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We analyze a mathematical model of the population dynamics among a mimic, corresponding model,
and their predator populations. The predator changes its search-and-attack probability by forming
and losing its search image. The predator cannot distinguish the mimic from the model, so that each
predator searches and attacks them with common probability. Once a predator predates a model
individual, it comes to omit both the model and the mimic species from its diet menu, and then
not to search nor attack them in the same day. If a predator predates a mimic individual, it comes
to increase the search-and-attack probability for both model and mimic. The predator may lose
the repulsive/attractive search image with a probability per day. Analyzing our model, we can find
the condition for the persistence of model and mimic populations, and then get the result that the
condition for the persistence of model population does not depend on the mimic population size,
while the condition for the persistence of mimic population does depend on the the predator’s ability
of the repulsive search image formation.
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1 Introduction

In this work, we analyze a mathematical model of the population dynamics among a mimic, corresponding
model, and their predator populations. The predator changes its search-and-attack probability by forming
and losing its search image. We analyze a mathematical model consisting of the daily population dynamics
with ordinary differential equations, the seasonal population dynamics with difference equations, and the
annual population dynamics with difference equations.

The predator cannot distinguish the mimic from the model, so that each predator searches and attacks
them with common probability. Once a predator predates a model individual, it comes to omit both the
model and the mimic species from its diet menu, and then not to search nor attack them in the same
day. If a predator predates a mimic individual, it comes to increase the search and attack probability for
the model and the mimic. The predator population size is assumed to be kept constant, independently
of the model and the mimic population sizes. The frequency of predators with higher search-and-attack
probability and that with zero search-and-attack probability decreases by a rate between the subsequent
days, because of the predator’s losing the search image. Analyzing our model system, we can get the result
such that the condition for the persistence of model population does not depend on the mimic population
size, while the condition for the persistence of mimic population does depend on the predator’s ability of
the search image formation.
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Figure 1: Multi time-scale structure of population dynamics in our model.
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Figure 2: Pradator’s state transition due to predating the model or the mimic prey.

2 Model

We analyze a mathematical model consisting of the daily population dynamics with ordinary differential
equations, the seasonal population dynamics with difference equations, and the annual population dy-
namics with difference equations (see Fig. 1). Each predation season is composed with the daily dynamics
repeated day by day in T days.

The predator population size is assumed to be kept constant, given by P, independently of the model
and the mimic population sizes. This means such an assumption that the predator is a generalist and has
some other preys to keep the stationary population size, so that it can survive and sustain its population
even if the model and the mimic population go extinct.

The reproductions of model, mimic, and predator species is assumed to occur between the subsequent
predation seasons. In other words, there is no reproduction of model, mimic or predator within the pre-
dation season, so that the model and the mimic populations monotonically decrease due to the predation
during the predation season.



Daily dynamics

The predator cannot distinguish the mimic from the model, so that each predator searches and attacks
them with common probability. Once a predator predates a model individual, it comes to omit both the
model and the mimic species from its diet menu, and then not to search nor attack them in the same
day. If a predator predates a mimic individual, it comes to increase the search-and-attack probability for
both the model and the mimic (see Fig. 2).

At the predation period in the k th day of predation season, the predator subpopulation without
any search image for the model/mimic prey is now given by PP(t) (k = 1,2,...,T), at time ¢ after
the beginning of the predation period (¢ = 0). In the same way, the predator subpopulation with
higher search-and-attack probability after predating a mimic prey is given by P (t), and that with
zero probability after predating a model prey by P. (t). From the assumption of a constant predator
population size,

PAt)+PHt)+ P (t)y=P

for any t € [0, 7], where T is the length of predation period in which the daily dynamics undergoes in
each day. The model and the mimic population sizes at time t € [0, 7] in the daily dynamics are given
by mp(t) and zx(t).

