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Free field realization of commutative family of
elliptic Feigin-Odesskii algebra

HAKY? - B2 - 898 /NE KK (Takeo Kojima)
Department of Mathematics, College of Science and Technology,

Nihon University

Abstract

In this review, we study free field realizations of the Feigin-Odesskii algebra. We construct free
field realiztions of a pair of infinitely many commutative operators, associated with the elliptic

algebra Uy, (sly ).

1 Introduction

In this review, we study free field realization of elliptic version of the Feigin-Odesskii algebra
[1]. For this purpose we introduce one parameter ”s” deformation of the Feigin-Odesskii algebra
[1]. This review is based on the paper [9, 10, 11, 16, 17]. Let the function fj(21 - - z/lwy - - - wy)
be meromorphic and symmetric in each of varibles (z;,---,2) and (wi,---,w;). Let us set
the symmetric function (f,, o fu)(21, ", Zm+n|w1, " *, Wm+n), depending on three continuous

parameters 0 < x < 1,0 < r and 0 < s < 2, by

(fm o fn)(zla Tty zm+n|w1a Tty wm+n)

1
B ((m + n)')2 o€§+n TE%.;.,, fm(za(l)’ T zd(m) |'LU7-(1), B wT(m))
xf'n(za(m+1)7 * sy Zg(m+n) Iwr(m+1), Tty wT(m+n))
m m+n ['U N — U +f] [u N — +f]
() T Uo() T 5| |Ue) ~ V() + 5]

<IT 11

i=1 j=m+1

(o) = o(i)lr[Uo) — Uoti) =
S S
e [uaw Ut 5T 1]T [vr(j) ~Us(i) Ty~ 1]

<11 11

i=1j=m+1

r
bl

[vr(y — vr) — Urlvrg) — vr) — s

where the symbol [u}, represents the elliptic theta function defined in (2.1). Here we set z; =
z?% w; = 2. This product "o” on symmetric function gives the structure of the associative

algebra. We call this associative algebra ”elliptic Feigin-Odesskii algebra”. Let us set the
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functional G by using currents Fj(z), F2(z), which is one parameter ”s” deformation of the

elliptic algebra Uq,,,(st). They satisfy the following commutation relations.

[ul —ug — %]T [ul —ug + % - 1]TF1(21)F2(22) = [ug —u; — %]T [U2 —uy + % - l]rFl(zz)Fz(zl),
[ur — uglr[ur — ug + 1), Fj(z21) Fj(22) = [uz — wa]r[uz — w1 + 1] Fj(22) Fj(21).

Upon the specialization s — 2 the current Fj(z) degenerates to the cuurent of the elliptic algebra

Uq,p(.;l\g), and the current Fy(z) lookes like Fy(z)~). Let us set the functional G by

0(im) = F Tt § 1] g Filar)- - Filem) Fawn) - Pl
j=1 j=1

2miz; 2miw;

I (w — wileluy — wi = U foi = vile[vj — vi — s

1<j<k<m
— m m fm(z:l,"'azmlwl,”'awm)*
s s

HH [ui—vj—i——] [Uj—u,;+——1]

L1 21y 2 r

i=1j=1
Roghly speaking, this functional satisfies homomorphism,

g(fm)g(fn) =G(fm o fn),

which is a consequence of symmetrizing procedure of variables (21, - -, Zm4n) and (w1, -+, Wm4n)-

We call G(fm) ”free field realization of Feigin-Odesskii algebra”. When we have commutative

family 9,, of elliptic Feigin-Odesskii algebra,
Om 0 I = I 0 Oy,
we can construct commutative family of the operators G(Vn,),
G(m) - G(On) = G(In) - G(9m).

This is rough story of this paper. Precisely this homomorphism G(fm)G(fn) = G(fm © fn) does
not hold for every time. For example, upon the specialization s — 2, the homomorphism does
not hold, because singularity which comes from the product of the current E;(z), E2(w), destroy
the structure. In order to construct the free field realization of Feigin-Odesskii algebra, we have
to construct the currents which (1) satisfy the commutation relation, and (2) does not have
surplus singularity. In this survey we construct free field realization of commuttive family of
elliptic Feigin-Odesskii algebra.

The organization of this paper is as follows. In section 2 we introduce a pair of Feigin-Odesskii
algebra, and give infinitely many commutative solutions of the Feigin-Odesskii algebra. We

construct free field realization of the Feigin-Odesskii algebra, by using one parameter deformation
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of the current of the elliptic algebra Uq,p(s/l\g). In terms of this free field realization, we construct a
pair of infinitely many commutative operators acting on the Fock space. In section 3 we consider
the higher-rank generalization of section 2. We construct a pair infinitely many commutative
operators by using one parameter deformation of the elliptic algebra Uq’p(s/l;). In section 4
we consider higher-level k generalization of section 2. We construct free field realization of one
parameter deformation of level k elliptic algebra Uy, (;i;) The author would like to emphasize
that the free field realization of Level k is completely different from those of Level 1. We construct
a pair of infinitely many commutative operators associated with one parameter s deformation of
the elliptic algebra Uq,p(;l\g) for level k. In section 5 we give a free field realization of the elliptic
algebra Uq,p(gp) for level k, and explain an open problem. In section 2 we summarize some of
results in [9]. In section 3 we summarize some of results in [10]. In section 4 we summarize the

results in [11]. In section 5 we summarize the results in [16, 17].

