)
— 7 dw dw 1 dw dw dw dw st | du_n , du dv 4 dv g

R=—K(c"+ et duc + doer) — k(Yo + $u/ +3%0c" + Q2" + Fee+ Fe +2¢).

Afterward, Poisson re-calculates this problem in [16]!! as follows :

dy
Q=[K(+2)+ k(4 +34 ¢ du)| v [Kd + (e +4e) e+ (K +h(S+92) |, (18)
R= (K +42)+ k(4 + 4 +3d)|er [kt (e + d)|o+ [Kae + k(42 + )]

P=[K(+4%)+k(39 + 42+ a) et [Kde + k(4 + %) |+ (K4 +h(4+92) |

where, for abbreviation, he uses samely K and k, instead of o in (16), newly by € as the average interval of
molecules around the points, and from the following considerations :

e on voit que la pression N restera la méme en tous sens autour de ce point : elle sera normale a ce plan et
dirigée de dehors en dedans de A, ou de dedans en dehors, selon que sa value sera positive ou negative, [ = we
see that the pressure orients samely in all of the direction around an arbitrary point : A, and from outward
into inward or from inward to outward, according to the positive or negative value, ( then we ought to consider
as 3 ) ;]

e from the supposition of homogeneity, r2 = z2 + y? + 22, 2% = % = Eé fr = Zirfr, (cf. Poisson
[16], pp. 32-34) :

1 2r rfr 1 d-Lfr 2w 1 ad.ifr
8)p = — = — — = 25 — =T o Ll 1
(3-8)pr K 66327'f7‘ 3 Z4ﬂ53’ k=303 dor dr 15 2~ 4red’ dr (19)

et étendant les sommes ¥ a tous les points matériels du corps qui sont compris dans la sphére
d’activité de M. | = and extending the summation ¥ to all the material points contained in the
active sphere by M. | (cf. Poisson [16], p. 46) :

5.3.2 Fluid pressure in motion

12 Poisson’s tensor of the pressures in fluid reads as follows :

3 d dw d d dyt ! dxt 9 d
U, Uy Uj E%+E ﬁ(a%_*-ﬁ) p—a%_%-ﬁ_l 'Bﬁ
77 V: V- d d dyt B’ dxt 2 dv du dv
W, Wy Wi dyt B’ dxt d dv , d d d
p— oY xt dt 2ﬁ df ﬁ(d; dl;;) 'B(d‘lz‘ d‘li)

111, Poisson [16], the title of the chaper 3 reads “Calcul des Pressions dans les Corps élastiques ; équations defferentielles de
Véquilibre et du mouvement de ces Corps.”

1215 Poisson [16], the title of the chaper 7 reads “Calcul des Pressions dans les Fluides en mouvement ; équations defferentielles
de ce mouvement.”

I
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(k+K)a=p8. (k-Ka=p8, p=yt=K, then §+4 =2k, (20)

where xt is the density of the fluid around the point M, and 1 is the pressure. Here K and k are the same
one as in (3-8) ps (=(19)) of the elastic body. The elements of velocity u = (u, v, w) are :

d3z
A =% pudt ot L wd,

d_m:u @:v gﬁ:u} ﬂl_g.ﬂzd“_i_ dz+vd3+wd1’z WE_QM_—ﬂ“*‘ﬁ,M

dt Toodt Todt ’ ggi dt dw dy dZ’ ’ dt xt dt’
W:dt+“dz+”dy+w

13
p(X — a?r)‘ +ﬁ(d—p+i—‘é+d—‘é)
(7-9)ps p(Y — 5#) = d,, +5(m +4%+ —5)7 (21)

p(Z - W)_ +B(5Y + L% + T8,

If we put f = (X,Y, Z) then (21) becomes as follows : %—‘; + %Au + %Vw =f.