In our model, the daily dynamics is governed by the following ordinary differential equations:

% = —FYPY(t) - Fi Pt (1),

d’”;t(t) = ~FQPY(t) — F{ Pt (t);

P _pepo() - PP @
‘iﬁy — FOPO(t) — F P (2);

P8~ mypow + FiPEO),

where FY} is the predation rate for the model per unit population size of PP(t) at time ¢, and the others
are defined as well, which are now given by

F = pk(t) -bo{mi(t) + zx(t)};  Frf = m(?) - %{mk(t) +zi(t)};
FR = xi(t) - bo{mx(t) + zx()}; FY = xa(t) - g%{mk(t) +zx (1)}

with

Tk (t)
my(t) + zx(t) )

Mg (t)

m; xk(t) =

ui(t) =
Parameter bo is the predation coefficient of the predator which does not experience the predation of the
model and the mimic preys. The contact rate of a predator with preys is assumed to be proportional to
the sum of model and mimic populations, m(t) + zx(t). Parameter c* is positive and less than 1, which
gives the increase of predation rate by the creation of search image due to the predation of the mimic
prey.
Making use of the following non-dimensionalizing parameter transformation:

P LA P ()
P

bot — t; bor — 7; o) 5 - el () 5= (),
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the system (1) becomes

dm(t) =—P{p (t)+”"“}mk(t),

dt

20— e+ 20} aup

O _ _ (1) + 2} 20 @)
4

PO _ 9 ()u(t) - B, o)
- +(4

Now p, p: and p; respectively mean the frequency of predators according to the state characterized by
the search-and-attack probability, satisfying that

) +pE(t)+p5(t) =1

for any t € [0, 7).

Seasonal dynamics

The model and the mimic population sizes at the end of k th predation period in the predation season
are given by my(r) and zx(7). They give the initial population sizes in the subsequent predation period
of the next day: (mg+1(0), Tk+1(0)) = (mi(7), zx(7)). We ignore the death rate due to any other reasons
except for the predation in every day of the predation season.

As for the frequencies in the predator population, we introduce the probability of losing the search
image, say, the forgetting probability. The predator loses its search image with a probability between the
end of a predation period and the beginning of the subsequent predation period. The predator with the
higher search-and-attack probability loses it with probability 1 — 0%, where o+ means the probability to
keep the attractive search image (0 < ¢+ < 1). The predator with the lower search-and-attack probability
loses it with probability 1 — 0~ (0 < ¢~ < 1). So the parameter ¢~ means the probability to keep the
repulsive search image. Therefore, we assume the relation between the predator frequencies at the end
of k th predation period and those at the beginning of k + 1 th one as follows:

Ppa(0) =pR(r)+ (1 —-o*)p} (T) + (1 =07 )px (7);
Plt+1(0) = ¢7+Pk (7); (3)
Pi1(0) = o7p (7).

Hence, if the model and the mimic populations do not exist or goes extinct, the frequency p® asymptoti-
cally approaches 1 day by day in a geometric manner. These boundary conditions for the model/mimic
populations and the predator frequencies govern their seasonal dynamics through each predation season
of T days.

Annual dynamics

Let us consider the n th predation season. The initial population sizes of model and mimic are given by
m,(0) and z,(0) from the definitions for the daily dynamics. These initial population sizes simultaneously
define the initial population sizes for the n th predation season, now rewritten by M, o (= m;(0)) and
Xn,0 (= 21(0)).

In our model, the reproduction of the model and the mimic populations is given by what is called
Beverton-Holt model. Since the reproduction season is now assumed to be between subsequent pre-
dation seasons, their population sizes (mr(7),zr(7)) at the end of n th predation season determine
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(Mn41,0, Xn41,0) = (m1(0),21(0)) at the beginning of n + 1 th predation season:

M _ _mvmr(r)

n+1,0 1+ﬁMmT(T), (4)
X _ _rxzr(r)

n+1,0 1+ﬂxxT(T)l

where r\y and rx are respectively the intrinsic growth rate, By and Bx the density effect coefficient.

In our model, we assume that the predator completely loses the search image in the period between
subsequent predation seasons. Thus the initial condition for the predator’s frequencies according to the
state of search-and-attack probability is given by

2(0), p{ (0), 27 (0)) = (1,0,0),

on the first day of any predation season, independently of their values at the end of previous season.

3 Analysis

Daily dynamics

From (2), we can easily find that d(logm;)/dt = d(log zx)/dt for any t € [0, 7]. This means that the ratio
zk(t)/m(t) is constant independently of ¢, so that zx(t)/m(t) = zk(0)/m(0) for any ¢ € [0, 7] and any
k=1,2,...,T. Moreover, from the boundary condition (mg4+1(0),zk+1(0)) = (mi(7), zk(7)), we lastly
have

zk(t) _ xx(0) _ o 1 (0)

zlt) =) _, =0 5)

me()  mi(0) my(0)
for any t € [0,7] and any k = 1,2,...,T in the n th predation season. We remark that, from the
definition, z;(0)/m1(0) = My, 0/Xn 0, the ratio at the beginning of the first predation period in the n th
predation season. Furthermore, from (2), we can find that d(my + py, P)/dt = 0 for any t € [0, 7], too.
Thus, we have -

mi(t) = me(0) — {p (t) — pi (0)}P (6)

for any ¢ € [0, 7).

