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+ Singularity in neural network model (geometry in neural

?EF %2 IEI Eﬁ ﬂ_,l t?&{j e @E,, ™ networks, but not necessarily algebraic geometry)

© FRREIESE T L ORGSR T VIS b =

fmk f#@x a—FNFy NU—7
L. = ooy
e /z;g?;;izg’ ;r:@m"?ﬁ + Algebraic geometric approach to probabilistic network

(algebraic geometry, but not necessarily neural

network)
RIMSH#FE#M R : BRI W ZE RO D FHBREMENDSAHE

TR 2T AERBERE /SR T4 R A3y - ERHEGRICHN D X v U — T I2BIT A RS
2009.1.5 - 1.9 RE KL

Multilayer Perceptron

Elll - -
BEEN Mathematical model of neural computation
K EASESIE S (D) Brain as an information processing system

1989.- (BR)UI— FREFFERR
=)

1998.- E(LEMER MBI FREMARE 5
MR E. BNFEOMR Network of processing units

2000.- #EETEEERITRR. IR

Single neuron model

X M ‘P(t)

% w\*. / e.g. tanh
2 xm Wm y (p(z i=1 1 t + b)

© HORRI - sUKREREE—1989 (BE) U =2——1998
f BSI—=2000 #HAhF it =EE - Bk E OfF5E
b ARECRAT S o T !

+ Mathematical model of neural computation

« MO AL &1, network of processing units

s WD T AOE MR E >R b =2 — T b
Xy T —7 (% unit T, AJJOHBEMEL L

Outline U= ST B 0o i 2 1)
- single neuron model Ti&, /) y=¢ (e.g. tanh) (Ew;
Singularities in neural network models (BT, BN S ITIE. MEMEZ 5I138) x
Geometry in neural networks, but not necessarily algebraic t ? - !
geometry. ()\jj) +b)

Algebraic geometric approach to probabilistic
networks
Algebraic geometry, but not necessarily neural networks.
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+ Symmetry and singularity 184

- HEFR IR 2l H DR Y N =T 2EZTHD
Multilayer Perceptron CEMTRERTREBEKLVARAET RS D 2
LR E AN

TLERETFNEMED L. 3T A — % OB

:0)=S" b o(@a” y+d )
f0)=3 b, olayxte)s « parameter space (23517 2 kA A~ HEME— function space
a;, b, ¢;, d. parameters to learn B3 %ﬂm\

input hidden output (synaptic learning)

Multilayer perceptron: feedforward network

+ target: fo(x) = bg d (ap x)

— Itis not a precise model of biological neural networks, but it may

capture some properties of neural computation: « model: f(X'G) =bd (al X) +byd (a2 X)
« Network structure ’
* Local, parallel computation o NTRA—FDOFBARGEMEN RN D

¢ Simple computation by units of the same function
« Existence of hidden units

ZAREC DRy FU—7

O —-@—0—

Ohad B

- ZIEATITRNIAREMEITE Z 57220

« g/ N—t 7 hua L (feedforward network: Fij[a] & c JARXRD D EZ TR I VRS BT S
DIEFOWRDHEHZ D)X AT — hidden — DTIERNN?

7

- f(x;0)=3bjo (e.g.tanh) (a'x +¢; (LEVME) )+d
© a, b, c, d NFESERENRT A —H

Symmetry and Singularity Symmetry and Singularity

Model: S(x,0) = b, @(a,x) +b, p(a,x) i i i i ili
D 1 0 - representdtior Singularity caused by unidentifiability
Target: Jo(x)=b" @(a’x) P e Functi
aram r space uncuoon space
a
by+ by = bz}% B R0 ibo Umdentflabnlnty : @
“° 2 [ Sink

The parameter set {a,=a,=a°, b, +b,=b°} represents the same function /.

U {a,=a%b,=0%b,-0,a,: arbltrary} realizes fy(x).
@ Unidentifiability

— ¢f. Linearly parameterized model
The parameter is unique even if the model is surplus.
ex.) Polynomial  a, +ayx +---+a,x” 6

. Singularity caused by unidentifiability
© INT A — 2 22— B ZE
LF#/ SN \— XTJ‘J\L_A:
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Smooth Manifold v.s. Singular Model

Parametric model in function space
Singular (e.g. MLP)

Ordinary

d-dim. smootfgpanifold

Jo

ingularity

Interesting behaviors around singularity
» Statistical behavior of the estimator
« Trajectory of the paramster in leaming process
+ The singularity may be locally infinite dimensional
« More geometric approach? Algebraic geometry helps? 8

Smooth manifold vs. singular model

38 O Smooth manifold:d ¥ It A L — A7¢ manifold
Singular (e.g. MLP) : RS sins A U % & M it &
ISEHEZ 72 %

B OFRFE SE O trajectory 73 singularity %18 5 72
WEFEHTERWEERH D

Singularity 23 & AT HEBRYK GE 2 6 Liv7an

Statistical Estimation
§ : optimal parameter by leaming.  § =argmin, ZA_TI(Y‘ —f(X,;G))’

6 is a random variable.

Singularity

A

F{eX)

Asymptotically normal
R information geometry

Referonce: MERET JLOKL)

AR TR AT FF (R
Bayes estimation @& integral. Approach by algebraic geometry o
{Watanabs)

. FRFAHEE

- %JE/8—% 7 b1 % Hebb HIf5H

+ %38 {X Optimal parameter by learning > 2 et 7= % /b
<+

« XA X HEE Tl integral. approach by algebraic

277 dalgebraic geometry helps?
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geometry

© 77 MBS LT FEOREDRY I IR

1F1ET % —singularity 23& D FRE DD > TV D
HLitZen

Bayesian Network

Simpler and more abstract network

Probabilistic network with finite states

X
4 (X1, X5, X5, X4, X5)
X4 = p(X)p(X, | X)p(X;5 | X,, X;)

X P(Xy | X5, X3)p(X5| X3)
X3 5

Bayesian network / graphical model
Used for
- modeling of data
- expressing causal relations

10

+ Bayesian network=Simpler and more abstract network,

FOMHET, ENTNORTHARIREZ TS,
S &R ZET (p(X1, X2, X3) = p(X1)p(X2 |
X1)p(X3 | X1, X2))

Algebraic Statistics

Network with two nodes of binary states
General Independent

®—OQ ® O

py=pX =i¥ =j) LjEOL
A={p =(P00=p01’P10=p11)ER4 I'={p€A| p; =P(X =P = )}
| py >0 (Vi ), Ei,ﬂo,l)pij =1 ‘

r= {(aoﬁo’“oﬂl’alﬁo’a1ﬁ1)€R4 |y ER,ﬂ; ER}NA

L= i ﬁj
l A+ 0y Par=n. Bo+ By

Toric variety with toric ideal (pg,2y; — PorPro)

-P(¥ =)

"

+ Algebraic statistics, 2 fEDEZ IS (p00, pO1, pl0,

pll)

+ Toric variety with toric ideal
s —WRICAHERIRRED 7T 7 4 HIVET VIS toric

variety (2%}t




Algebraic Statistics
— In general, a graphical model with finite states corresponds to a
toric variety.

— Algebraic geometric methods are applied to statistical problems.
@ Algebraic statistics.

— Any link with neuro science?

References:
« Pistone, Riccomango and Wynn. Algebraic Statistics. 2001.

« Pachter and Sturmfels. Algebraic Statistics and Computational

Biology. 2005.
« Geiger, Meek and Sturmfels. On the toric algebra of graphical
models. Annals of Statistics 34 (2006)
etc.
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+ Back propagation
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