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Phase Space Feynman Path Integrals — as Analysis on Path
Space via Piecewise Constant Paths

By

Naoto KUMANO-GO*

Abstract

This survey of [20] is based on the introductory talk at RIMS.

§1. Introduction

Let T > 0 and x € R?. We consider the fundamental solution U (T,0) for the Schrodinger
equation

(1.1) (ih&T—H(T,x,?ax)> ur,00=0, U,0)=1,

with the Planck parameter 0 < % < 1. By the Fourier transform with respect to xo € R? and the
inverse Fourier transform with respect to & € R?, the identity operator [ is given by

1

d .
Ez;ﬁ) / 2de%(x_xo)‘fov(x0)dx0d§0»
R

Tv(x) = v(x) = (

and the Hamiltonian operator H(T, x, ?o’&) is given by
h 1 d i(x_x )é-
H(T,x,<0)v(x) = ( 5= eR OO H(T, x, &0)v(x0)dxodép -
i 2nh R

As an approximation of U(T,0), we use the operator I(T,0) given by

A |
I(T, 0)(x) = (2_71%) / | ehtrmmotoq— I Hex8t )iy
R
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Figure 1.

For any division A7 : T =Tj11 > T; > --- > Ty > To = 0 of [0, T'], we have
U(T,0)v(x) = U(T, T)U(T;,Tj—1) - U(T2, T1)U(T1, 0)o(x) .

ma}( lt j. Under some condition, using /(7},7;_) as an ap-
<j<J+

proximation of U(T},Tj_1) as |Aro| — 0, we can get

Sett;j =Tj—T;_1 and |Arp| = |

(1.2) U(T,0)u(x) = |A1i1|n J @I, T—) -+ KT, TOKTL, 0)u(x)

TOl—

dJ+1 ; T;
= Iim 1 vt )/ e%zf:}((xj—xj—l)'fj—l—ijJ_l H(t,xj.€;—1)dt)
|Ar0l—0\ 27th R2dU+1)

J
xv(xp) H dxjdfj ,

J=0

with x = x;,1. When T is small, we consider the function U(T, 0, x, &) satisfying
1 d i
U(T,00() = | 5— / et =R BY(T,0,x, £0)v(x0)dxodp
2rth R2d

Then we formally write
(1.3) eF—R0) O (T,0,x, £0)

dJ . T; J
. 1 LI G —xjD€jm1—f) HGxjj-1)do)
= ool 0(27rﬁ) [ et T MU L.
IAT0l— R2J j=1

According to R. P. Feynman [8, Appendix B], we introduce the position path g(t) and the mo-
mentum path p(z) with g(T;) = x; and p(T;) = &; (Figure 1). Let ¢[g, p] be the action given
by
#lg,pl = / p(t)-dq(r) - H(t,q(t), p(t))dt .
)

[0,7)

)



for the phase space path (g, p) with g(0) = xo, ¢(T) = x and p(0) = &. Then we formally write
(1.4) ko0 6y (T,0.5,60) = [ eb4471DIg,p.

Here the path integral [ ~ D[gq, p] is a new sum over all the paths (g, p). The expressions (1.2)
and (1.3) are now called the time slicing approximation.

However, in the sense of mathematics, the measure D[q, p] of the path integral (1.4) does not
exist. Why can we say (1.4) is an integral ? In the sense of the uncertain principle, we can not
have the position g(¢) and the momentum p(z) at the same time ¢. Furthermore, the convergence
(1.2) in the sense of operator does not distinguish the position xo and the momentum &. Why
can we say (g.p) is a phase space path ?

In [20], using piecewise constant paths, we proved the existence of the phase space Feynman

path integrals

(15) / AP E L. pIDIg, pl.,

with general functional F[q, p] as integrand. More precisely, we gave the two general classes
Fo, Fp such that for any F[q, p] € Fg or Fp, the time slicing approximation of (1.5) converges
uniformly on compact subsets with respect to the endpoint x of position paths and the starting
point o of momentum paths. In this survey, we explain some properties of the phase space path
integrals along the talk at RIMS.