Now, from (2), since dmy /dt < O for any p) > 0, p} > 0 and my > 0, my(t) is monotonically decreasing
in terms of t > 0. On the other hand, my(t) = 0 is a specific solution for the first differential equation
of (2). Thus, because of the uniqueness of solution, my(t) with any positive initial value m(0) > 0 is
bounded from below. Therefore, tl_l“r& my(t) = mf > 0 exists. From (2) with the trivial boundedness

such that p~ < 1, making use of the analogous arguments, we find that tlim Pg (1) = pi " > 0 exists, too.
—00
Lastly, this means that Jim pi(t)=pi* > 0and Jim pe(t) = pd* > 0 exist at the same time.
—00 L—00

If m};, > 0, then, from (2), it is necessary that p)* = p{* = 0 so that p;* = 1. In this case, from (6),
my = mg(0) — {1 —pj (0)} P, which is valid when and only when m;(0) > {1 —p; (0)}P. In contrast, from
(6), if mj, = 0, then p;* = p; (0) + mx(0)/P which is valid when and only when py (0) + mx(0)/P < 1,
that is, m(0) < {1 — p; (0)}P. In this case, from (5), t1_1'1{’10 zk(t) = zx = 0 as well.

With these arguments, now we have the following result:

In the daily dynamics given by (2), the system asymptotically approaches the equilibrium state
given by

Eo(0,0,p0",p¢*,px ") of mk(0) < {1 - pj (0)} P;
0 + - .
(bl pelthpi Q.28 () **w{ Eulmiy i, 0,01) i ma(@)> (1 - @)

for k> 1.
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Equilibrium state approximation

Now, we introduce an approximation for the state at the end of predation period. Let us assume that the
state (mx(t), zk(t), p2(t), P} (t), Pk (t)) approaches the equilibrium state given by (7) suﬁicnently fast. In
other words, we assume that the state at the end of predation period (my(7), zk(7), P2(7), 5¥ (1), P; (7))
is sufficiently near the equilibrium state given by (7). Thus, as an approximation, we hereafter use the
equilibrium state given by (7) as the state at the end of predation period.

With this approximation, we reset up the relation between the predator frequencies at the end of k
th predation period and those at the beginning of k + 1 th one as follows (k > 1):

P (0) = lim {pp(t) + (1 - o")p{ (1) + (1 - 07 ) (O);
pia(0) = lim {o*pi (1)} (8)
i1 (0) = lim {o7pi (1)},

instead of (3).

From (7) and (8), as far as the mimic population persists and the system asymptotically approaches
the equilibrium state E, in the k th predation period, we have

(p2+l(0)lp:+1 (0),P,:+1(0)) = (1 - 0'—,0, 0‘_).

In contrast, once the mimic population goes extinct in the k th predation period with the equilibrium
state Eg in (7), which could be regarded as the consequence of predator’s overgrazing, we have

B0 =pi+(1—o)pi* +(1-07)p; "
pt+l(0) = a"’p;:"

P (0) =o07p;".

Subsequently, since the mimic and the model populations have gone extinct, the system (2) gives no
change of the predator frequencies in the subsequent predation period. Thus, we have

P =P+ (=t + (1o )"

+x e
Pry1 =0 P s
— % e
Pry1 =0 Py -

Therefore, the predator frequencies geometrically approach (1,0, 0) day by day after the extinction of the
mimic and the model populations, because of the predator’s losing the search image.

Now, suppose that the mimic population persists till the k th predation period. Then, from the above
arguments, we have (p2(0), pf (0),p; (0)) = (1 —¢~,0,07) for k > 1. Further, from (2) and (5), we find
that

d [pnn]z Un 1

apd@) [y~ T+ u, Q@)

where ay := 1/{c*(1 + u,)}. Hence, we can obtain the following relation between p}(t) and p} (t) in the
k th predation period:

PR(t)
x(0)

1 0N el
n+u*”[ {éw} } Mo #1.