2 Elliptic algebra U,,(sl)

Let us fix parameters 0 < z < 1, 7 > 0. Let us set z = z2*. The symbol [u], stands for the

Jacobi theta function,

__":__u ew2r(2)
[ul, = =+ o 93 04(2) = (¢ D)oo (2; ?)oo(a/79) o5 (2.1)
(.’I: » L )oo ’
where we have used standard notation (2;¢)ec = [[520(1 — ¢’z). The symbol [a] stands for
g-integer,
l.—a,
[a] = ———x_x T (2.2)

2.1 Feigin-Odesskii algebra

Let us set parameters 0 < s < 2 and r > 1. We introduce a pair of Feigin-Odesskii algebra:

.fogand fx*g.
Definition 2.1  Let us set the symmetric function (fm o fn)(21,"** Zm4n|Wi, -+, Wmin) by

(fmofn)(zla" zm+'n,|'w1," wm+n)
= f Zg(1)s "' "1 %0 Wr1), "W
(m+ n)v)z ae%ﬂ Tg";n m(20(1)s """+ Zo(m) [ Wr(1)*** Wr(em))
xfn(za(m+1)v T a(m+n)lwr(m+1)a T aw‘r(m+n))
S
R C [ ~ Uo(y) t ] [ua(i) )t 5] .

<IT 11

i=1j=m+1

[uau) — Uo(j))r[Uo(s) — Uo() — Ur
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S S
moomtn [unm —Vr) T 5T 1L [”T(j) T Us(i) T 5 T 1]T

2 2
- il;Ilj:I;IH [vr) = vr) — Urlorgy — vr) — e (23)
Let us give the symmetric function (fm * fn)(z1 - Zmin|wi - Wmyn) by
(fm * fn)(21,++ Zmean|wr, -, Wimin)
= m aegnin T€§+n Fm(2o)s "5 Zo(m)|Wr(1)s " s Wr(m))
X fr(Zo(m+1)s - » Zo(man) [ Wr(m+1)s " s Wr(m+n))
oo [Ur(i) ~Ua() T %],_1 [“a(z‘) T V() T %]T_l
g 131 jJnIH [to(s) — to(lr-1[ta() = to(@) + Lr-1
moomAn [uo(j) — V(@) T % + 1]r_1 [Ur(j) ~ Uo(s) T % + 1] 1
i il._—:Ilj=1'r—nI+1 w7y = vr@) + Ur-1vrG) = v + 1 24
Here fi(z1,-- -, z1jw1,- -+, w;) are meromorphic function symmetric in each of varibles (21, ,21)

and (w,---,wp).

We have infinitely mny commutative family of Feigin-Odesskii algebra. Let us set theta

functions for three parameters a, v,

m m

Imalzi, ) 2Zmlwr, -+, wm) = Z(uj —vj) —V+a Z(vj —uj)—al| . (2.5)

j=1 j=1

T T

Proposition 2.2 ¥, and Y9, 3 commute with respect to the product (2.3).
Im,a©ng = Uns3° Ima- (2.6)

Let us set theta functions for parmeters o, v.

oz, s Zmlwi, - wm) = [Z(vj —uj) —v+ a} [Z(u] —v;) — a:| (2.7)
r—1 r—1

j=1 j=1

Proposition 2.3 9}, , and 9}, 5 commute with respect to the product (2.4).

Uma*Vng= U5 * Ima (2.8)

Proof of propositions are summarized in [9].



2.2 Free field realization

15

Let us set a parameter 0 < s < 2. Let us introduce bosons 8L, 5%, (m # 0) by

. mle=tml (eotmls o (i =)
1B B2 [(r=1) =J o
ol 5, (i )
Let us set P,Q by
S (2.10)

We deal with the bosonic Fock space Fik,(l, k

vacuum vector |, k).

€ Z) generated by 3%,,,(m > 0,7 = 1,2) over the

gLl k) =0 (m>0,i=1,2), (2.11)
T r—1
= 1| ./ —4/ l .
P|L, k) ( 30 = 1)l o k) |1, k), (2.12)
iy Sk )
0, k) = e( TV )ZQIO,O). (2.13)
Definition 2.4 Let us set the currents F;(z), Ej(2),(j = 1,2) by
r=1 2(r—1) 2(r—1) 1 _
F(z) = =2 e @V TF P L exp Z —n_z('B}" —-B2)"™| . (2.14)
m#0
Fy(z) = Zr:le_i\/Z(r:l)Qz—\/a(T:Jl P exp Z i(___xsmﬂrln + x—smﬂfn)z—m :, (2.15)
m#0 m
_ e VA EP g [ L s gy om)
Ei(z) = zvle z : exp ( > =Dl (8L — 82)z : (2.16)
m7#0
Ey(z) = 271t rz—rle P exp | — Z _1______[rm]z (—z*™BL + 732 )2~™ [2.17)
' m [(r — 1)m]e i ™ '
: m#0
They satisfy the following commutation relations.
Proposition 2.5
[u1 — ua)y [ug — w1l .
A RERE) = 2 RE@AE), (=12)  (219)
[ug —ug +§ — 1], B [ug —u1 + § =1,
T Fi(z1)Fa(22) = Py Fy(z2) F1(21), (2.19)
Ul — ugp— —uy)r— )
b —wlot po)Bym) = L2 g E(n), (=1,2) (220)

[’LL1 — ug + 1]7-_1
[u1 — ug — % + 1]7-_1

[wr — u2 — £]r—1 Er(21)E2(22)

[ug — w1 + 1]r—1
[ug — w1 — § +1],—1

Ez(zz)El(zl). (221)

[ug —u1 — §]r—1
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[Ei(21), Fj(22))

8i _ .
= :L.__L;:—l (8(zz2/21)Hj(z" 22) — 8(z21/22)Hj(z "22)), (3,5 =1,2). (2.22)
Here we have set
Hi(z) = e—,/r(lr——l)‘in_ rr(lr—l)P+,-(r1_1) cexp | — Z l_["i__(ﬂl _52 )2=™ | 1, (2.23)
m[(r—1m]"™ ™ R
m#0
Hy(z) — e\/r(lr—l)in\/r(lr—l)P*-ﬂrl_l) . exp Z l__ﬂ__(msmﬁl _ x—-smﬂZ )z—m 2:24)
(- )m] ”
Definition 2 Let us set the functional G by

G(fm) = f H;ﬁ;f H2 —Fy(1) Falem) F(wn) - i) (2:29)

T (e = wileluy = wi = e [vi — vj)rloj —vi = 1r
1S5<ks
= i fm(zl, °

HH[._v] ]r[vj—ui—g-%l}r‘

1=1j=1

‘,me1,"‘,wm).

