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DIFFERENTIAL OPERATORS AND
SIEGEL-MAASS FORMS

OZLEM IMAMOGLU AND OLAV K. RICHTER

1. INTRODUCTION

The theory of non-analytic modular forms has a rich history and is closely
connected with Siegel’s theory of indefinite quadratic forms (see [9], [10], and
[11)).

For a discrete subgroup I' of SL(2,R), a non-analytic modular form f of
weight (a, 8) is a real analytic function which satisfies the following condi-

tions:

(1) Qa,ﬂf = 07

(2) flappM =f forall M eT,
(3) f(2)F@)y P "2dedy < oo.

M\H
Here the slash operator is defined as

fl = f (az+b> (cz+d)~%(cz+d)~?

(ﬁ) d

and
2

0 0 0
—(y__3\2 — T\ — 3=
= (z-32) 5255 B(z — %) 5 + a(z z)(92
For o+ 3 > 2, a prototype of such a form is given by the Eisenstein series
Eqa p(2) := Z 1 I( 5 M
MET\l
We let 5
M, :=a+(z—'z')5£
and
Ng := —ﬂ+(z—3)—8—
b= 57

be the Maass operators. They commute with the slash operator and shift
the weight (o, 3) to (a+ 1,4 — 1) and (a — 1,8 + 1), respectively. In the
case of the Eisenstein series, it follows from the definitions that

MyE,, ,B(z) = aFqt1,8-1 (2)
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and
NgEq,p(2) = —BEq-1,8+1(2).

We note that for @ = 0 (resp. 3 = 0) the operator My (resp. Np) an-
nihilates the Eisenstein series Epp (resp. Eap). Moreover, the space of
holomorphic modular forms of weight « is contained in the space of non-
analytic modular forms of weight (c,0) and is distinguished in this space
by the condition that Nof = 0. (Similarly, the space of anti-holomorphic
forms can be distinguished by the condition My f = 0.) Indeed, the classical
modular forms of weight a are typically introduced without any reference
to the operator Q40 and instead by the conditions

0
(5) flaM =f forall MeT,
(6) (2)f(z)y*2dzdy < oo.
I'\H

The purpose of this note is to point out a simple observation and use it to
define subspaces of non-analytic Siegel modular forms in terms of a Maass
operator.

For Z € H,, the Siegel upper half plane of degree n, let E,3(Z) be
the non-analytic Siegel Eisenstein series of weight (a,3) and M, be the
corresponding Maass operator. It follows from the definitions (for details,
see section §19 of [8]) that

MoEop(Z) =a (a - %) = (a = ) Eat1,8-1(2).

We explore the following observation alluded to above: In each degree n,
the Eisenstein series E, 5(Z) with a =0, %—, ey %—1- are annihilated by the
Maass operator M,. Hence, in analogy with the case of holomorphic mod-
ular forms in degree 1, each subspace of non-holomorphic modular forms of
weights (0, 8), (3,8),- .., (%*, 8) that are annihilated by the Maass opera-
tor is distinguished. These are the subspaces whose further study we would
like to motivate with this note. _

In the next section, we introduce the notation and give the definition of
the space of non-analytic Siegel modular forms. The rest of the paper is
devoted to examples of forms in these spaces.

n—1

2. NOTATION

Let A be a commutative ring with unity and M, ,(A) be the set of
m X n matrices with entries in A. For any matrices U,V € Mp, (A), set
UlV] := WUV where 'V is the transpose of V. If U € My n(A), let tr(U)
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be the trace of U. We denote the symplectic group of degree n over the
integers by I', := Sp,,(Z) and for 1 < j < n, we define the subgroups

Tnj={(48)eTnlA=(22),C=(33), D=(}1)}

and ,
Anyi={(88) €Tl a=(*h9),c=0,D= (%)}

The subgroups Iy, ; (denoted by Cy; in [6]) and A, ; play an important
role in the theory of Siegel modular forms. For more details, see Chapter
I, §5 and Chapter II, §2 of Freitag [3] and Chapter II, §5 and Chapter III,
§7 of Klingen [6]. Let I' be a subgroup of I',, H, be the Siegel upper half
plane of degree n, and Z = (z;;) = X + Y € H, be a typical variable. As
usual, if M = (4 8) € T and Z € Hp, then we set

MoZ:=(AZ+ B)(CZ+ D)™}
Furthermore, for functions G : H,, — C and for fixed o, 8 € C such that
a — B € Z, we define the slash operator

(7) G M :=det(CZ + D) *det(CZ + D) P G(M 0 Z)