Remark. For the phase space path integral (1.4) via Fourier integral operators, see H. Kumano-

go—H. Kitada [17] and N. Kumano-go [19]. We regard (1.4) as the particular case of (1.5) with
F[q, p] = 1. Using broken line paths of position and piecewise constant paths of momentum,
W. Ichinose [14] gave some functionals F[q, p] = H,’f:l Bi(g(to),p(ti), O0< 11 < < --- <
Tk < T for which the time slicing approximations of (1.5) diverge as an operator. We exclude
these functionals from our classes g, Fp to avoid the uncertain principle.

Remark. Inspired by the forward and backward approach of K. L. Chung-J.-C. Zambrini
[4, §2.4], we use left-continuous paths and right-continuous paths. Furthermore, inspired by L.
S. Shulman [25, §31], we pay attention to the operations which are valid in the phase space path

integrals.

Since [8, Appendix B], the phase space path integral (1.4) has been rediscovered repeatedly
(cf. W. Tobocman [26], H. Davies [6], C. Garrod [10]) and developed in various forms (cf. L. S.
Schulman [25, §31], H. Kleinert [22], C. Grosche-F. Steiner [12], P. Cartier—C. DeWitt-Morette
[3, §3.4], J. R. Klauder [21, §6.2]). For giving a well-defined mathematical meaning, various
approaches have been proposed. C. DeWitt-Morette—A. Maheshwari—B. Nelson [7] and M. M.
Mizrahi [24] introduced the formulation without limiting procedure. K. Gawedzki [11] used

189



190

the technique analogous to that used by K. Itd [15]. 1. Daubechies—J. R. Klauder [5] presented
the phase space path integral via analytic continuation from Wiener measure. Furthermore, S.
Albeverio—G. Guatteri—S. Mazzucchi [2] (cf. [1, §10.5.3], [23, §3.3]) realized the phase space
path integral as an infinite dimensional oscillatory integral. O. G. Smolyanov—-A. G. Tokarev-A.
Truman [27] formulated the phase space path integral via Chernoff formula. For the main part
of [8], G. W. Johnson-M. Lapidus [16] and T. L. Gill-W. W. Zachary [13] developed Feynman’s

operational calculus.

§ 2. Existence of Phase Space Path Integrals

Our assumption for the Hamiltonian function H(z,x,£) of (1.1) is the following.

Assumption 1 (Hamiltonian function). H(t,x,&) is a real-valued function of (t,x,£) in R X
R? x RY, and for any multi-indices a, B, 0F 8? H(t,x,£) is continuous. For any non-negative

integer k, there exists a positive constant Ky such that
|02 OEH(t,x,8)| < ka1 + |x| + [y @l +ALO),
for any multi-indices a, B with |a+ | = k.
A typical example of the Hamiltonian operator H(¢, x, %ax) of (1.1) is the following.
Example 1 (Hamiltonian operator).

d
h h. h h
H(t,x, 73):) = E (aj,k(t)?axﬁaxk + bj,k(t)xj?axk + ¢k (t)xjxi)
Jk=1

d
h
+ ) (@153, + b)) +e(t,2).
j=1

Here aji(t), bjx(t), c;i(t), aj(t), bj(t) and dZc(t,x) with any multi-index a are real-valued

continuous bounded functions.
Let A7o = (Ty4+1,Ty,. .., T1,To) be any division of the interval [0, T] given by
Aro: T=Tj1>Ty>--->T) >Tp=0.
Setxy11 =x. Letx; € R4 and ¢ € R for j=1,2,...,J. We define the position path
daro = A7t X041,X, -, X1, X0)
by gar,(0) = x0, 9oy (1) = xj, Tj—1 <t < T; and the momentum path

PAT_O = PAT,O(taé'-J, cee ,fl a§0)
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by Par @) =¢&j-1, Tj1 <t <Tjfor j=1,2,...,J,J+1 (Figure 2). Lett; =T; —T;_; and
|Ar,0| = maxi<j<ys+1¢;. According to Feynman’s first definition of (1.4), we define the phase
space path integral (1.5) with the general functional F[gq, p] as integrand by

(2.1) / e#%4PIF[q, pDig, p]

dJj . J
. 1 "'¢[¢1A »PA 1
= lim (ﬁ) /RMJ e’ e F[QAT,O’pAT,O] jl:[l dedfj ’

- |A7o|—0
if the limit of the right hand side exists.
Theorem 1 (Existence of phase space path integrals). Let T be sufficiently small. Then, for
any Flq, p] € Fg or Fp, the right hand side (2.1) converges uniformly on compact sets of R3¢

with respect to (x,£&p,Xp), i.e., the phase space path integral (2.1) is well-defined.