We take the integration contours to be simple closed curves around the origin satisfying
[ w;], (22 w;| < |z] < |z 75w, |2°2w;], (i,7=1,2,---,m).

Let us set the functional G* by followings.

m m
dz; dw;
* = E ... E E . E
G'(fm) = ¢ l16= ¢ L i (a0 Br(am) Ban) - Exlar)
H [wi — wjlr—1luj — ui + 1po1fvi — v5)r—afv; —vi + 1)r1
1<j<kSm
m m fm(zly"‘azm wq,
HH[ui—v-—f] [v'——ui——f-i-l]
5 . J 2 r—1 J 2 r—1
=1 _7:1
We take the integration contours to be simple closed curves around the origin satisfying
letws], |22 ws| < |z5] < |lz7%wil, |2°2wy|, (5,5 =1,2,---,m).
Proposition 2.7  When the function fi(z1,- -, zi|lw1,- -+, w;) are meromorphic function sym-
metric in each of varibles (21, --,z), (w1, -+, w;), and don’t have poles at the origin z; = 0,
wj = 0, the functionals G, G* satisfy
g(fm)g(fn) = g(fm ° fn), (2.27)

g*(fm)g*(fn) = g*(fm * fn) (2'28)

(2.26)

"'1w1’7l)'
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Symmetrizing with respect to the integration variables (21, -, zm4n), (w1, ", Wmtn) of prod-

uct G(fm)G(fn), we have the above proposition. We have to choose the integration contours

symmetric with respect with integration variables. Hence, following normal orderings,

_2(r—1) (.'I:2T_2+Sw/z; x2r)oo(x2r—sw/z)oo
(z5w/2; T2 ) oo (225w /2, T2 ) o

2(r=1) (I2r—2+sz/w; I2r)oo(x2r~—sz/w)oo
2r=d) .
(@22 /w; 22 ) oo (2252 /w; 27 ) oo

F(2)Fa(w) =z

FE(w)Fk(z) ===z
we have to choose the integration contours to be simple closed curves around the origin satisfying
lzfwg|, |22 %wi| < |25] < |z7%wil, |2° " 2wil, (4,5 =1,2,---,m).

When we consider the case s — 2 or s — 0, there does not exist such a contour. Hence the
above proposition does not hold. We note that one deformation parameter 0 < s < 2 plays an
essential role in construction of commutative operators. When we take the limit s — 2, we get
popular current of the elliptic algebra Uy, (;l\g), and the free field realization of Feigin-Odesskii

algebra is open problem. In what follows, we set v = \/r(r — 1) P.

Theorem 2.8 For r > 1 we have

[G(Im,a), G(Unpg)] =0, (m,neN), (2.29)
[g*(ﬁ:n,a)’ gr (19:1,,6)] =0, (m’ ne N) (2'30)

Theorem 2.9 For 0 <r <1 we have
(G (Vm,a), G* (I 8)] =0, (m,n €N). (2.31)

Definition of Q*(i?’,’n,a) for 0 < r < 1 is given as the same manner as (4.44). See detailds in [9].
We have constructed infinitely many commutative operators G(9m a), G* (97, o), (m € N) acting
on the bosonic Fock space, which is regarded as the free field realization of commutative family
of Feigin-Odesskii algebra (2.3) and (2.4).

3 Elliptic algebra U,,(sly)

In this section we summarize some of results in [10]. In this section we fix N = 3,4,--.. We set

parameters 0 < s < N.
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3.1 Feigin-Odesskii algebra

(t)
We introduce a pair of Feigin-Odesskii algebra. We set z( ) = 2®%" and understand zj(.t+N) = zj(t).
Definition 3.1 Let us set meromorphic function (fm o fn)(z§1), Ty ﬁiln < |Z§N)a e ’z'p('r]),\Qn
symmetric in each of variables (zgl), Ny f,iln .- (z{N), cee f,ﬁ)n .
1 1 N N
(Fm© fa)(, s 2fhl o1z
01€Sm4n 02€ESm4n UNESm+n
(1) e (N)
X fm(zal(l)"”’ al(m)l | aN(l)""’ aN(m))
(1) (1) (N)
x f:’"(zm(m+1)’ T d1(m+n)| I UN("H'U’ T zUN(m+n))
(t) (t+1) _ S (t+1) (t) _ S5
Nom o min [ Yoe(i) ~ Yoesr(4) N]r [u0t+1(1) Yse(s) T 1 N]r 3.1
X HHH 4 ® ® ® @O ] (3.1)
t=1i=1j=m+1 YUse(s) ~ Yor() |, |Yoeli) ~ Yoe () ,

Here meromorphic function fl(zgl), ceey zl(l)l e |z§N), TR

1 N N
(z(l) ",Z[()),"',(Z](. )1°"1z[( ))

zl(N)) is symmetric in each of variables

Let us set meromorphic function (fm*fn)(z§1), cee ,(,Brn . |z§N), RN ,(nj\Qn

Of variables (z](,l), T azg?}-n P (Z§N)’ T '5717.\{}—)n :

) symmetric in each

(o Fa) (2D, 2 M), 20

- Y ¥ ¥

01€Sm+n 02€Sm4n ONESm4n

fm(z(l) (1) |- 2 (N) (N) )

01(1)’”" ol(m) aN(l)’“" on(m)
(1) (1) (N)
x f"(zdl(m-*-l)’ T 61(m+'ﬂ)| l GN(m+1)’ T zUN("H'n))
(t) (t+1) s t+y) @) s
Nomo i [ Uou(i) T Yoo () T N]T . [ @~ Yo) 1 N],_l -
< HIT 11 [P — 0] [ — a1 - 32)
t=1i=1j=m+1 Yor(i) ~ Yor(i) | p_q [Moe) T Yorls) _
Here meromorphic function fl(zgl), e ,zl(l)| ‘. lz{N), cee zl(N)) is symmetric in each of variables
CRE “721(1))’ ...,(ZiN),...,zl(N))‘

We have a pair of infinitely many commutative family of Feigin-Odesskii algebra. Let us set

theta function with parameters v4,---,vN and a.

m

N 1
Imal, - u® [l u) = I Z @ _u*Y i tal . (33)
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Proposition 3.2 9, y and ¥, g commute each other with respect to the product (3.1).