Making use of this equation with pf (t) = 1 — pj (t) — p}(t) and pi* = 1 — p* — p)*, we can easily prove
that the equilibrium state Ep in (7) uniquely exists with 0 < p)* < 1,0 < pf* <land 0< p," <L

(1 =cH)p(t) log ) if oy = 1;

i (t) =

From these arguments and (7), we can get the following result:
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Figure 3: A numerical example of the seasonal dynamics governed by (2) with the equilibrium state approximation
(8). Solid curves show the daily dynamics, and dashed curves do the interval between subsequent predation
periods. (a) (m1(0),71(0)) = (52.4469, 26.2234); (b) (m1(0),z1(0)) = (26.2234,13.1117). Commonly, T = 50,
T =20,c" =01, 6% =05, 0~ = 0.1, P = 1.0, m, = 45.1. The mimic and the model populations persist
through the predation season in (a), while they go extinct on a day of it in (b).

The mimic and the model populations persist in the k th predation period if and only if my 0) >
(1 =07)P for k > 1 and my(0) > P. Then, (p3*,p}",p;") = (0,0,1) and m} = my(0) -
(I =07)P. fork > 1 and m{ = my(0) — P. If and only if mg(0) < (1 — 0~ )P for some
k > 1 or mi(0) < P, the mimic and the model populations go extinct in the k th or the first
predation period, and then the system approaches the equilibrium state Ey with 0 < Y <1,
0<pf*<1land0<p;* <1,

As for a special case without the model population, when the system contains the mimic and the
predator, we can easily shown that the mimic population goes extinct on the first day of predation season
with the equilibrium state approrimation without the model population .

Seasonal dynamics

Let us consider the case that the mimic and the model populations persist till the k th predation period
(k > 1). Then, from the above arguments with the equilibrium state approximation, we have the following
daily recurrence relation about the initial model population size:

m;+1(0) = m;(0) — {1 — p; (0)}P 9)
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for j = 1,2,...,k — 1. Since py(0) = 0 and p; (0) = o~ for j > 1, this recurrence relation gives the
following general form of m;(0):

m;(0) = m(0)-{1+(G-2)(1-07)}P forj=2,3,...,k (10)

As a consequence, since the necessary and sufficient condition that the mimic and the model populations
persist in the T th predation period (= the last predation period in the predation season) is given by
mz(0) > (1—0~)P from the result in the previous section, we have the following result about the seasonal
dynamics:

The mimic and the model populations persist through the n th predation season if and only if
my(0) = Mpo>mc:={1+(T-1)(1~-07)}P. (11)

Otherwise, the mimic and the model populations simultaneously go extinct in the k. th day of
the n th predation season, where the day k. the extinction occurs is determined by

M, o/P -1

ke = min{j| j 2 —3¥——+1,1<j <T}. (12)

In the case that the mimic and the model populations persist through the n th predation season, the
mimic population size m} at the end of the predation season is given by

my = mp(0) - (1-0")P=my(0) - {1+ (T -1)(1-0")}P
= Mﬂ,o - Me. (13)

As a consequence, the extinction of only one of mimic and model never occurs in the seasonal dynamics
of our model with the equilibrium state approximation, while it is likely that both of them go extinct in it.
A numerical example of the seasonal dynamics governed by (2) with the equilibrium state approximation
(8) is given in Fig. 3.

Annual dynamics

From (4) with the equilibrium state approximation (8), the model and the mimic populations at the
beginning of n + 1 th predation season, My 41,0 and X410, are now given by the following reproduction
functions:

M. _ T™MMp

n+1,0 = 1 +ﬂMm»}v’
'rx:l:} (14)

Xn410 = m,

where

z1(0) i = Xn,0
m1(0)

*

mr
Mn,O

Tp = UpMp =

from (5). Then, from (7), (11), (13) and (14), we have the following difference equations to determine
the annual dynamics in terms of the model and the mimic population sizes at the beginning of predation
season:

r™[Mpo—mc|s
1+ ﬂm[ﬂrfn,o - m,_.].,.’

— "'X{Mn,o - ‘mc]+Xn,0
Mu,O + ﬁX[Mn,O - mc]+xu.0 ’

Mpya0
(15)

Xn.+1,0

where the symbol | |, is defined by

(2] z forz>0
Ty =
* 0 forz<O.



We note that the annual dynamics of model population is independent of that of mimic population, while
the latter depends on the former.