5.4 Saint-Venant’s tensor

Saint-Venant'4 explains the object of his paper [18] to simplfy the description and calculation of molecular
relation without setting the molecular function. His method is an epoc-making method of tensor :

Cette Note a pour objet de faciliter ’examen du Mémoire de 1834 et de ce qui y a été ajouté
en 1837, en simplifiant, comme on va le dire, 'exposition du point principal, qui est la recherche
des formules des pressions dans I’intérieur des fluides en mouvement, sans faire de supposition sur
la grandeur des atractions et répulsions des molécules en founction, soit de leurs distances, soit de
leurs vitesses relatives. [18, p.1240]

We show Saint-Venant’s tensor, which seems to hint Stokes, from the extract [18]. &,7,{ : velocities on the
arbitrary point m of a fluid in motion of paralleled direction of the coordinate x,y, z respectively. Pyz, Pyy, Pz
: normal pressure and P,,, P,,, Py, : tangential pressure with double sub-indices showing perpendicular plane
and direction of decomposition.

_Pa::r __Pyy Pzz Pyz Pz:z ny

- P,
(I)SV :r:t yy = zdz —d = = =4 an — &
where, 3 (Pm + Py, + Pzz) -2 (dm + {:—3 + dz) = 7. We put normal pressure respectively as follows :
d§ dn d¢
2)sv  Pix :7r+25—&—, P,y =7r+25d—y, P, :7r+2z:‘£,

From (1)sv, we get tangential pressure respectively as follows :

O o= (Br %) m (e ). e D)
(

From (2)5;\/,wege’c'rrasfollows:Tr:%(PM+PW+PZZ)—23E {}2—%3—34—%)
d d d d
non 2k, (%4 8) o(£+%)
;3 ? 11;1 = | (£+2 ™+ 250 e(j—}+§§) , (22)
d d d d
2 1 A8 el 4 % e(a—'zl+3§) T+ 2%

Saint-Venant says by using his theory, we can deduce the concurrence with Navier, Cauchy and Poisson :

Si I’on remplace 7 par w — E(Z: + g; + 2L, et si 'on substitue les équations (2)sv et (3)sv
dans les relations connues entre les pressions et les forces accélératrices, on obtient, en supposant ¢ le
méme en tous les points du fluide, les équations différentielles données le 18 mars 1822 par M.Navier
( Mémoires de I’Institut, t.V1 ), en 1828 par M.Cauchy ( Ezercices de Mathématiques, p.187 Y15, et
le 12 octobre 1829 par M.Poisson ( méme Mémoire, p.152 )16.

La quantité variable @ ou 7 n’est autre chose, dans les liquides, que la pression normale moyenne
en chaque point. {18, p.1243]
13(7-9) ps means the equation number : (9) with chapter number : 7 of Poisson [16]
14Adhémar Jean Claude Barré de Saint-Venant (1797-1886).

15Cauchy [1, p-226]
16Poisson (16, p.152] (7-9) ps.
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This paper[18] seems to give Stokes a hint of tensor (27), because we can see by comparing!? ¢;; with Stokes’
tij (28) :

tij = (7 +2evi; — )i+, (where v =e¢(vi; +vj;1)),

_ 1 2c /df  dn  dC §
- (g(Pu+Pyy+P:z)— ?(Eer_y’LE) +2evi5 — )by +
2e

1
= (§(sz + Py + P.2) — Zokk)ij +e(viy +v55) < 2605505 = e(vig +v5,:)8;5 =765 (23)

3

Here, using (23), if we put!® P,, = P,, = P,, = —p by Stokes principle in § 5.5, then (23) is equivalent to
Stokes’ t;; as follows : if we pick up P; from (22) of Saint-Venant’s tensor

% /dn  d 2d6 1,dp d
O BEI-AT A B L)
- —p+2e{%—%(%+:§—Z+Z—§)}=—p+2€(%—6) = P, of Stokes’ (27).