ﬁm,a (e] 'ﬁnﬂ = ﬁn’ﬁ o ’l9m’a. (34)
Let us set theta function with parameters vy, --,vy and a.
* 1 N (t+1 t
T D, ) = I Z( '—u)—u+al . (35)
t=1 r—1

Proposition 3.3 9., , and 9, 3 commute each other with respect to the product (3.2).
ﬁ:n,a * 1'9;,6 = ﬁ;,ﬁ * 19:71,0(‘ (36)

Proof of the above proposition is summarized in [10].

3.2 Free field realization

Let ¢; (1 £ j < N) be an orthonormal basis in R relative to the standard inner product
(eilej) = 51,]'. Let us set & = ¢; — € where € = & ijl €;. We identify ¢;4n = ¢;. Let the
weighted lattice P = Z;V=1 Z&;. Let us set aj = €5 — €41 € P. Let us introduce the bosons

Bl (m € Zs;1 < j < N) by

% — [(”" riv?]m] [(s[s;l)]m]d +n,0; (1, = ])
[ ] (r=1)m sm sgn(i—j) . . (3'7)
-—m M ILST—TL]T & 6m )y (7’ # ])
Let us set the commutation relations of Py, Q, (A, € P) by
[Pr,iQu] = (M) (3.8)

We deal with the bosonic Fock space Fix,(l,k € P) generated by 8¢, ,(m > 0,i = 1,---,N)

over the vacuum vector |/, k).

Billk) =0 (m>0,i=1,- (3.9)
Poll, k) ( (T_ 0! ) 1L, k), (3.10)
1L, k) _.( F:“I’Q’"iﬁ@*)|o,o>. (3.11)

Definition 3.4  We set the screening currents F;(z),(1 £ j < N) by

Fi(z) = &'V Qe (g(B-Diy) Vo= Pay+o
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X :exp (Z %B,jnz"m) 5 (1£5EN-1) (3.12)

m#0

Fn(z) = Ve (mzs‘Nz)‘/Z:IPE”“?—_*lz"‘/r:—lPEﬁ%
1
X :exp (Z —n—zBﬁz_m) :, (3.13)

mz#£0

We set the screening currents E;(z),(1 < j S N) by

Ej(z) = e”ivr_—TQ"j(z(?v—’—l)jz)-\/TEPaﬁﬁ

X :exp (— > %T&—{%BAZ—M) 5, 1£5EN-1) (3.14)

m#£0
En(z) = e~ V1 Qan (zzs_Nz)_\/;—l_PEN+7rr_—17 z\/:EPEI+WT:T
X :exp (-— Z lﬂ—Bﬁz‘"‘) :. (3.15)
2w —Dm)
Here we have set
Bl = (Bh -z ®m (1S5<N-1), (3.16)
BY = (z7%mgN - BL). (3.17)

Proposition 3.5 The currents Fj(z), (1 £ 7 £ N; N 2 3) satisfy the following commutation

relations.
[ul —ug — ‘ISV]TF:‘(Zl)FjH(Zz) = [uz —u+ -;,- - 1]r Fjt1(22)Fj(=1), (1=j < N),
(3.18)
[ur — uglr[ur — uz + 1, Fj(21) Fj(22) = [uz —wi]r[ue — u1 + 1]s Fj(22)Fj(21), (1S5S N),
(3.19)
Fi(z1)Fj(z2) = Fj(z2)Fi(z1), (li—j122). (3.20)

We read Fn11(z) = Fi(z). The currents Ej(z), (1 £ j £ N;N 2 3) satisfy the following

commutation relations.

[ul —ug+1-— _]i—’]r—l Ej(zl)Ej+1(22) = [’uz —u1 + _1%]1'—1 Ej+1(22)Ej(Z1), (17 N),
(3.21)
(u1 — uolp—1(ur —ug — 1]r—1E5(21)Ej(22) = [u2 —wi]r—1[ug — w1 — 1],_1Ej(22) Ej(21), (1 =3j = N),
(3.22)

Ei(21)Ej(22) = Ej(22)Ei(z1), (li—jl22). (3.23)
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We read Eny1(z) = E1(z).

Proposition 3.6 The screening currents Ej(z),Fj(z), (1 £ j £ N;N 2 3) satisfy the

following relation.
6.

[Ei(z1), Fj(22)] = #(5(9622/21)%(»’6?22) — 0(z21/22)Hj(x7"22)),(1 S 4,5 S N).
(3.24)
Here we have set
Hi(z) = 20-30%¢ Vmm 9 o (-1iy)" 7= Pei TR
1 [m] j ,—m .
: — _— : 1<;EN-1 3.2
mz£0
HN(z) — xz(N_2s)e_:7T(i_1)QaN(xzs_Nz)-1/—T(i‘—l)PEN-’-zT(:_l)z.—\/r(i-_l)P€1+2r(1]-._1)

X :exp —Zi———[ml——]—Bﬁz_m :. (3.26)

2w - m
Definition 3.7  Let us set the functional G by
N m dZ(t)
6(fm) = ¢ 1111 29 Fi(e) - Fi(D) - Fn () - En(24)
t—u 12m
(®) (®) (®) ()

[T T[], o -l - 1),
t=11<i<j<m

R (t+1) ST 17 [ _ v 8

t+ € s
IT [ =7+ 1= 5], TT [ =™+ 5],
t=1 2,5= 1,7=1
x fm(zgl),"',zﬁ)I"'lng),'”,z,(nN))- (3.27)

We take the integration contours to be simple closed curves around the origin satisfying
¥ 2D < 120 < a2 Y|, QSN -1,124,5 Sm),
|x2_'ﬁz§1)| < |z1( )I < |:E"TV“z](- )|, (14,7 <m).

