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Abstract. We define here an integral operator I, (f;, ;) (2) for meromorphic functions
in the punctured open unit disk. Some properties for this operator are derived.
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1 Introduction

Let ¥ denote the class of functions of the form
1 [o o]
f2) ==+ ane", (L1)
z
n=0

which are analytic in the punctured open unit disk
U*={z€eC: 0< |z|] <1} =U\{0}, (1.2)
where U is the open unit disk U= {2€ C: |z| < 1}.

We say that a function f € ¥ is meromorphic starlike of order § (0 < § < ‘1), and
belongs to the class £*(d), if it satisfies the inequality

’
- (zf (z)) > 4. 1.3
2 )
A function f € X is a meromorphic convex function of order 4 (0 < 4 < 1), if f satisfies
the following inequality
Zf”(Z))
-R{1+ > 4, 14
(1+55 (4

and we denote this class by T (4).



For f € ¥, Wang et al. [13] (see also [14]) introduced and studied the subclass Zx()) of
Y. consisting of functions f(z) satisfying

Zf”(Z)
—-iR(f,(z) +1) <A (A>1, zel).

In the literature, several integral operators of meromorphic functions in the punctured
open unit disk have been investigated and studied by many authors (cf., e.g., [1-11]).

Fori = 1,2,---,n, ¢ > 0, and a;, % > 0, we now, introduce a generalized integral
operator I, (f;, gi) (z) : " — X as follows

z

n
c c— a;
In(fi, 9i) (2) = z—cﬁ/U TI @filw)™ (—vgd (w) "du, (1.5)
4 i=1
where f;, g; € X. Indeed, by varying the parameters ¢, a; and +;, the operator I, (fi, gi)
reduces to the following well-known integral operators.
(i) for ; = 0, we obtain the integral operator

Z n

H@) = () () = =7 [u'[] (whitw) (16)

0 i=1

introduced by Frasin [8].

(ii)For ¢ = 1 and ~; = 0, we obtain the integral operator
1 [ -
Hale) = 1n(£) () = 55 [ T (whitw))au, (1.7)
0 i=l

introduced by Mohammed and Darus [9].

(ili)For ¢ = 1 and o; = 0, we obtain the integral operator

o n®) = a0 (&) = 5 [ TT (! () e (18)
o =1

introduced by Mohammed and Darus [10]

(iv)ifn=1, a1 =1, fi = f and 71 = 0 we have the integral operator

z
Cc

LN (@) = o [

0
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which was studied by many authors (cf., e.g., [1, 2, 6]).

For the starlikeness of the integral operator I, (f;, g;), we have to recall here the fol-
lowing Lemma.

Lemma 1.1([12]).Suppose that the function ¥ : C* — C satisfies the following con-
dition:

R{¥(is,t)} <0, (s,t ER; t< :Ll—;—‘f—)) .

If the function p(z) =1+ p1z + ..., is analytic in U and

R{¥(p(z), 2p'(2))} > 0, (2€ D),

then
R{p(z)} >0 (z€U).

2 Main Results

In the next theorem, we place conditions for the meromorphically starlikeness of the in-
tegral operator I (f;, g;) (z) which is defined in (1.5).

Theorem 2.1. Fori = 1,2,...,n, let fi,gi € &, a;, % =20 aﬁd let ¢ > 0. If f; € ¥,
n
gi € Tk, and Y (o + %) = 1, then the general integral operator I,(f;, g:) (2) belongs to

=1
the meromophic starlike function class.