For simplicity, we will state the definition of the classes Fgo, Fp in §5. Because if we apply
Theorem 2 to Example 2.1, we can produce many F|g, p] € Fg or Fp.

Remark. Even when F[q, p] = 1, each integral of the right hand side of (2.1) does not con-
verge absolutely.

déidxj=o00.
/de &jdxj =00

Furthermore, the number J of integrals (division points) tends to co.
OOXOOXOOXOOX rorernees , J— 0.

We treat the multiple integral of (2.1) as an oscillatory integral (cf. H. Kumano-go [18, §1.6]).
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Though the functionals ¢[qa; ,, Payols Fl9aro, Par,] are the functions @a,,, Fa;, given by

J+1

Parg dqar(t) — Z /[
j=1

Tj-1,Tj

J+1

$ldaro Parel = D /[
j=1

H(t 1qdAr g PAryp )dt
Tj—] 7T) )

J+1 J+1

=Y -xjm) €= / H(t,xj, £ _)dt
=1 j=1"1Tj~1.T)
= ¢ATv0(xJ+1 ,fjax.la e s§1 » X1 7§01x0)a
F[qAT‘oapAT'()] = FAT‘o(x.’-Fl af]ax.l’ e ’El » X1 ,f(),.X()),
we keep @lqa, o, Parols Flqag s Par,) in the multiple integral of (2.1).

Roughly speaking, typical examples of F|[gq, p] € Fg or Fp are the following.

Example 2.1 (F[q, p] € Fg or Fp). For the details, see Theorem 3.
(1) If |d2B(t,x)| < Co(1+ |x|)™, the functionals independent of p or g,

Flq]l = B(t,qt)) € Fo,
Flpl=B(t,p®t)) € Fp.

In particular, Flgq,pl = 1€ FoNFp.
(2) If |92 3EB(t,x,8)| < Cap(1+ x| +[€])™, then

Flg,pl= /[ ] B(t,q(1), p(t))dt € FoNFp.
T’, II)

(3) I 1920 B(t,%,£)| < Cagp, then
F[q, p] — eflTI‘TII)B(tvq(t)vp(t))dt e fQ nfp .
To explain some properties of the classes Fg, Fp, We prepare some notations.

Definition 2.2 (Two spaces Q, P of piecewise constant paths).

(1) We write g € Q if g is left-continuous and piecewise constant, i.e., there exists ga,, such
that q9 =4z
(2) We write p € P if p is right-continuous and piecewise constant, i.e., there exists pa,., such

that p = pa,,.

Definition 2.3 (Fuctional derivatives). For any ¢, ¢’ € Q and any p, p’ € P, we define the
functional derivatives Dy F[q, p] and D,/ F|q, p] by

0 d '
DyFlq,pl= %F[q+94',1’] » Dy Flg,pl = = Flg,p+6p]
9_

=0 =0



The position paths g and ¢’ The momentum path p

Figure 3.

Remark. For any q, ¢’ € Q and p € P, choose Ar which contains all times when g, ¢’ or
p breaks (Figure 3). Set q(Tj) = xj, ¢'(Tj) = x’j for j=0,1,...,J,J+ 1 and p(T;_1) = &
for j=1,2,...,J,J+ 1. Since (g + 6g')(0) = xo + Oxg, (g + 0¢')(t) = x; +9x3 on (Tj_1,7;] and
p)=¢&j1on[T;_,Tj)for j=1,2,...,J,J+ 1, we have

F[q+9q,7p] = FAT‘()(XJ-}—I +0x.ll+la§.laxl+9x.,l’ cee 7§0,x0+6x6)'

Hence we can treat Dy F|q, p] as a finite sum of functions, i.e.,

J+1

= (O, Farg)&ss1,€1,. .. €0, %0) - X
=0 j=0

d /
DyFlg,pl= 5-Flq+6q’, p]

Because we restrict the directions of functional derivatives to piecewise constant paths, the

functional derivatives are easy to treat.