Let us set the functional G* by followings.

N m d (t)
G*(fm) =7{ ]f ZJ CBy(AD) - Ey(aD) - En (V) - En (o)

t—1y 1 2miz

[ 11 ool b -]

t=115i<j<m

“ uHH s T s
H [ 1+N]r*1 H [ui Y _TV—]T——I

t=1 z,5=1 t,J=1

X
N-1
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X fm(zp),"' (1)‘ lng)""vzr(nN))' (328)
We take the integration contours to be simple closed curves around the origin satisfying

¥ ] < 120 < 2R Y], 1St N-1L154,5 S m),

22" %20 < 15V < |27 ), (1S4,5 S m).

Proposition 3.8 When the functions fz(z(l) (1) |- |z§N) ,---,zl(N)) is meromorphic
function symmetric in each of varibles (z:1 yoo t)) (1 <t £ N), and don’t have poles at
the origin z](-t) =0, 1St<N,155=1), the functzonals g, g .§ati3fy

G(fm)G(fn) = G(fm o fn), (3.29)
G*(fm)G" (fn) = G (fm * fn)- (3.30)
Symmetrizing with respect to the integration variables (z(t) cee 2 +n) product G(fm)G(fr), we

have the above proposition.
In what follows we set parameters in the theta function 9, o, 97, o 3 = /7( 1)P,,,,
(1<t N),a= Ef;l ot Pz, (ax € C). Because the relation thl ey = 0, Im.as 19m’a have

(N —1) independent parameters.
Theorem 3.9 Forr > 1 we have

[G(9m.a),G(Fnp)] =0, (m,neN), (3.31)
(G (9%0), G (955)] =0, (m,n €N). (3.32)

Theorem 3.10 For 0 < r < 1 we have
[G(Wm,a), G (D7, 5)] =0, (m,n€N). (3.33)

Definition of G*(9;,, ,) for 0 < r <1 is given as the same manner as (4.44). See detailds in [10].
We have constructed infinitely many commutative operators G(9m.a), G* (95, o), (m € N) acting
on the bosonic Fock space, which is regarded as the free field realization of commutative family

of Feigin-Odesskii algebra (3.1) and (3.2).

4 Level k generalization of U, ,(sl)

In this section we consider level k generaliztion of section 2. Main contribution is construction

of free field realization for one parameter s deformation of Level k elliptic albegra Uq,p(EE).



23

4.1 Feigin-Odesskii algebra

Let us set parameters r,k € R such that r > 0,7 — k > 0. It’s not difficult to give Level k
generalization of Feigin-Odesskii algebra: fog and f xg.

Definition 4.1 Let us set the symmetric function (fm o fn)(21, ) 2mtn|Wi, -+, Wmin) by
the same relation (2.3).

Let us set the symmetric function (fom* fn)(21°** Zmtn|Wi -+ - Wman) by modification of (2.4).

(fm *fn)(zla" Zm+n|'w17' wm+n)

xfn(za(m+1)v **y Zo(m4n) |w‘r(m+1)a ce ,wT(m+n))
) S S
R e R e I

<11 11

gy e T “a(j)]r~k[uo(j) ~ Ug(i) + Ur—k
s
m m+n [ ’U-;-(q,) + 1 [v‘r(g) uo(z) — 1]
< 11 11 2 ]’"_k 2 Jrok (4.1)
i=1j=m+1 T(j) — V@) + l]T*k[UT(j) — Vr(s) T 1]r—k
Here fi(z1,- -, zilw1, - -, w;) are meromorphic function symmetric in each of varibles (21, -, z1)

and (w1, -, w).

We have infinitely many commutative solutions 9., o and 9y, , with respect with product fog
and f *g. The solutions ¥, o(21, -, zm) for product o is given as the same as (2.5). Let us set

the theta function ¥}, , with parmeters o, v.
m m .
(21, zmlwr, ,wm) = | D (v —w) —v+a D (uj—vj) - . (4.2)
j=1 r—k LI=1 r—k

Proposition 4.2 9, 4iphe and ¥, 3 commaute with respect to the product (4.1).

Ima*Ing =UIng*UVma- (4.3)

4.2 TFree field realization

In this section we give one parameter deformation of Wakimoto realization of elliptic algebra
Uq,p(;l\z) [2, 3]. Let us set deformation parameter 0 < s < 2. Let us set the bosons odn, &, (G =

1,2;m € Zs),

[O!Jm, a_zl] 1 [2m][7'm] ]6m+n,0y (J — 1, 2), (44)

T m[km][(r — k)m
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ey L (O em) — [(s = 2m]) | aFm(lsm) + (s = 2)m])

[ m? n] - m( [(’r‘— ) ] [km] ) m+n,0, (4.5)
[ajr.na 5!%] —;11' [217;]]65:] [;,:L;m] 6m+n,0, (.7 =1, 2)1 (4.6)
52 1 (™™ (=[sm] +[(s = 2)m]))  z*"([sm] + (s — 2)m])

[ m? n] m ( [rm] + [km] )6m+n,0’ (47)
{ m) 'n] = __{im%ém-f-n()a (.7 = 1)2)a (4.8)
lak,, &2] —;—[Sm] +[,[c(;]— LCPEN (4.9)
(G, 0n] = %[sm] +[,[c(;]— ™ 5 imo- (4.10)

We set the bosons 8,, v, (j =1,2;m € Z4o),

o0 = BrlkrDml, =1, (@11)
oL, = - [(k + 2)m]([srzl+ [(s = 2)m])5m+n’0’ (4.12)
VM) = %Hémﬁ-n,m (=1,2), (4.13)
(Yo 72 = ,;[ H[,[c(;]_ D g i (4.14)

We set the zero-mode operators Py, Qo, h, a and hg, h1, h2, ag, a1, az,

[POsiQO] =1, [h7a] =2, (4.15)
(ho, ao] = [h1, a2] = [he,a1] = (2 — ), [h1,a1] = [h2,a2] = 0. (4.16)

We set the Fock space Fk,1, (K,L € Z).