Proof. From (1.5) it follows that
21 9) () + (e + D 2l 9) () = [ [ ch)™ (-6 ()" D)
i=1

Differentiating both sides of (2.1) logarithmically and multiplying by 2, we obtain

21" (fi, i) (2) + (c + 3)z' (fi, 3) (2) + (e + ) In (i, 95) (2)
zIn' (fi, 40) (2) + (¢ + DI (fi, ) ()

Z zf' (z) + E (z;]:,((;)) + 1) + Z;a.- + ; % (2:2)

=1
Which is equivalent to

_ 225" (fi,95) (2) + (c + 2)21n’ (fi, 94) (2)
2Ly (fi, 9i) (2) + (¢ + D n (i, 3i) (2)




Sa(H) B () e

i=1 =1
We can write (2.3) as the following
2In'(f1,9:)(2) { zIn"(fi,9:)(2)
- In(fzjgz;(z) ( I, (fngt;(z) tet 2)
2In’ utzglzszl
| e TCT1
—Zn:a- (—zfi’(z))-i—i"/' (—-@”—(z—)—-l>+l—zn:(a~+’y-) (2.4)
i=1 1 fi(2) i=1 N e =1 Y
We define the regular function p in U by
21 (fir 9i) (2)
)= -2 MBI (2.5)
P = L g @

and p(0) = 1. Differentiating p(z) logarithmically, we obtain

W) el (fam) ()
PET R T T T e @)

From (2.4),(2.5) and (2.6) we obtain

wW(E) ¢ 2fi(2) 29 (Z) N (ot
p(z)+—p(z)+c+l-§ z( fz())+z ( )+1 ;(H—(%).)
2.7

(2.6)

Let us put
P v

—u+c+1
From the hyposithes of Theorem 2.1, (2.7) and (2.8) we obtain

R{Y(p(z), 2/(2))} = Z (-82E) s (-2 )}+1—g(ai+m->

V(u,v)=u+ (2.8)

i=1
>1- i (i + ) =0. (2.9)
Now we proceed to show that -
R{¥(is, t)} <0, (s,t ER; t< jl#) .

Indeed, from (2.8), we have

}_ tletl) __(A+s)(c+])
—is+c+1f 24 (c+1)? " 2[s2+ (c+1)7

Thus,from (2.9),(2.10) and by using Lemma 1.1, we conclude that R{p(z)} > 0, and so

o f 2L () (2)
”*{ Tl ) ) } >0

R{W(is, 1)} = R {z’s + <0. (2.10)
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that is I, (fi, gi) (2) is starlike .

Next, we place conditions for the integral operator I(f;, g:) to be in the class ().

Theorem 2.2. Fori=1,2,...,n, let f;,gi € L, a;, % > 0 and let ¢ > 0. If f; € £*(9),
9i € Zk(9), and

En:(a&m) > C+(15, (2.11)

i=1

then I,.(f,-,g;)(z) € EN(A), A>1

Proof. Equivalently, (2.3) can be written as
(—Té—yl—“" Ji9¢ (z)+l) -c-1 n n n
In'(fi.9;)(3) i, "
(c+11)1nf(fi y‘()()-)ﬂ = 2_:10‘:' (— f‘,’,-é?) + gva (“% - 1) +1- ; (@i + %)
2In’(f;.9:)(= = = =

i (2.12)

Therefore

n n
In 191 0+1 Iu 1A} L3 3
(z 72 g¢)(z§ ) L—)"JLMJA,. (f.,;. (z)z [E o (—z (,; ) + Z Y (—z '(z; - 1) +1- .=21 (05 + 'Yi)]

+ ;a, ( zf‘(; ) + }:'y, (_Zgﬂ: z(;l - 1) +c+2- gl(a,~+'y,-).
(2.13)
Taking real part of both sides of (2.13), we obtain

n

- (e + 1) = e { Al [ o (<4) + S (-5 - 1) +1

1

—i(ai+%)]}+iz::ag( ?Rz‘z)+2% ( 35:7"%1—1)+c+2

=1 1

“‘i(ai‘*’ﬁ)

=1

c+1)In(fi,9:)(2 W zf/(z 294" (2)
< ‘Tﬁ?ffﬁ%l[,;"*( fe(z))+27‘(_ e ‘1)+1
= Z zfi'(z = "
_zl(a.-+7.-)] +Elou( 8?—%72)+27.-9?(—%§2—1)+c+2
n
—_El(a.-+'y,~).
t=