Theorem 2 (Smooth algebra).
(1) For any Flq,pl, Glgq,p] € Fo, any q' € Q, any p’ € P and any real d x d matrices A, B,
we have

Flq,pl+Glg,pl € Fg, Flq,plGlg,pl € Fo, Flg+q',p+p'l€ Fo

F[Aq,Bp] EFQ; Dq’F[qap] EFQ’ Dp’F[q’p] EFQ

(2) For any Flq,pl, Glg,pl € Fp, any 4’ € Q, any p’' € P and any real d x d matrices A, B,
we have

Flq,pl+Glg,pl € Fp, Flq,plGlg,pl € Fp, Flg+4q',p+p'1€ Fp
Fl[Aq,Bpl € Fp, DyFlq,pl € Fp, DpyFlq,pl € Fp

Remark. The two classes Fg, Fp are closed under addition, multiplication, translation, real
linear transformation and functional differentiation. However, as we will see in Theorems 4 and
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6, because ¢, p’ are piecewise constant, the part f[o m p(t) - dq(z) of the action ¢[qg, p] does not
always have good properties under these operations. Therefore, we must pay attention to which
operations are valid in the phase space path integrals.

§ 3. Properties of Phase Space Path Integrals

Assuming Theorems 1, 2, we explain the properties of the phase space path integrals.

Theorem 3 (Fubini type). Let m be a non-negative integer.
(a) Assume that for any multi-index a, d¢B(t,x) is continuous on R x R? and there exists a
positive constant C,, such that |0¢B(t,x)| < Co(1+ |x|)". Then the values at the fixed time
,0<t<T

Flq]l = B(t,q(t)) € Fq,
F[pl=B@,p®)) € Fp.
In particular, Flq,pl =1 € FoNFp.
(b) Let 0 < T' <T" <T. Assume that for any multi-indices a, f, 8;’35 B(t,x,&) is continu-

ous on R x R? x R? and there exists a positive constant Co g such that |0f af B(t,x,&)| <
Cop(1+ |x| + |é|)". Then the integral

Flg,p]l= /[ . B(t,q(t), p(0))dt € FoNFp.
I’TII)

Furthermore let T be sufficiently small. Then we have the following:
(1) Forany F|q,p) € Fg including Flq,p] = 1, we have

/ e£¢[q’”]( / B(t,q(t))dt)F [¢, P1DIg, p]
o(T)=x, p(0)=£0,q(0)=x0 (T7,7")

- (] e 49P1B(, q)Flg, pIDIg, p1 .
(77,7") *Jq(D)=x, p(0)=£0,9(0)=x0

(2) For any Flq, p] € Fp including Flq,p] = 1, we have

| etan ([ Ba,p(o)dr) Flg. pIDla,p)
4(T)=x, p(0)=£5,9(0)=x0 (r’,r')

B / (/ eh4PIB(, pe)F [q,p]D[q,p])dt.
[7',17) N J g(M)=x, p0)=£0.4(0)=x0



- o—(T,x)
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The position path ga,,
Figure 4.

Remark (Perturbative expansion). If |[d2B(t,x)| < C,, we have

/ eh0aPI+E fom BEaMr

0 . n
= Z (é) / dTn/ dt,_1 / dri
n=0 [OaT) [OaTﬂ) [O,Tz)

X / et N9PIB(T,, q(r,))B(Ty—1,q(ta_1)) - B(r1,q(t1))Dlg, p].

Proof of Theorem 3 (1). For simplicity, set F[g,p] =1and 0 =T’ < T = T. Using
Ao (t) = xi on (Ty_1, T ] (Figure 4) and dt({T; }) = 0, we have

/ e¥lar] / B(t,q(1))dtDlg, p]
q(T)=x7p(0)=§an(0)=x0 [07 T)

dJ J

. 1 Lolq p 1
= lim | _— / eh" AT AT B(, ®))dt | | d¢jdx;
|Ar.o|—0 (271'71) R2dJ 0.7) Arp H &jdx;

Jj=1

1 aj i 41 ]J+1 J
= llm (‘——) / eﬁ qAT‘() 7pAT‘0 / B(t,xk)dt df dx .
la7.01—0 \ 27th R24J kzzl [Ti—1,T%) ,1;[1 Y

I\ o ] J
= lim — et qATvO’pAT'O/ B(t,xp)dt | | d€;dx;.
IAT,0|—’O§ (27rh) /RZdJ (Ti—1,T) (t:%) JI;II £14%;

Interchanging the order of the integration on [7_1, T;) and the oscillatory integration on R?%/,
we have