Analyzing the first equation of (15), we can obtain the following result about the persistence of model
population:

If and only if the following conditions are satisfied, the model population persists in any
predation season, and Mpo — M* =m .+ Ay = (rm — 1 —m./A4+)/Pm asn — oo:

™ 2 (1 + \/ﬂMmc)z; (16)
Mo 2 me+Ao=(rm—1-mc/A)/Bu, (17)

where

r=pr [m — (14 Buma) £ \/{m - (14 V) P (1- \/M)z}] - 18)

Otherwise, the model population goes extinct in the n. th predation season with M, .0 < me,
where

1-[M, o~m A
log (1— Mn,z—“mc + -)
1+8mA
log (1+3:.:X-)

The symbol [ z ] means the smallest integer not less than z.

As for the mimic population governed by the second difference equation of (15), here let us consider it
with My, 0 = M* = m.+ A\, for any n. This is because the model population dynamics is independent of
the mimic one. Besides, as we have already seen, if the model population goes extinct, then so does the
mimic population. Further, we can prove that, even if the mimicry is absent, the seasonal and the annual
dynamics for the model population is the same as shown above. So we now focus the mimic population
dynamics when the model population has reached its equilibrium state according to the annual dynamics
governed by the first difference equation of (15). Hence, instead of the second difference equation of (15),
let us consider here the following annual dynamics of mimic population:

ne=1+ (19)

TXXn,O
1+ mc/A+ + ﬂXXn,O

From this difference equation, we obtain the following result about the persistence of mimic population:

.Xn+1,0 = (20)

If and only if the following condition is satisfied when the model population persists at its
equilibrium state, the mimic population persists in any predation season:

Tx>1+-n—1£=7‘M—ﬂMM', (21)
Ay

and then

1 m Bm TX —T™M

Xno— X* = — rx—<1+—f)}=—M"+——— 22
™0 Bx { At Bx Bx (22)

as n — oo. Otherwise, the mimic population goes eztinct, that is, Xn0 — 0 as n — oo for
any X, > 0.

Differently from the case of model population, there is no condition for the initial value X 1,0 about the
mimic population persistence.

We note that, in this result, unless the condition (21) is satisfied, the mimic population tends to go
extinct, though its extinction never occurs at any finite time as long as the model population persists.
As already seen in the seasonal dynamics, the mimic population goes extinct in a predation season only
when so does the model population. Thus, the mimic’s extinction in the above result means the tendency
for the mimic population to go extinct. In such case, the mimic population size decreases not only day
by day in the predation season but also year by year, independently of the temporal variation of model
population size.
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Figure 4: m.-dependence of equilibrium population sizes at the beginning of predation season, that is, for the
annual dynamics of (2) and (14) with the equilibrium state approximation (8). (a) rx = 1.2; (b) rx = 1.5; (c)
rx = 2.5. Commonly, rv = 2.0. In case of (a), the mimic population is extinct for a range of m. in which the
model population is persistent. In cases of (b) and (c), the mimic population is persistent as long as the model
population is.

Equilibrium population size ratio

In the case when the model population is persistent under those conditions (16) and (17), then, from (5),
we can show that the ratio of their population sizes approaches a constant at any moment in the daily
dynamics of any predation season:

Xn,O

M.,

X* _ Bm
M* px
as n — oo, where [ ] is defined as before. Numerical examples of m.-dependence of the equilibrium
population size ratio are given in Fig. 4.

We can easily find that m./); is monotonically increasing and m. + A, is monotonically decreasing
in terms of m.. Since m. defined in (11) is monotonically decreasing between its minimum P and
maximum TP in terms of ¢~, the results of our analysis indicate that the persistence of model and
mimic population depends on the predator’s ability of repulsive search image formation. Moreover, it is
likely that the predator’s ability of repulsive search image formation could determine the population size
ratio between the mimic and the model populations.

[rx —1—-me/A]+
™ —1-m./As

:’u,n—-—-§

(23)

4 Concluding Remarks

As the predator’s ability of repulsive search image formation is better, it is more likely for the model
population to persist, and the equilibrium model population size gets larger. This is because the better
ability of repulsive search image formation indicates to repel the predator from the model population
so as to make the predation pressure weaker for it. This feature according to the predator’s ability of
repulsive search image formation can be adopted to the persistence and the equilibrium size of mimic
population, too. At the same time, this result implies that the equilibrium population size ratio between
the model and the mimic is affected by the predator’s ability of repulsive search image formation.

Beyond these results in the population dynamical nature, we could extend our result to some discus-
sions on the evolution or the invasion of mimicry from the viewpoint of coexistence of the mimic and the
model populations. Further, we could discuss the possible coevolutionary relation between the predator
and the model/mimic species. We separately show these discussions elsewhere.
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