In the cases of else members are the same and we would like to omit. Moreover, Saint-Venant assume that : if we
putm=w—¢ (%5 + gg + %) = @ —evkk then tij = (@ —evrk +260i; —7)0i; +7 = (W — €k k)0i5 +€(vi j +054)

5.5 Stokes’ principle, equations and tensor

Stokes says in [20, p.80] :19
If the molecules of E were in a state of relative equilibrium, the pressure would be equal in all
directions about P, as in the case of fluids at rest. Hence I shall assume the following principle :

o That the difference between the pressure on a plane in a given direction passing through any
point P of a fluid in motion and the pressure which would exist in all directions about P if the
fluid in its neighbourhood were in a state of relative equilibrium depends only on the relative
motion of the fluid immediately about P ; and

e that the relative motion due to any motion of rotation may be eliminated without affecting the
differences of the pressures above mentioned.

Stokes comments on Navier’s equation :

The same equations have also been obtained by Navier in the case of an incompressible fluid
(Mém. de I’Académie, t. VI. p.389 )Z°, but his principles differ from mine still more than do
Poisson’s. [20, p.77, footnote]

- d 2
p(%’tﬁ—x)+3§—u(5§;+ , + &+
. d 2 2 2
(12)s $p(B - )+ & -p(y+ Ly +9y) - sh(L+2+4) =0 (24)
2 2 2
-2+ E-n(Etr g ay) - sE (R R+ ) -0

where Stokes says the coincidence with Poisson :

o du dv dw
w—p+§(K+k)(£+a—?;+E) = Vw = Vp+

s

Observing that a(K + k) = 3, this value of w reduces Poisson’s equation (7-9) ps (=(21) in our
renumbering ) to the equation (12)s of this paper.

7In our paper, we cite the description of t;; of the tensor : of Poisson and Cauchy, from C.Truesdell[22], of Navier, from
G.Darrigol [4]. in else casc by ourself or Schlichting[19].

18¢f I.Imai 7, p.185].

19Stokes [20, pp.78-105] Section 1. Explanation of the Theory of Fluid Motion proposed. Formulation of the Differential
Equations. Application of these Equations to a few simple cases.

20Navier[12].
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By the way, the linear part : 177 + C3T3 in (12)s (=(24)) is equivalent with the followings :

d2

R,
8
I3

(4 u d2u 1 d? 1d%w ) _ m —

w3+ G+ 3+ id +3dm)—0» 3 4d—z’5+3ﬁf+3m+dmy+adz)—0a
2 2

~u%ﬁ+%%%+%r+%f£+§$£)=& or —§3ﬁ%+¢4+3ﬂr+mw+am)‘a

. d*w d*w édgw 1 d%u 1 d?w _ M 3w 2w d3u d*w -

Ml vt o7 Y3 %7 * 3d0ds T 3dgds) =0 —3(3%7 +3% *+4dz§+dzdz+dydz =0,

where when we use vectoriel notation after replacing with f = (X,Y, Z), we get :
Du 1 Du pu 1 1
—_— f —_ - . = —_— = —_ . —_ =
(Dt ) + Vp ,u(Au-i- V(Y u)) 0 or Ly -tAu-SV(V-ou)+ - Vp=f

Stokes proposes the Stokes’ approximate equations in [20, p.93] , which is the same as (7-9) pr (=(21) :

pDu X)+d /l(m+a—§+a—r)'—‘0,

195 JoBr-V)+E-uEs+gErEh -0 T E- (26)
p( B - Z)+dz —u(—;+ﬂ#+"—‘#)=0,
Stokes proposes that :
These equations are applicable to the determination of the motion of water in pipes and canala,
to the calculation of the effect of friction on the motions of tides and waves, and such questions.
Here we shall trace his deduction with Stokes’ tensor :
(8- H(BrE) ~H(E+2)
% gz % = —u(dy+f§;’ p“z“(a‘ﬁ_ ) AR ) ’ (27)
T, T Ps —u('f;;+d“ - (d” +d"’) P- 2u(g;—5)

where 36 = d“ + dy + ‘ffz”