J+1 1 aJ ’¢[ ] J
= lim / ( ——) / e?P0r0°PATo B(t,x) | | d€;dx;dt
|Aro|—0 ; [Te_1,T) 2rh R2dJ };[1 7

dJ , J
) 1 £0lanr o :PA7 o]
= lim / <—) / e IATOTATO Bt gas (D)) | | d€jdxjdt .
,AT'OI—-)O [O’T) 27!'7! R2d.l q T,0 J:Hl SJ J
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Interchanging the order of the integration on [0, T') and the limit, we have

dJ ‘ J
. 1 £8aAar :PAF ]
= lim — / e AT OTATOB(¢t ga.. . (1)) | | d€jdx;dt
/[O,T) |A7 0| —0 (Zm‘z) R2J T ]1_:_[1 =

- / / ek4ePIB(t. 4(1))Dig, pldr. O
[0,T) J ¢(T)=x,p(0)=£0,9(0)=xp

Theorem 4 (Translation).

(1) For any p’ € P, we have _
eF@la.p+p'1-¢la.r)) ¢ Fo.

Let T be sufficiently small. Then for any Flq, p] € Fg, we have

i '
/ e#94r+P\F[g p 1 p'1Dlg, p]
q(T)=x,p(0)=¢&;,9(0)=xg

e#%9P Flg, pIDIq, pl.

/q(T)=x,p(0)=§o+P’(0),q(0)=xo

(2) Forany q' € Q, we have _
e%(¢[Q+qlsP]—¢[‘11P]) e fP .

Let T be sufficiently small. Then for any F|q, p] € Fp, we have

/ e#4+4' PIF[g + ¢/, pIDIg, p)

e#¥9PIF (g, pIDIg, p].

-/q(T)=x+q’(T ),p(0)=£9,9(0)=x9+4' (0)
Proof of Theorem 4 (1). By Theorem 1 and 2 (1), we have

/ e#?4P+PF[q b+ p'1DIg, pl
q(T)=x,p(0)=£5,9(0)=xp

ek aPl i Wap+p -0V F4 b+ p'1Dig, pl

‘/‘I(T)=x,P(0)=§o 4(0)=xo

dJ ‘ J
: 1 L olany o:Pap+p'] /
= 1 S hPHAT 0 PATO F dédx;
alm (27rh) /R € _ (98705 PAr TP ],1;11 &idxj,
with ga,(T)) = x; and pa, o(T)) =¢&j, j = 1,2,...,J. Choose Aro which contains all times
when the path p’ breaks (Figure 5). Set p'(t) = §9_1 on [Tj_1,T;) for j=1,2,...,J+1. Since
(Pago +P)@) =€j_1+€_; on[T;_1,T)), we can write

1 dJ i ! /
— lim / eﬁ¢AT'o (-x.l+| sf]+§j1x.h-~'a§1 +§] X1 1§0+§(l)7x0)
|Az0|—0 \ 27th R24dJ

J
X Fago(kr41,E1 + &5, 30, . €1+ €131, 0+ €0, %0) | [ d&sdx;,
j=1
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Figure 5.

By the change of variables: &; +§;. — ¢, j=1,2,...,J, we have

1\ . )
— lim / . e%¢AT‘0 (-x]+1 7§Jax.la"'y'fl »X1 1§0+§05x0)
[Aro|—0 \ 27th R2dJ

J
X Fpg o (x741,€0,%7, - ., €1,%1,€0 +§(l)’x0)Hd§jdxj :
j=1

Noting that p’(0) = £, we can rewrite

/ en?4PIF (g, pIDlq, p]. O
4(T)=x,p(0)=£y+p'(0),q(0)=xy

Theorem 5 (Orthogonal transformation). Let T be sufficiently small. Then for any F|q, p] €
Fog or Fp and any d x d orthogonal matrix Q,

/ e#100P F[ Qg OpDiq, p
q(T)=x,p(0)=£y,9(0)=xp

e#94P\Fq, pDlg, p).

-/q(T)=Qx,P(0)=Qfo,q(0)=Qx0

Theorem 6 (Integration by parts).

(1) Forany p' € P, we have
Dy¢lg,pl € Fo.