]:K,L = @ C[a]—m, &ims ﬂ]—m7 'YJ—-m7 (.7 = 1:2’m € N§é0)] ® IK! L)’n,no,n1,’n21
n,ng,n1,n2€Z
(4.17)
L /s —K\ 5 )@
| K, LYnno,nine = 6( e i ) ® " ® €M% @ MM @ 2. (4.18)
Upon specialization s — 2, simplification occures.
-1 _ [(r = k)m] ~ [(r — k)m]
agn = —arlna a':rln = —[,’_W_a:.na a?n = __—[T—TIT—am, (419)
ﬂ?n = —ﬂ}n, '7r2n = —fy}n, ho=hi=hy=ay=a; =az =0. (420)

The bosons al,, B},7}, are the same bosons which were introduced to construct the elliptic

current associated with the elliptic algebra Uq,p(s/l\g) (2, 3, 4]. In order to construct infinitly many
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commutative operators, we introduce one prameter s deformation of the bosons in [2, 3, 4]. We

introduce the operators C;(z), C’JT (2), ( = 1,2) acting on the Fock space F k.

_ 2r : _ 2r
Ci(z) = e V KRy 190 o~V KGRy F0108% exp | — Z alz7™| (4.21)
m7#0
2r . 27
Ca(z) = €V Ror—R ' Q0 o\ Br—my POl oy [ Z aZz™| (4.22)
m5#0
[2(r—k) . 2(r—k) _— »
C’I(z) = eV TR QogV T Fologz ., oyp Z alz"m| (4.23)

m#0

(r—k). 2(r—k
Clz) = eV Qo g~/ Z Polog 1 exp Z azzm|:. (4.24)

m#0

We set the operators W, 1(2), ¥, r1(2), \fl},l(z), \fl;’n(z), (7 = 1,2) acting on the Fock space F; k.

U, 1(2)

U, 11(2)

.71

\I,;,Il(z)

exp ( (z —z~ ) (4.25)
m>0
exp ( Z g;__z‘ _mzm> exp (_— Z x%mwifygnz_m) , (.7 = 1’2),
m>0 m>0 [m]+
exp ((a: —zh Z [ ] ) (4.26)
m>0 m
oo (- 3 10 ;r 1] et by ) exp (- 305 G =1
m>0 m m>0
exp ((a: -z ) (4.27)
m>0
km _km |[(k+1)m i —m .
p(Z )exp(Zw R ) (=12,
m>0 m>0 +
exp ( (x —z~ ) (4.28)
m>0
k+1)m km s .
o5 iy oo (5. o
m>0 mi+ m>0
We set the operators ¥; 1(z), ¥; 11(2), \II;.’I (2), \Il;.’”(z), (7 = 1, 2) acting on the Fock space F; k.
Uy (z) = Ell,](z)ea+“°+alm%+h°+hlz_%, (4.29)
‘1’1,11(2) — {Iv,l’H(z)ea+ao+a1I—%+ho—h z_%, (4.30)

U 1(2) = Ugp(z)e o—o0tezg=gthotha i (4.31)
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Worr(z) = Uy 11(z)e a0t gy tho—ha (4.32)
wl(2) = B! | (2)emomotagz—ho—hi (4.33)
‘I’I,H(Z) = ‘T’{,u(z)e_a—awrm$—%_h°+h1z%, (4.34)
U} ,(2) = T} (a)eatoororg=3—hoha,—g (4.35)
‘IJ;’”(z) = ‘i;,ll(z)ea+ao+a2$%_h°+h22_%. (4.36)

Definition 4.3  We set the operators E;(z), F;(z), (7 = 1,2), which can be regarded as one

parameter deformation of the level k elliptic currents associated with the elliptic algebra Uq,p(.;l;)

[, 4].
Ej(2) = Cj(2)¥;(2), Fi(2) =Cl(2)¥}(2), (i=1,2), (4.37)

where we have set

1
z—zx1

(@ ,(2) = U (2), (G =1,2).(4.38)

¥;(z) = p

(Z,1(2) — ¥,11(2)), ¥l(z) =

Proposition 4.4  The elliptic currents Ej(z), (j = 1,2) satisfy the following commutation

relations.

(w1 — uglr—k[ur — u2 — 1),k Ej(21) E;(22)

= [ug —w]r—kfua — v1 — 1k Ej(22) Ej(21), (j =1,2), (4.39)
[ul — usg + %]r—k [ul — ug — g + 1] ok El(z1)E2(z2)
= [u2 —u; + %] ok [ug —u; — -;— + 1] ok Es(z2) Er(21). (4.40)

The elliptic currents F;(z), (j = 1,2) satisfy the following commutation relations.

[ur — uolr[u1 — ug + 1], Fj(21) Fj(22)

= [ug — ul]r[UQ —u + 1]TF3(Z2)F_‘7'(21), (] = 1,2), (441)
[ul — Ug — ;—]r [ul —ug + % — 1]TF1(21)F2(22)
= [uz —u; — g]r [u2 —uy + —;— - 1]1- Fg(Zz)Fl(zl). (4.42)

The currents E;(z) and F;(z) satisfy

(—1)(s~2) k2
[Ej(21), Fj(z2)] = — (: Cj(21)0}(22)‘I/j,[(21)\11},](z2) ) ( 212) (4.43)

r—T

z~kz
_ Cj(zl)C;(zg)lllj,”(zl)‘Il;’”(zg) ) ( o 2)) : (] = 1,2).

