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, Abstract
In this article, the solutions to the radial Schrédinger equation of the
Hydrogen atom (in the Coulomb field )
@y x + @ 2x+ @ {~ (L/H)x* +vx -1 +1)} =0

are discussed by means of N-fractional calculus operator.
A particular solution to the equation above is shown as follows for

example.
@ =@y =x'e @2
(fractional differintegrated form)
= (™" e JE(-1~v,[+1-v;~1/x)
(]-1/x|<1)
where

o5 (¢++-); Generalized Gauss hypergeometric functions.
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§ 0. Introduction ( Definition of Fractional Calculus )
(I) Definition. (by K. Nishimoto) ([1]Vol. 1)
Let D={D—= D+}’ C={C-’C+}’
C. be a curve along the cut joining two points z and - +iIm(z),
C, be a curve along the cut joining two points z and *« +i Im(z),
D_be a domain surrounded by C_, D, be a domain surrounded by
C..
(Here D contains the points over the curve C .)
Moreover, let f = f(z) be a regular function in D (z €D),

— () = T+~ f(©) -
fo=Fmc(f) ==~ L(C_z)m it (v&z"), (1)
(f)om = Lim(f),  (m €Z), (2)
where -rw=arg(f-z)sn for C_, 0=arg($ ~z)=<2x for C,,

=z, zEC, vER, T ;Gamma function,
then (f), is the fractional differintegration of arbitrary orderv ( derivatives
of order v for v >0, and integrals of order -v for v <0), with respect to

z, of the function £, if |(f),] <.

*—————//D—\ /—D*\_ o+ ilm (z)

—em A {Im (D) — z |} i <
—- /\/ \\//‘_—_’
C

Pr!
i

Notice that (1) is reduced to Goursat's integral for v =n (€Z") and is red-
uced to the famous Cauchy's integral for v =0 . Thatis, (1) isan extention
of Cauchy's integral and of Goursat's one, conversely Cauchy's and
Goursat's ones are special cases of (1).

Moreover, notice that (1) is the representation which unifies the derivat-

ives and integrations.
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(II) On the fractional calculus operator »* [3] .
Theorem A. Let fractional calculus operator ( Nishimoto's operator ) N~ be

N B st (S BN - ' (3)
Z Refer 1o (1)]
W ( oat e CED
with N = l_x.IPN" (m€EZ"), (4)
and define the binary operatior © as
N oN°f=NN°F=N'(N"f) (a,BER), (5)
then the set '
{w}-{wiver) (6)

is an Abelian product group (having continuous index v) which has the inverse
transform operator (N')' = N™to the fractional caltulus operator N, for the func -
tion f such that
[ EF ={f} O=|f |<ee,v ER}; where f = f(z) ad.z EC. (viz.~® <V <®).
(For our convenience, we call N o N° as product of N and N°.)
Theorem B. The “F.0.G. {N"}"isan "Action product group which has
cotitinuous index v " for the set F. ( F.O.G. ; Fractional calculus operator
group ) [3]
Theorem C. Let be
S:={=N"}U{0} = {N"JU{-N"FU{0} (vER)- (7)
Then the set S is a commutative ring for the function fEF , when the
wdentity
N+ N°=N" (N°,N°.N"ES) (8)
holds. [ 5]
(III) - Lemma. We have[1]

: e L@ -f)
(i) (z-c)f), =e™* al‘éo(c 8) ( f(z B) '

(i1) (log(z-c)), =-e™I(afz-c)"* (T(a)|<>) ,

(iii) (@-c) %), =-e™° l_(l)og(z o (N@)|<®) .
where -z~c=0in(i),and z-c=0,1 in (ii).

. . - o | T(a-‘-L) u=u(2),

(LV) (mv),:= Ekff(cw-l 0 Uy ik Ve (ng(z)}

k=0




§ 1. Preliminary
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(I) The theorem below is reported by the author already ( cf. J.F.C.Vol. 27,

