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On a remark of strongly convex functions
of order B and convex of order o

Mamoru Nunokawa, Shigeyoshi Owa and Hitoshi Shiraishi

Abstract

For analytic functions f(z) in the open unit disk U, two subclasses C(a, /3) and
S*(a, ) are introduced. The object of the present paper is to investigate a strongly
starlikeness of order § and starlikeness of order 3(a) of strongly convex functions of
order v and convex of order a.

1 Introduction

Let S denote the set of functions
o o]
f(z)=2+ Zanzn
n=2

which are analytic and univalent in the open unit disk U = {z : |2| < 1}
Suppose that f(z) € S satisfies the following conditions

arg (1 + zﬁ(g) - a)l < gﬁ (z € U) 1)
or
,arg (%‘;—) - a)‘ < g-,")‘ (z € D), (2)

where 0 S a <1land 0 < 3 £ 1. If f(2) € S satisfies (1), then we say that f(z) is
strongly convex of order 3 and convex of order a in U and we denote by C(a, 3) the class
of such functions f(z). If f(z) € S satisfies (2), then f(2) is said to be strongly starlike
of order 3 and starlike of order « in U and we also denote by §*(a, 3) the class of such
functions f(z2).

In view of the results by MacGregor [1] and Wilken and Feng [3], it is well known that
f(2) € C(a. 1) implies f(2) € 8*(3(a),1) where
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1-2a
3(a) = 1
(=1
2log2

In the present paper, we discuss some properties for f(z) concerning with the classes
C(a, 3) and S*(a, 3).

2 Main result

To consider our problems, we have to recall here the following lemma due to Nunokawa

I2].

Lemma 1. Let p(z) be analytic in U with p(0) =1 and p(z) # 0 in U. Suppose that
there exists a point zg € U such that

|argp(2)| < 3o (2] < |2ol)

and .
| arg p(20)| = 5

where a > 0. Then we have ,

2P’ (20) = ik

P(Zo)
where . .
k=2 3 (a + E) where argp(z) = -;-r-a
and ) .
k< ~3 (a + zl-) where argp(z) = —ga,

where '

p(20)V* = %ia (a > 0).
Now, we derive

Theorem 1. If f(z) € C(v,a) with 0 £ a < 1, then f(2) € 8*(4,3(a)), where
0<d<1and

(i) isz%—(a—l—%) 21 and

1 ok ST,
(3(e) +1)(8(a) —a) = 27

1K)

Tan




then we put

2, Rosin(® - ZJ)
Y=o T R cos(© — 20
ok
© = Tan™!

(3(c) + 1)(3(a) — )’

=5 {ng)'ﬁ G—f:%)%}

Ry =
(i) =%( %)gland
-1 ok T
T @ T D@ - < 2%
then we put
ok
7= T T D@ — @)
(iii) z'fk=-12- (a+%) < -1 and
-1 ok o
T @ @ - = 2"
then we put

Ry sin(0 + 39)
1+ Rpcos(© + %4)’
ok
(3(a) + 1)(3(a) — @)’

R = 53 {(ig)TJ’ (i—;‘%)%}

2
=—§ — ZTan™!
¥ an

© = Tan™!

1 1
i ifk = — i
(iv) ifk 5 ( a) < -1 and
ok T
Tan™} > ——4,
* @)@ —a) 2
then we put i
1 ok
v = Tan

(B(a) +1)(8(a) — a)’
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Proof.  Let us define the function p(z) by

_zf'(2)
p(z) = OR
Then we have that p(z) is analytic in U and p(0) = 1. It follows that
zp/(2) 2f"(2)
A 5m TR
and
L )
TP a = p(z) — B(a) ) )

o) =) 1, s(a)—a)

= (p(z) = Al) (” P2 —3) pE)  pE) - 5@/

Therefore, we see that

7o )

— axg(p(2) - 3(@) +arg (1+

arg (1 +

) ey 1 e )
p(z) — Bla) p(2)  plz) = 3(e) )’