Here, he reads, “it may also be very easily provided directly that the value of 3§, the rate of cubical dilation*.
By the way, Stokes’ tensor is described compactly as follows :

—ti; = {p — 2p(vi; — 8) +}ds; —
= {p—2uvi;}di; +v(=0ij +0i; — 1) <& 2u86i; = p(vi; +v;:)0i5 = 70y

i 2
= (p+2uy)oi; —y=(@+ 31k, k)0i; — p(vi; + vy, (28)

Here, the sign of —t;; depends on the location of the tensor in the equation, and we consider the coincident
with (24). 2! We see Stokes’ tensor comes from Saint-Venant’s tensor. From here, the article by J.J.O’Connor
and E.F.Robertson point out this resemblance.?2 Moreover Stokes reports on the then academic activities of
hydromechanics [21], in which he cites Saint-Venant[18].

By D’Alembert’s principle

pg_';—x)+&+%&+%& p(% X)+P=0,
p(Br-v)+4a+ 4l 44— p(Br—v) +Q =0, (29)
(B2 —2) + 4+ 4l 4 = p(Be — Z) 4 R=0

By (27) and (29), we get (26).
By the modern vectoriel expression, if we take f = (X,Y, %), v = Lp‘—, and as Stokes says that we may put
Du/Dt = 0u/dt, then (26) turns out as follows : %1;- —vAu+ %Vp =f, divu=0.

6 Summary

It is called that “the two-constants theory” is the one now accepted for isotropic, linear elasticity. (Darrigol(4,
p-121]). We can, however, insist that Poisson already uses, “elles renferment les deux constantes spéciales donc
j’al parlé tout & I’heure”, in 1831 [17, p.4]. Poisson is one of persons who have an awareness of this issue.
We showed in our report : the original evidences in mathematics ; the geneaology of tensors or equations are
transferred by Navier, Cauchy, Poisson, Saint-Venant and Stokes ( sic orderly ) ; especially, we would like to
intensify the work of Saint-Venant, whose tensor is an epock-making, for taking the concurrence among these
pioneers of NS equations, and for contributing to Stokes.

215chlichting writes Stokes’ tensor with the minus sign as follows : o;; = —pé;; + u(ﬂl +2 ) 8ij axk $¥k (19, p.58, in footnote].
22¢f. J.J.0’Connor, E.F.Robertson,— http://www-groups.dcs.st-and.ac.uk/ hlst.ory/Prmt.only/Samt -Venant.html.[13]
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Table 4: Concurrences and variations of tensors

I |name

Jtensor (3x3)

[coefficient matrix (3 x 5) in equations

tij = —€(supk + iy + )

(5-4)Ne We define the coefficient matrix in elastics : C¢. as follows :
3d_u+@+d_w) (d_u+d_v dw 4 du 9%y 9%y A3%u 8% 8%y
dz dy dz dy dz dz dz @7 W @ ﬁ:gﬁy Bzﬁﬁx
d d d d d d d . H ol o il 9 o

Navi —£ d:"'?i% d—l‘-+3ﬁ+d_lf d—‘l’-}—d—:’ C% : the coefficient of ()2_1?7 a—‘,’- ‘)_75¥ 37?‘% I;‘y
avier . d d P2l a Aw A a

1-1 elastic ‘(ii_;) + % ﬁiz + d_': (3_; + g_; + 3% 3:17” ayw 621!‘ 815‘; F)yt‘;,z

e+2dy  dugdvt dw oy odu then

=—¢ ﬁ+dL sy+2§—i 43:+“—“’z 31122
dy T dz i d‘y dz gy : 6-)ye = C&= —€] 1 3 1 2 2 = (2)
dw , du dv , dw € 4+ 24w T
dr dz d= dy dz 1 1 3 2 2

where £=‘;—;‘+%+4%

.ty = (p— eug ik )0i; — €(ui,j + ujgs)
N ij k)0ij ¥ 3.
ﬂ:i:er (2) Samely, we define the coefficient matrix in fluid : C{,

2 (only e — 255_;.‘. —e Z_Z + :_: - g(%‘f + % , which contains p in (1,1)-, (2,2)- and (3,3)-element.