May (2005),83 - 88.) [ 31 ]
Theorem D. Let be

B __ _sinza-sinz(y - a - f) <o
P—'P(ayﬂ:}/)’ sinn’(a +ﬂ)'SiHﬂ(}’—a) (IP(aaﬁ7Y)| M )

and
Q=0(@a,B,¥): =P(B,ay), (|PB,a,y)l=M=<=®)
When a,f,y €2, , wehave

(1) @0, mePEpn I e
(Re(a+B+1)>0, (l+a-y)&Z;) ,
(ii) (=cf -0, = e'i”’Q(a,ﬂ,Y)_rl(“}z:'aa—_ﬁf_) -,
(Re(a+B+1)>0, (1+B-7)¥Z;) ,
(iii) (z=c)"’), =™ JE a—ﬁf (z-c)**"7,
where
z-c=0, r(}’—a—ﬁ)<m
I(-a - p)

Then the inequalities below are established from this theorem.
Corollary 1. We have the inequalities

(i) @=-c)Y -0, =(z-c)f “(z=¢)), ,
and

(ii) (z=c) (z-0)), =(z-c)""), .
where

a,B,y €Z,, a=f, z-c=0 .
Corollary 2.

(1)  When a,B,y €Z,, and P(a,By)=0(B,a,7)=1,
we have

(=cf =0, =(z=c) @-0)), =(z=F"),

(Re(a+B+1)>0, (1+a—y)EZo", (1+B-v)EZ; ),
(ii) When y=-m€Z, , we have ;

@-c) @-9"), =(z=¢f @=9)), =((z=¢)""), -

(1)

(2)

(3)

(4)

(5)

(6)
(7)

(8)

(9)

(10)
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§ 2. The Solutions to The Radial Schrodinger Equation
of The Hydrogen Atom

Theorem 1. Letbe ¢ =¢@(x)EF , then the homogeneous linear
ordinary differential equation ( Radial Schrodinger equation of the
Hydrogen atom in the Coulomb field )

Llg;x;v, i ]=g, x> +@, 2x + ¢{- 1/ &) x* +vx -1 +1)} =0 (1)
(9, =d°@/dx® for a>0, 9, =¢,x=0)

has particular solutions of the forms (fractional differintegrated forms ) ;
GroupI;

1) @ =x'e”H e x" ), = Py (denote) (2)
2) @ =xe”(x" Y e ), =g, (3)
3) L@ =xeT (e x| = Pra) (4)
4) g =xe"?x " e, =g, (3)
Group II;

1 ) @ =x'(l+1)eX/2(€-x -xv+l)v-(l+l) = ‘p[sl ( 6 )
) ) @ =x-(z+1)ex/2(xv+l .e-x)v_(m) = q)m ( 7)
3) @ =x Ve et My = @) (8)
4 ) @ = x-—(!+1)e-x/2(x—v+l .ex)'v_(“l) = (p[“ . ( 2 )

Proof of Group I.

Set

p=x"¢, (¢=9¢(x)) (0

we have then
@, = ux"7'p +x"¢, (11)
and
@, = u(-Dx"2¢ +2ux""'¢ +x"p, . (12)



Hence, yields
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g, X"+ ¢ x N Qu+ 2) ¢ {- U A" v x (W =T =D} =0

from (1), applying (10), (11) and (12).
Choose u such that
B+ru-IF-1=0

I (15)
™

hence

~(+1) (16)

(I) Caseof u=1I ;

In this case we have

¢, x+¢-2L+2)+¢-{v-(1/4)x}=0
from (13). Next we set
¢ ="y @ =y (x)
we have then
¢1 =A’elxz/} +elxwl
and
¢, = Xey + 20y +e Y, .
Therefore, we obtain

W, x+w, QAx+2 +2)+y p (A =) +2A1+24 +v} =0

from (17), using (18), (19) and (20).
Choose

.. 1/2 (22)
'{ -1/2 (23)

(1) Caseof A=1/2;
In this case we have
Yox+P (x+2l+2)+yp - (I+1+v)=0,
from (21).

(13)

(14)

(17)

(18)

(19)

(20)

(21)

(24)
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Operate N® (N-fractional calculus operator of order @ ) to the both
sides of (24), yields

N"'(z,ll2 'x)+Na(z/JI'(x+21 +2)+N°@ - -(I+1+v)=0, (a Q?Zg ) (25)
hence

Voo X +Y, o (x+a+2[+2)+y_(a+l+1+v)=0 (26)
from (25), by Lemma (iv ), since
Ny, x) =(y, x), (27)
for example.
Choose a such that
a=-(l+1+v)=p (denote) (28)
we have then
Yoy X+, (x+p +2142)=0 29)
from (26), applying (28).
Therefore, we obtain
w x+u(x+p+2l+2)=0 (30)
from (29), setting
U=y, - U_gepy=¥) (31)