Furthermore, let T be sufficiently small. Then for any Flq,p] € Fgo and any p' € P with
PO =0,

/ e#eP\(D , F)lq, pIDlg, p]
a(T)=x,p(0)=£9,9(0)=xg

: e#99P\(D , ¢)[q, pIFlq, pIDIg, pl.

h /q(T)=x,p(0)=fo,q(0)=xo
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(2) Foranyq € Q, we have
Dy ¢lq,pl € Fp.
Furthermore, let T be sufficiently small. Then for any Flq,p] € Fp and any q' € Q with
q(T)=40)=0,

/ 997D, F)lg, pIDlg, p]
q(T)=x,p(0)=£9,q(0)=xo

i

h /q<T>=x,p<0)=§o,q(0)=xo

eF492Y(D ., ¢)lq, pIF g, PIDIg, PI.-

Remark (Analogues of canonical equations). Set F[g,p] = 1.
(1) For any p’ € P with p’(0) = 0, we have

0= / e#¥1r] ( / p'dg— (8§H)(t,q,p)p’dt) Dlgq, p].
(T)=x,p(0)=£0,90)=xo [0,7)

(2) For any ¢’ € Q with ¢'(T) = ¢’(0) = 0, we have
0= ] ehdlar] ( / pdq’' — (O:H)(t,q, p)q’dt) Dig, p.
q(T)=x,p(0)=£0,9(0)=xp [0.7)
Let T be small. For any (xy+1,é0) € R? x R4, there exists the stationary point x5, &7, X1, €D
of the phase function ¢a,, = #lgar4, Par,) given by

(a(flvxlv'"vfl axl)¢AT‘0)(x-l+l ’§;7x;, e af?axra§0) = O .

Pushing (x},£7,...,x7,€7) into the Hessian of @5, we define D(T, x;41,&0) by

D(T,xj41,¢0)

= lAhrin 0(_1)11] det(a(zfl,xj,...,fl ,xl)¢A7',0)(xJ+l 7x;a§;a R ax1*7§;"§0) .
7,01

Let G(t) = §(t,x, &) and p(t) = p(t,x,£o) be the solution of the canonical equations
3 §(t) = (9:H)(,4(1), p(t)), A p(t) = —(9xH)(t,3(1),p(t)), 0<t<T,

with G(T) = x and p(0) = &. We define the bicharacteristic paths ¢* = ¢°(t,x,&0,%0) and p’ =
P’(t,x,£0) by §(t) = §(t,x,£&0), 0 <t < T, ¢°(0) = xo and p*(t) = p(t,x,&0), 0 <1 < T (Figure

6).
Then the remainder estimate for the semiclassical approximation of Hamiltonian type as

h — 0 is the following.

Theorem 7 (Semiclassical approximation of Hamiltonian type as i — 0). Let T be sufficiently
small. Then, for any F[q, p) € Fg or Fp, we have

/e;ﬂﬁ[q,P]F[q’p]'D[q,p] — e£¢[qb’pb] (D(T’x,fo)_l/zF[qb,pb] +hT(h, Tv-x»vaxO)) .



(T,

(0,x0) ¢

0 T 0 T
The bicharacteristic path ¢’ The bicharacteristic path p°

Figure 6.

Here for any multi-indices « and B, the remainder term 1(h,T,x, &y, xo) satisfies
|a;lag)r(h7 Ta-xaé:Oax())l < Car,ﬁ(l + l-xl + |§0| + lel)m 3

with a positive constant Cq p.

§4. Proof for Theorems 1, 2 and 7

We explain the process of the proof for Theorems 1, 2 and 7. In order to prove the conver-

gence of the multiple integral

dJ J
1 i
4.1) <—27Th) /RZdj eh¢[qAT,0’pAT,0]F[qATVO , PAr‘o] H déjdx;,
J=1

as [Arp| — 0, we have only to add many assumptions for

FATVQ(xJ-I—laé:JaxJa cee axla.EOaxO) = F[‘IAT,O,PAT‘O] .

The assumptions should be closed under addition and multiplication. Then Fg, Fp will be
closed under addition and multiplication. Do not consider other things. Then Fg, Fp will be
larger as a set. If lucky, Fo, Fp will contain at least one example F[q, p] = 1 as the fundamental
solution for the Schrodinger equation. Our proof consists of 3 steps. As the first step, by an
estimate of H. Kumano-go-Taniguchi’s type [18, p.360, (6.94)], we control (4.1) by C’ with a
positive constant C as J — co. As the second step, by a stationary phase method of Fujiwara’s
type [9], we control (4.1) by C with a positive constant C independent of J — 0o. As the last
step, we add assumptions so that (4.1) converges as |Ar | — O.