(2.14)
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Let

A=

; LU N n
gt 5 () + £ ()01 S

+§1a‘( %%72)+é7‘ (-2 -1) +e+2- Z(aﬁ-%)

: DIn(£igi)(2) | i 2g:"'(2) =
Smce’%i—&g—z L;a,( z}:(z))+2%( zg,(z) —1)+1 -—i;(aﬁ")’i)] >0, f; €

2

¥*(0), g € Tk(d), then we have

n

/\>c+2—(1—J)E(a,~,+'y,-).

i=1

Then, by the hypothesis (2.11), we have A > 1. Therefore, In(fi, :)(2) € Zn(A), A > L.
If we set ; = 0 in Theorem 2.2, then we have [8, Theorem 2.6].

Further, Putting ¢ = 1,4; = 0 in Theorem 2.2, we get
Corollary 2.3. Fori=1,2,...,n, let f; € T, a; > 0. If f; € T*(8), and

then Ha(2) € En(X), A > 1.

In addition, taking ¢ = 1, @; = 0 in Theorem 2.2, we receive
Corollary 2.4. Fori=1,2,...,n,let g; € T, v > 0. If g; € Tx(J), and

o> >0,

i=1

then My, (2) € Sn(A), A > 1.

Acknowledgement:
The work here is supported by UKM-DLP-2011-050 and LRGS/TD/2011/UKM/ICT/03/02.

References

[1] M.L. Mogra, T.R. Reddy, O.P. Juneja, Meromorphic univalent functions with positive
coefficients, Bull. Austral. Math. Soc., 32 (1985), 161-176.



[2] S.K. Bajpai, A note on a class of meromorphic univalent functions, Revue Roumaine
de Mathématiques Pures et Appliquées, 22 (1977), 295-297.

[3] S.S. Bhoosnurmath, S.R. Swamy, Certain integrals for classes of univalent meromor-
phic functions, Ganita, 44 (1993), 19-25.

[4] A. Dernek, Certain classes of meromorphic functions, Ann. Univ. Mariae Curie-
Sklodowska Sect., A 42 (1988), 18.

[5] S.P. Dwivedi, G.P. Bhargava, S.L. Shukla, On some classes of meromorphic univalent
functions, Revue Roumaine de Mathématiques Pures et Appliquées, 25 (1980), 209-
215.

[6] R-M. Goel, N.S. Sohi, On a class of meromorphic functions, Glasnik Mat. Ser., 111,
17 (37) (1981) 19-28.

[7] D. Breaz, S. Owa, and N. Breaz, A new integral univalent operator, Acta Univ.
Apulensis Math. Inform., 16 (2008),11-16.

[8] B.A. Frasin, On an integral operator of meromorphic functions, Matematigki Vesnik,
64(2) (2012), 167-172

[9] A. Mohammed and M. Darus, A new integral operator for meromorphic functions,
Acta Universitatis Apulensis, 24 (2010), 231-238.

[10] A. Mohammed and M. Darus, Starlikeness properties of a new integral operator
for meromorphic functions, Journal of Applied Mathematics, Vol. 2011, Article ID
804150, 8 pages, 2011.

[11] A. Mohammed and M. Darus, Integral operators on new families of meromor-
phic functions of complex order Journal of Inequalities and Applications, 2011:121
doi:10.1186/1029-242X-2011-121

[12] S. S. Miller and P. T. Mocanu, Differential subordination and univalent functions,
Michigan Math. J., 28 (1981), 157-171.

[13] Zhi-Gang Wang, Yong Sun and Zhi-Hua Zhang, Certain classes of meromorphic
multivalent functions, Computers Math. Appl. 58 (2009), 1408-1417.

[14] Z. Nehari and E. Netanyahu, On the coefficients of meromorphic schlicht functions,
Proc. Amer. Math. Soc. 8(1957), 15-23.

20