A particular solution to this variable separable form equation (30) is given
by

u= eaxx -(p+20+2) . (32)
We have then
Y=g, - (€™ _x-(p+21+2))_(l+p) (33)
from (31), and hence
¢ =ex/2(e—x .x—(p+21+2))~(1+p) (34)

from (18), applying (22) and (33).
Hence we obtain
@ =xlex/2(e—x ,x-—(p+2[+2))_(1+p) (35)

=xlex/2(e-x_xv—(l+1))l+v E‘P“] , (2)

from(10) using (15) and (34).
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Next we obtain
g =xe (), =y (3)
changing the order of
e and x“? in the parenthesis ( - ),, in(2).
We have
Py = Pz When (I+v)EZ, .
(ii) Caseof A=-1/2;
In this case we have
Y, x+yY (—x+20+2)+y(v-1-1)=0, (36)
from (21).
Therefore, in the same manner as above, we obtain

p=xe et X, =gy, (4)
from (36) and

@ = xle-x/Z(x—v-(l+l) 'ex)l_v = (p[” , (5 )

changing the order of

x —v=(I+1)

e* and x in the parenthesis ( - )., in(4).

(II) Caseof u=-(+1) ;
Set —(I +1) instead of ! inthe solutiéns
Py Paye Py @d @),
we have then the solutions

Pis;p Perr Anys A4 Gy
respectively.

§ 3. The Familiar Forms of The Solutions in Section 2.

The familiar forms of the solutions that are obtained ones in section 2

are shown as follows.



Corollary 1. We have
Group L.
1) Oy =€) e L R -vl +1-v; ~Vx) ([-VUx]|<1), (1)

iz \l+v _-x —(I+1) T2 +1
2) Pz =(€7) e i 1’#_—1——_—%11&;(—1—v;—21;x), (Ix]<1), (2)

(DI +1-k)/T( +1-v)|< )

3) Py =€ 2 F(=1+v,+1+v;1/x)  (|Ux]|<1), (3)

—imNl-v x —(I+ r21+1 .
4) @y =Y Ve <11)-1:(7(-:1—:3/—)1I§(v—l;—21;—x), (|-x]<1) , (4)

(T@I+1-k)/T(v +1+1)| < ®)
Group IL
1) <p(5]=(ei::)v—(l+1)e—x/2xv—12E)(l+1_v,_l_V; _l/JC), (l"l/XI<1), (5)
~imN-([+D)+v ~-x 1_‘—21—1
2) P = (€ )(1 v, /le_f((_—;:_j)_lj«*l(l+1—v;21+2;x), (Jx|<1), (6)
(lf(—21—1—k)/T(~v—l)|<00)

3) Py =™ U R (1+1+v,v=-1;Vx)  (|1/x]|<1), (7)
: i I'(-21-
4) ¢[81=(e‘”)[+1+”e”’2x1 ( 1)1E(l+1+";21+2;-X),(I-X|<l) (8)

I(v-)
(T(-21 -1-k)/T(v-1)| <)
Where F () are the generalized Gauss hypergeometric functions.

Proof of Group I.
We have
1) Py =x'e (e 1)y (8§2.(2))

x —- I 1 -x v-(+ 1
- xe /Zk oklr(g ++:++1-)-k)(e Vv i (X ¢ U)k (by Lemma (iv) ) (9)