(a,8

for all M = (45) €T Finally, let Mno1 = det(Z — Z)det(9z) where
0z == (1+ 5zj)r Note that Mn-—l is the Maass operator (as in section
§19 of [8]) corresponding to the Welght ( , [5’)

DEFINITION 1. Let o and 3 be half-integers such that o« — 8 € Z, 0 <

o < 21 and B > 0. A Siegel-Maass form of weight (a, B) on I' is a

real-analytic function F : H, — C satisfying the following conditions:

(8) FlpgM=F foralMEeT,

(9) Mo (F) =0,

(10) f is bounded on domains of type Y > Yp,Yp > 0.
Remarks:

1) If F is holomorphic on H, (hence 8 = 0), then F is a singular Siegel
modular form of weight a. In particular, if F' # 0, then F' is not a cusp
form. On the other hand, if G is a holomorphic Siegel modular form of
weight 3, then F = G is a Siegel-Maass form of weight (0, 3). Hence the
space of holomorphic Siegel modular forms can be viewed as a subspace of
Siegel-Maass forms.

2) Of particular interest is the case where a = le In this special case, the

space of functions {F: F|(n_;1’ﬂ) M=F VM €T and Mﬂ_;_l(F) = O} is
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invariant under the action of the Hecke operators (for details on Hecke oper-
ators, see Chapter IV of Freitag [3]): The definition of the Hecke operators
implies that G = F| T has the correct transformation property whenever T
is a Hecke operator, and, in addition, Mn-1(G) = 0, since the Maass op-
erator Ml;;l' commutes with the slash action in (7) when (and only when)

— n—-1
Ol——2 .

3. EXAMPLES

In this section we present examples of non-holomorphic Siegel-Maass
forms.

Eisenstein series
Let a and 8 be half-integers such that a — 8 € Z, a+ (3 > n+1, and
0 < a < 251, Then (see also [8]) the non-analytic Eisenstein series

Bap(Z):= Y 1 \
METn0\T'n
satisfies (9), since det(0z)det(CZ + D)™® det(CZ 4+ D)™# = 0 (see also
Anhang IV of [3]) implies that each term of Eq, g is annihilated by M nel.
Hence E, s is a Siegel-Maass form of weight (a, B) on I'y,.

(e, B)

Theta series

Let Q € My m(Z) be symmetric, even, and unimodular of type (k,l) and
let R be a majorant of @, i.e., RQ"!R = Q and R = R > 0. Furthermore,
let ®(N) := det (*NQ(4)" det (‘N QC_))‘ be a spherical function of weight
(k,\) € N2 relative to the pair (@, R), i.e, Q{4+ = R(;, QC- = ~R(_, and
R[¢4] = R[¢-] = 0, where {4+,{~ € Mpq(C) (with m > n). Note that
if Kk #0# Aand if n > k or if n > [, then ®(N) = 0. Andrianov and
Maloletkin 1] define the theta series

bore(Z) = Y. ®(N)exp{mitr(QIN]X +iR[N]Y)}

NEMpm n(Z)
- Y smeo{Fur(@+RINZ+iIQ-RND)},
NEMum (Z)
and they show that for all M € Ty,
11 0 M=26 .
(11) QR® (5+5,5+X) QR2

If k < n, then one can check that det((Q + R)[N]) = 0 for all N € M n(Z).
Note that det(8z)e™42) = (2mi)™ det(A)e™(42) for all A € Mnns(Z),
implying that M9;_1(6Q,R,<p) = 0. Henceif k < nand if Kk = A =0, ie,
®(N) = 1, then 0g rs is a Siegel-Maass form of weight (-2'9, %) Also, if
k<n<l A>0, and kK = 0 (otherwise ®(N) = 0), then Og re is a
Siegel-Maass form of weight (-’29, % + A).
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Poincaré series

1) Let V* € M;;(Z) be symmetric, even, and positive definite, and set
V= (% 9) € Myn(Z). Let « = %51 and let § be a half-integer such that
a—B €Zand a+ B> n+j+1. Then (generalizing our first example) the
Poincaré series

PV,ﬁ(Z) o Z e tr(VZ)
MeAn,j\Fn

(251, 8)

is a Siegel-Maass form of weight (ﬂg—l, B) onT',,. We already pointed out that
the Maass operator Mﬂ%; commutes with the action in (7) and shifts the

weight (e, §) to (a+1,4—1) whena = "T"l Moreover, det(@z)e“t"(vz) =0,
and, consequently, each term of Py g is annihilated by M_‘r_t_;_l . Hence Pyg
satisfies (9).