If there exists a point 2o, |29| < 1 such that

|arg(p(z) — 3(@)| < 58 (2] < |zal)

and 7?
| arg(p(z0) — ()| = 59
then, let us put ) (@)
p(z) — Bla
Z) = —_—, 0 - 1
o) = P2 40)
Applying Lemma 1, we have that

%q'(20)  20q (20) s
) o) - A

where .
a(z0)t = (%) "~ tia (a>0)
and
k2 ; (a + 1) 2 1 when arg(p(z) — 3(a)) = gd
and

k < —% (a + -3-) < —1 when arg(p(z) - 3(a)) = —go‘.
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At first, let us consider the case arg(p(z) — 3(a)) = %6, then it follows that

20f"(20)
f'(z0) a)

= arg(p(2) — S(a)) (1 +

arg (l +

wpz) 1 5(0)—a>
p(z0) — B(a) p(20) ~ p(z0) — B(a)

_m . 16k (o) —a
=gires (1 T B@+ @) -3@) (- 3(a))(ia)">

vy 10k B(a) — a
= g0to (1 @+ D0 = A)Gay T (- ﬁ(a))(ia)'s)

T iz i0k HNa) —a
=it (1 v ((,’?(a) TN -A@)e (- ,;(a))a»)) |

Next, let us consider

iok Aa) — o TR A
ar n - _ — ’Ib.n_l AB(a)+1){1-(x))a
& ((/3(00 +1)(1 - ()’ (1- 3(0))0") ( o
ok
= Tan™! ( ) .
(B(a) — a)(3(a) + 1)
On the other hand, applying the some method in the result by Nunokawa [2], we have

] 3a) —a + iok
(1= B(a))a®  (3(e) +1)(1 — f(a))a’

> l

(3)

a+ -
a

) 1
S5 (3
- =gy (@ o)

2(1_(;(0,)2) (Cig)T“L ('i';%)+)

Ro

v

say.
Therefore, for the case

arg(p(z0) — 3(@)) = 54

and

1\%

g,

7r
2

Tan™! ( Bla) = SIZS(Q) + 1))
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we have
s (145 o)
= arg(p(z0) — 3(a)) + arg (1 o ;O)pﬁzg)(a) p(io) " p(ig;l)—;?a))
> g-d‘ + arg (1 + Roei(e—%é))
— %(5 + Tan ™'~ fﬁz O(:)(g 32 ok
where

ok
(Ba) + 1)(3(a) —a)
This is the contradiction for the condition of the theorem.
On the other hand, for the case

arg(p(2) — 3(a)) = 546

© = Tan!

I

and

_ -1 ok T
© = Ten ((S(a) @ T 1>) <3

putting a — +0 in (3), we easily have

20f"(%0)
arg (1 + ) a)
= arg(p(2) — 3(a)) + arg (1 + p(;o)p’_(i;)(a) p(io) * p(isgk)—_f‘??a))
> £J+ arg ci(e-36)
5 :
=06
= Tan™} Ok

(3(a) — ) (B(a) +1)

This is also the contradiction for the theorem.

For the case T
arg(p(z0) — 3(@)) = ~59

and i
-1 ' <-Is
b ((ﬂ(a) ~a)(A@) + 1)) =2
where ) )
k § —5 (a + ;)
and



or for the case -
arg(p(z0) — B(a)) = ~24

and sk
7
Tan™} ( ) < —=4,
(3(a) — a)(3(a) + 1) 2
where ) )
< -2 -
k< 5 (a + a)
and .
p(z0) — 3(0)) 5
———] = —1a (a > 0),
(5 >0
applying the same method as the above, we have the contradiction for the theorem.
Therefore the proof of the theorem is completed. O
Remark 1. We have to say that Theorem 1 is not sharp. To consider the sharp

result, we need another method. Therefore we leave this problem for our discussion.
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