§5. Two classes Fg, Fp of functionals Flq,p]

In order to state the definition of the classes Fg, Fp, we introduce the functional derivatives

of higher order.
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Definition 5.1 (Functional derivatives of higher order). For any division Arg, we assume
that

Fl4agsParo) = Fago @1, €050, .. £0,%0) € CPRIFHY),
Let Lg, Lp be non-negative integers. For any ¢, g; € Q,1=1,2,...,Lg and any p, p; € P,
Q Q

1=1,2,...,Lp, we define the functional derivative (]_[,Lf1 Dq,)(l_[f’:”1 Dy, )F(q, p] of higher order
by

Lg Lp
(2] [ Pp)Fla,p)

=1 =1
Lo Lp Lo Lp
P P}
= (11;[1 9—91)(II=I1 9 )F[q+’=2191qz,p+ l§=lﬁz‘hpz]

91="-=9LQ = =-=0p, =0
The definition of the classes Fg, Fp of functionals F[q, p] are the following.

Definition 5.2 (Two classes Fg, Fp of functionals F[q, p]). Let F[g, p] be a functional of
geQandpeP.
(1) We write F|gq, p] € Fg if Flgq, p] satisfies Assumption 2 (1).
(2) We write F[q, p] € Fp if Flgq, p] satisfies Assumption 2 (2).

Assumption 2. Let m be a non-negative integer. Let u;, j =1,2,...,J,J+ 1 and U be non-

negative parameters depending on Aty such that ZIH uj=U < oco. Set||g|| = sup |q(t)]
0<t<T
and ||p|| = sup |p(t)|. For simplicity, we set [0,0] = (T, To].
0<1<T

(1) For any non-negative integer M, there exist positive constants Ay, Xy such that

J+1LQ,j J+1Lp,;
T II 2,01 I 2o, )Fla. P}
j=01=1 j=11=1
< AnGn)" ™ (1+ [lgll +[1pID™
J+1 J+1LQ J+1Lp
x(H(r e oY TT [T e TTTT esall
=0 I=1 j=11=1
J+1 LQ,; J+1lp,;
(] I12e,.)XI] II Po,)PaFla: P}
j=0I=1 j=11=1
< AuXm)"*! (14 1lgll +[1pID™
J+1 J+1Llg,; J+1Llp,;

xugllaellC TT e [T gl T I l1psalls

j=1,j#k j=0 I=1 j=11=1
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for any division Arp, any Lg j =0,1,...,M, any Lp ; =0,1,...,M, any q;; € Q with
qj,1(t) = 0 outside (T;_1,T;], any qi € Q with q(t) = 0 outside (Ty_1,Ti], and any p;; € P
with p;;(t) = 0 outside [T;_1,T;) (Figure 7).

(2) For any non-negative integer M, there exist positive constants Ay, Xy such that

J+1lgj J+1Lp

(H H Dij,z)(H H Dpj,l)F[q,P]

j=0I=1 j=11I=1

< Apu)’ ™ (1+|lgll + [1pID™
J+1 J+1Lgj J+1Llpj

x([Tep™ ™ [T TT sl TT TT lpsall,
j=1

j=01=1 j=11=1
J+1Lg ; J+1Llp;

JI T2, )T T I », s Fla, p)

j=0 I=1 j=11i=1

< AnXn)" T (1+ lgll + | pI1)™
J+1 J+1Lg,j J+1Llp;

xuellpellC T @™ 2™ TT T il TT TT lesall

j=1,j#k j=0 i=1 j=11=1
Jor any division Arp, any Lg ; = 0,1,...,M, any Lp j =0,1,...,M, any q;; € Q with
q;,1(t) =0 outside (T;—1,T;], any pr € P with py(t) = 0 outside [Ty, T;), and any p; € P
with p;(¢) = 0 outside [T;_1,T;) (Figure 7).

(T g |
&——0 H : o H
@qf’l. p ; pf’l.
(0,x0) ¢ e o0 0,&0) —o oo o :
0 ;}_—1 ?} ........ % 0 ;}_l ;} T
The position paths g, q;; The momentum paths p, p;;
Figure 7.
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