1-2] 5 d d d d dw -3 —€ —€ -2 -2
finear DN A DL . @ = cl= | e p-3 - -2 -2
part —e(dy 4 du — (% 4 dw ¢/ — 222 T

dx dz dz dy dz —€ —e p-—3e — 2 — 2
of (2)) | where ¢ =p—e(dt + v 4 dw
=p—e(gz+a, + 3

ti; = Avg kbi5 + p(vej + v55) L R Q 2R 2Q

(60)0a e (o6 . o L loc L o6 (46)c=>C¢= | R M P 2P 2R

 |Coucny k3 +Kv L(55+52) 5(E+% . l6221>2 N 2Q 2P

k[ 3 8 8 - k{d 3
system E§;+§3 igg:mé(ag’é:gg , LR 13122]’
n
2 8a+ c §(§+8b k8c+KV 113 2 2
where u=?, +%q a¢ where P=Q=R, L=M=N, L=3R.
I
als ©)pe 2 2 2 2 2 2
e & Pk T ) X-fr+ad(r+ TEE + 38 + 358+ 10H) =0
e
d? 2(d? 2 42 2 a2 142 1d2v) _
5| Poisson cade  dugdv dudy Y-Sy +ra?(Ly+ 180 280 413 4 10y) =0,
it 2 2 2 2 2 2 2
clastic | —of | S cr2m @ | zZ-Sy+ad(Ly+3LE I8 + 1T +1%Y) =0,
dw 4 du qv 4 o e+ 29 .3 11 2 2
where ¢= 44 4 dv 4 dw = C% = —“T 1 3 1 2 2
dz T dy T dz 113 2 2
w+ 8 B B8 0 0

l,‘]'=v[l&,;j+/\1Jk'k(sij+/t(v,"j+vj_,') (7-9)Pj = Cf= el w+08 B 00

(-Dps B B w+B8 0 0
du | dw du , dv du According to Stokes : if we put

Poisson B dz+dz B(du+dz) 7r+2ﬁd$ o du dv dw
3.2 gldr 4 dw) iogde pgfdu g dv w=p+§(K+k)E+n+ﬂ)
fluid dz dy dy dy dz ’ P+ 43 8 8 8 B
duw dv | dw du , duw 3 3
T2 ﬂ(d,+¢y) (g + % > o= FRTNETI N B R e
wherevr:p—ozdi%—f‘%gﬁ‘Lt 3 B p+% é é
3
Remark : (K + k) = 0.
ti; = (%(Pz:: + Py + P::) — %E‘Vk.k)ézj +e(vi,j +v5,4)
= (—p — Evek)bi; +e(viy +v50)
d d d d d
Saint T+ 2%, 5(«?3‘*‘«1—;1) E(é+;§
nt-
d§ o dn -dn (d_'l i{)
4 |Venant ey ta:) "ty e\t e ’ non description in [18].
; d d d d d
fluid (% +2) e(fa4%) nr2k
d d
— 2 (d d d
=-p-Z(Lh+3+ %) (22
tij =(-p— %l“—’k,k)‘sz] + (i +v54),
tensor = —1 X ap P
-p+ " J7R
_2 (é_!_&) _ (d_u+d_v) - (gw+d_u) P+ 3 3 3

5 St(?kes ’ I:udz dv ’ dZv “ ”dvz dwl 12s = C{‘= » —p+53£ & & 5 = (27).

fluid (s + @) p-2u(g - 0) -u(f+ &) \ wop o —PtF 5§
- %"'% “ﬂ(%“‘%’#)l’—zﬂ 121_5) Remark : Su=2u(1 - 3)
where 35=z—:+:—:+%’f (27)
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