2) We use a different type of Poincaré series to construct another explicit
example of a Siegel-Maass form. Let M = (ms¢) € Mp—1n-1(Z) be of rank
n — 1, symmetric, positive definite, and even. Let by HxC1 5 Chea
skew-holomorphic Jacobi cusp form of weight k and index M in the sense of
Arakawa [2] and Hayashida [4] (see also Skoruppa [12] for the case n = 2).
Hence there exists a C > 0 such that

(12) ‘&M(T, Z)’ y{c/z e—ﬁt?(M " < ¢ for all (r,2) e H x C"L,

where 3, = Im(7) and v = Im(2). In addition, ¢, is in the kernel of the

heat operator
(13) L -—4'dt(M)a—— > M &
M = 4T de 3 st azsazt,

T 1<s,t<n-1

where M, is the cofactor of the entry mg;.

Let fi : H — C be a holomorphic elliptic cusp form of weight k.
Then ¢aq(7,2) := (7, 2) fi(T) is a skew-holomorphic Jacobi cusp form
of weight k = k + k; and index M and Sy (T, 2) = dpm(r, 2tU) (where
U € GL,-1(Z)) is a skew-holomorphic Jacobi cusp form of weight k£ and
index M[U]. Write Z = (I, %) € H,, where 7 € Hy, z € C"}, W € Hy1,
and set

F(Z):= Z da (T, 2) exp {Tri tr(M' W)},
M'=M[U]
UeGL,-1(2)
where the sum is over all symmetric, positive definite, and even matrices
M’ such that M’ = M([U] for some U € GLp_1(Z). In particular, if n = 2,
then F(Z) = ¢m(T, z) exp {mitr(M W)}. In general, F does not satisfy (8)
for all M e I',,. However, the following proposition constructs a Poincaré
series (depending on F') which is a Siegel-Maass form on I';.
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PROPOSITION 1. Ifk > 2n%2 —n + 6, then

(14) Pe(Z):= )

MeTn 1\I'n

is a Siegel-Maass form of weight (&2:_1, k — “T'l) onT,.

25, -252)

PROOF: It is easy to check that (see also [5])
M=F forall MeT,,.

(2% -252)

Furthermore,
det(9z) (¢ M (7, 2) e’"'t"(M’W>) = (2m8)" 2L g (Y (7, 2)) €™ M) = g

ie., Mng_];(F) =0.
We proceed as in [5] (see also Freitag [3]) to lift F' to a Siegel-Maass form
on T,,. Clearly, if Pr(Z) converges, then Pp(Z) satisfies (8) and (9) with

a="2Lland f=k- n-l It remains to show that Pr(Z) converges.

k_

Set G(Z) = y£2 N) det(Y)N|F(Z)|, where N < k/2. With the help of

(12), one can show that G(Z) is bounded on H, if N > (n — 1)? + 1 (see
—(k-

also [5]). Let h(Z) :=y, (3-N) and H(Z) :=det(Y)™N. If k— 2N > n+2,

then

Ew(2):= )
Mern,l\rn

converges absolutely (see I. 5.4; in [3]). Hence Pr(Z) converges if k >
2n2 — n+ 6. We conclude that if k > 2n? — n + 6, then Pr is a Siegel-Maass
form of weight (”T"l, k- "—’2‘1) onT',. O

‘ (k~2N,0) M ‘

(RH) \oc,m M' —H(Z) S

Mern,l\rn

Remarks:

1) Note that the Poincaré series Pp discussed above, as well as fg re in
the case where k < n <1, A > 0, and k = 0, are in the kernel of the Siegel
¢-operator.

2) Note that in degree 1, the corresponding examples of weight (0, 3), namely
the Eisenstein series, the Poincare series, and the theta series attached to
quadratic forms of signature (0,20), are indeed all anti-holomorphic and
annihilated by the Maass operator Mj.

4. CONCLUSION

In this note, we have introduced and tried to motivate the further study of
a subspace of non-holomorphic Siegel forms. Some natural questions present
themselves:
1) What is the dimension of this distinguished subspace?
2) What can be said about the subspace spanned by the theta series? Is
there a basis theorem?
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3) Can one characterize the Fourier coefficients of Siegel-Maass forms (at
least when n = 2)?

4) It would be interesting to find out if the construction of Poincaré series
in our last example can shed some light on Kohnen’s question (see [7]) on
how skew-holomorphic Jacobi forms are related to Siegel modular forms. Is
there a link between an arbitrary Siegel-Maass form and skew-holomorphic
Jacobi forms?
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