Here we have used the delta-function 6(z) = 7 2".
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The definition of the functional G(f,,) is given as the same as (2.3).

Definition 4.5  Let us set the functional G* by followings.

G*(fm) = }'{H 2(71rzz‘ij ]{H o El(Zl) - Er(2m) B2 (w1) - - - Ez(wm) (4.44)
j=1
H (i — ujlr1fuj — wi + Ur—glvi — vjlr—1[vj — vi + 1]r—k
15j<kgm st fm(zla"',zm wl,"',wm)-
S
Fifi o2l b3,

We take the integration contours to be simple closed curves around the origin satisfying
Iz(t)!_—:l (t=1a27]=1a2,,m)

Proposition 4.6  When the function fi(z1,-- -, zj|lwi, -, w;) are meromorphic function sym-
metric in each of varibles (z1,---,z), (w1, -, w;), and don’t have poles at the origin z; = 0,

w; = 0, the functionals G, G* satisfy

G(fm)G(fn) = G(fm © fn), (4.45)
G (fm)G"(fn) = G*(fm * fn). (4.46)

In what follows we set parameters v = 4/ -2T(Tk—_k)Po + %h in theta function ¥m o, 97, 4
Theorem 4.7 Forr >0 andr — k > 0, we have

[G(Wm,a),G(Inp)] =0, (m,ne€N), (4.47)
[G* (U 0), G (I 5)] =0, (m,n €N). (4.48)

We have constructed infinitely many commutative operators G(9m,a), G*(9, »), (m € N) acting
on the bosonic Fock space, which is regarded as the free field realization of commutative family
of Feigin-Odesskii algebra (2.3) and (4.1).

5 Level k generalization of U, ,(sly)

In this section we report some results for Level k£ generalization of section 3, which are now in

progress. Main result is free field realization of Level k elliptic algebra Uq,p(s/l;).
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5.1 Feigin-Odesskii algebra

We introduce a pair of Feigin-Odesskii algebra.

Definition 5.1 Let us set meromorphic function (fm*fn)(zgl), cen z,(,ﬂnl e lziN), cee ,(n]\:_)n
symmetric in each of variables (z(l) R 4 ,(,ﬂn ,e (z{N), e ,z,(nAQn .
1 1 N N
o x )2, 2l - 1A, 2l
01€Sm+n U2€Sm+n UNGSm+n
(1) (1) (N) (N)
X fm(zol(l)y Tt ,zal(m)' T lzaN(l), T aN(m))
(1) o) (N) V)
X fn(za1(m+1)’“. ) ol(m-’-‘n)l I aN(m+1)"“ ) UN('ITL-H‘L))
t) (¢+1) S (t+1) u® S
y ﬁﬁ ”f_In [ Uge(i) ~ Yors1(9) + N]r—k [udt+1(i) Yoe(4) -1+ N]r k (5.1)
1L [u(t) _® ] [ (t) «8 41 )
t=1i=1j=m+1 ot(4) ot | g LLoeG) ~ Yoe(d) r—k
Here meromorphic function fl(z(l), , zl(1)| ‘.- |z§N), cee zl(N)) is symmetric in each of variables

(Z(l) . zl(l))’ (z(N) ez (N))
The product o is given by the same as (3.1). Let us set theta function with parameters v1,---,vn
and a.

Il u@ L uf™ ) H Du““’ W) -um+al . (52)

t=1 |Jj= r—k

Proposition 5.2 ¥,,, and 9, commute each other with respect to the product (5.1).

ﬁ:n,a * ‘9:1,[3 = ‘9;,[3 * ﬂ:n,a’ (5.3)

5.2 Free field realization

In this section we give free field realization of Level k elliptic algebra Uq,p(s/l;). The author

would like to emphasize that the free field realization of Level k is completely different from

those of Level 1. We introduce free bosons a4, (1 £ i S N — 1;n € Zy), bﬁ{j,(l fi<j<s

N;n € Zyyp), cf{j,(l < i< j £ N;n € Zy), and the zero-mode operators a*, (1 £ i < N — 1),

b, (1£i<jE<N), 7 (1Zi<ji<N).

(bt MASTL 5 s ] = (k& N)Aus, (5.4)
[n]?

(b7, bk = - i k05100 4m0, [Dp7 ,qb = —8; k0, (5.5)

@k, af] = .

n
[chd,ckl) = [73 i k0j10ntm0,  [PE7, g = 6i k. (5.6)
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Here the matrix (A;;)1<; j<ny_1 represents the Cartan matrix of classical sly. For parameters

G €ER(1ISISN-1),b,; eR(1Zi<jSN)cg;eR (12i<j=N), weset the vacuum

vector |a, b, c) of the Fock space F, . as following.

a®la, b, c) =bZ;k'a,b,c) =cd*la,bc)=0, n>01Zi<N-11<j<k<N),

pfz|a, b’ C) = aila’ b7 C), pi,kla’ b7 C) = j,kla’ b, C)a pg’kla’ bv C) = cj,k‘a: b7 C);
(1Si<SN-1;1<j<k<N).

The Fock space F, . is generated by bosons a®,,, bﬁ’;, c’_'fl for n € Ng. The dual Fock space

"k
a,b,c

current for Uq,p(s/l;) by these bosons ai, bi* I acting on the Fock space.

Let us set the bosonic operators a, (2),a'(z), (1 £ i £ N — 1), b5 (2),b%7(2), ¢ (2),(1 < i <

j S N)by
di(2) = £(g—q ")) al,z™" +pilogg,
n>0
b (2) = *(g—q ")) b £p; logg,
n>0
; k4N
i) = -5l —n
a'(2) Z[(k—f—N)n] z +k+N
¥i(z) = — Z E)—éiz "4 qi'j +pi’jlogz
[n] b ’
n#0
) = T s
n#0

(g% + pilogz),

is defined as the same manner. In this paper we construct the elliptic analogue of Drinfeld

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

Let us set the auxiliary operators ’yi’j(z), ﬂi’j (2), ﬂé’j (2), ,Bg’j (2), ,BZ’j (2, 1£i<j<N)by

) = =3 I on (g9 4 gi9) 4 o+ i),
n#O
BY(z) = bY(2) - <b"’f + ) (qz), B30 (2) = b2 (2) — (b + ) (g7 2),

Bl(2) = b (2)+ (Y + )7 %), By (2) = 87 (2) + (57 + ¢)(q2).

We give a free field realization of Drinfeld current for Uq(;l;).

Definition 5.1 Let us set the bosonic operators E¥%(z),(1<i < N —1) by

)

Eti(z) = (q—__Tl_f); Z_: Ef*(2),

E™(2) = —1)z Z E;(2),

(qq

(5.12)

(5.13)
(5.14)

(5.15)

(5.16)
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where we have set

E;%(2)

E'(2)

E; ()

i

. . . . k+ N . .
i, j . j 1,j+1 ] ] N , 1, -
L e1ITHEEHIR) (05T Mz By ™ (qkﬂz))ea;(q—‘i—z)+zt=j+1(b; (¢F+2) b (gFH " 12)) |
. *y

E}'(z) = P GO T o B ’+1(qj‘12))62{;3(61‘"“(q"‘z)—bﬂ;i(q‘Z)) ) (5.17)

67j,i+1 (q—+3) 2) (e_giv"(q—(k+j)z) _ e_ﬁg-i(q—(k+j)z))

. . . . k4+ N . .
62:=]~+1<b'_"+‘<q-<'°+'-1>z)—b’_"(q-('°+’>z))+a*_(q‘—5—z)+z,’ii+1(b2‘(q-<k+‘>z)—b‘_+"‘(q-<'°+’~1>z>) i
9

for 1<;<:-1, (5.18)
L a2l (a7 T T 08 (g R )b g (D))
it (i) el (¢ )T 03 (gFH )b g 1) (5.19)

for i+1<j;SN-1. (5.20)

Let us set the bosonic operators z/)z?t(z), (1£:SN-1) by

i j i - j i ; i kiN i,7 ; i+1,5 i
Vi (g5 ) =1 eZim BT @8, (qE*+92)) +al (57 DI 40 (B (@D 2) b5 (@EEHD2) (5 o1

Let us set

hi _Z(p;*’“ P + ok + Z (oo — pitt). (5.22)

j=t+1

Let us introduce the auxiliary operators B;j g (z),Bf;:j (2), 1£i<j<N)by

Bi7(z) = exp (iz [r}n] bi_’j;t(qr'_lz)") , (5.23)

BY(z) = exp (:tz —bhi( "T‘Hz)_") . (5.24)

Let us introduce the auxiliary operators A*(z), A*(z), (1 £:¢< N —1) by

A*(z) = exp (Z

n>0

Al(z) = exp (-Z[:n] al(qg™" z)—">. (5.26)
n>0

1 z r* A"
[T*n]a’-n(q Z) )7 (525)

Definition 5.2 We define the dressing operators U*(2),U%(2),(1 < i < N —1).

U*i (Z)

i—1
H Bf'i+1 (¢*>~7 z)Bij’i Caxk) (5.27)
j=1
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N
.. . *i.d o %04 . i . ) i k—N
x BYHU@P B g ) | ] B (e )BT () | AT 7 2),
J=i+2

1—1
Ul(z) = ( BJ’_”'“(q”fz)BZf(q“fz)) (5.28)
1

J=

j=i+2

N
X BUHL(g i) gt gis) H Bi_,j(qjlz)lgfl’j(quz)) Ai(q%;N 2).

Definition 5.3  We define the elliptic deformation of Drinfeld current E;(2), Fi(z), HE(2), (1 <
@ g N - 1)7 by

P—1

Ei(z) = U*(2) EY(2)e?Qiz" 7%, (5.29)
Fi(z) = E-H(2)U (2)2 5 (5.30)
Hf (2) = U™ (g5 2)uit (2)U (g7 5 )2 q M (g0 8)2) ™ =T, (5.31)
H{ (2) = U*i(g~ 5 2)u; (2)U' (g8 2)e2@ighs (D) z) 5= T (5.32)

Theorem 5.3  The bosonic operators Ei(z),F;(z),Hii(z), (1 £ 4,j £ N — 1) satisfy the

following commutation relations.

[ur — ug — ATi,j']T_kEi(Zl)Ej(Zg) = [ug —u2 + A;’j]r_kEj(zz)Ei(zl), (5.33)
[ur —uz + A;'j]rFi(zl)P}(z2) = [ur —ug — A;’j]er(@)Fi(%), (5.34)

(2 (20)] = 2% ~kZL\ (a5, - k21 -
[Bi(21), B3 (22)] = 21y, 7 (5 (q z2> Hf(¢2z1) - (q 22) H (q 2)). (5.35)

We have constructed the free field realization of the elliptic algebra U, ,, (m) for Level k # 0, —N.
In order to construct free field realiztion of a pair of Feigin-Odesskii algebra (3.1) and (5.1), we

have to solve the following problem.

Problem (1) Construct the free field realization of the currents En(z) and Fx(z), which satisfy
the relations (5.33), (5.34) and (5.35) which are valid for all 1 < 4,5 £ N. (2) Construct one
parameter s deformation of the free field realiztion of E;(z), F;(2), (1 £ j < N).

After finishing the above problem, it is not difficult to construct the free field realization G and

G* of a pair of Feigin-Odesskii algebra (3.1) and (5.1).
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