_ U )r/2co r(l+V+1) roinNl+v-k -x
T ArTiive-n ) e

su L(k+1+1-v) ¥ D

0
I +1-v) b0

59
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iy —x/2_v-1 <[-1-v] U+1-VE - (11)
=TTy x S
=) e T E (-1-v,[+1-v;-1/x), (|-l/x|<1), (1)
since
4w T(ATA-A) =« T(A) .
T(A-k)=(-1)* === ()" —=, (KEZ (12)
=Ry = (0 T g o - D o (RS20
(e/lx)“v_k =Al+v-kelx , (13)
v-(l+ ~in F(k+l+1—v) v-(l+1)-k
(+Dy _ k (I+1) 14
(x ) =€ T+1-) x (14)
and
(A, =AA +1)(A+k-1)=T(A+k)/T(A) with [A], =1.
( Notation of Pohhammer ).
2) ¢[2] =xlexlz(xv-(lﬂ) .e—x)“v ( §2. (3) )
- 1 xlzw F(l+v+1) rov=-(I+1) ~x 15
e el e (1%)
_ %02 - (_l)k[—l_V]k ~iz(l+v-k) I\(2’1"{“‘1:-]() =21 -1+k in\k -x 16
xe ,;,—___k! { ———I’(1+1—v) x }(e7)'e (16)
(lr@uﬁ—kﬂ<m)
L{(+1-v)
_ ity im0 (D L=V GO D@D 17
X (e e ,,Za K TA+1-v[-20], 17
(i TR+ oo [=l-V] & 18
€ Tarion e * ggk!penkX: {1e)
=(e-m)z+ve-x/2x-z_1m E(-1-v;-2l; x), (|x|<1), (2)

r(+1-v)*
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3) D) __:xe—x/Z(ex,x—v-(l*-l))z‘y ( § 2. (4) )
e TU-v+1) x —v=(1+1) (19)
- l x/2 /
l;k'r(l v+l- k) )I v—-k( )k

i en d (D [v-1], (amk LV HLH1HE) ol anys (20)

-xe 1;) k! 1€ IL(v+1+1) * }
. _=v-1 x/2 - [V—l]k [v+l+1]k -k 21
=x e 2 Il x @D

=

=x" e B (v-L v+l+1;1/x), (JUx|<1). (3)
4) (PM] ___xle—xlz(x—v—(u-l),e—x)z—v ( §2. (5) )

=xze-x/zco L(-v+1)

L —v-(+1) 22)
Skl -v+1- k)x )Ivlc(e )i (

[ -x/2 (1) [V I

—in(l-v-k) F(ZZ + l“k) ~20-1+ky _x 23
mxe ;‘5 TR T+1+D) be *)
( L2 +1-k) <Oo)
L(v+1+1)

— —z'r -v -1~ 1 x/[2 ( l)k V- l]k( 1) r(2l+1) 24

=(e 2 k! T(v +1+1)[-21], (=) 29

_ (miani—v -1 _x2_L(L+1) 797 - - -xl<1). 4)

ey " x" e Twlsl) F(v-1; =205 -x), (]-x]|<1) (
Proof of Group IL

We can obtain the solutions in Group II from the ones Py~ Pay 1N
Group [, setting ~( +1) instead of [ , respectively. (cf. §2.)



§4. Commentary
[I] In the quantum mechanics, it is requested that
Is(n-1)€Z,;(/=0,1,2,--,n-1),
n ; The principal quantum number, (n=v)
I ; Orbital angular momentum quantum number.

Moreover, for the relationship (1), we have

(1) Py = O = e (@ e),, ((+m)€Z")
cieion a2 aa D2+D) |
ix\l+n x/2_-l-1
= ———— FE(-l-n; -21; x), x]<1),
€ e T s ) (Ix]<1)
and
(11) ¢[5] = (p[ﬁ] =x—(1+l)ex/2(xn+l 'e-x),,-(“.]) ((n __l_l) EZ; )

'Hxle -x/2 1"(—21 - 1)

E(l+l-n;2[+2; x), x{<1),
T(-n -1) Ei( n ) l )

- Y
respectively.
We have the below classically.
Py = Goy = x € 2DTETEV ) (D =ddx)
and
Psy= (p[él =x—0+1)ex/2Dn-(1+1)(xm1 'e_x) ,

from (2) and (4 ), respectively.

Next we have
(iii) ¢[3] = ¢[4] =xle"X/2(ex,x-ﬂ'(h-l))I_n
=x'e™ (e - xYy ((n-1)=mEZ")

- xle—x/2f“_fexx—(m-la.-l)(dt)m
and
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(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)



(iv) Y11= g =x_(l+1)e_X/2(ex'x-n”)—n-(l*rl) (11)
- x-(z«-l) e—x_/2<ex ,x-mz)—m ( (n +l+1) -mEZ* ) ( 12 )
- x—(l+1) e—xlzf__.fe:c x—ru-l(dx)m’ , (13)
omitting the additional arbitraly constants of the integrations.
Note. Wehave (for m,n €Z})
L, (x)=¢"D"(e”™x") ; Laguerre function.
L7(x)=D"L (x) ; Associated Laguerre function.
[II] We have
@, %" + @ 2x+ @ {~(1/ 4" +nx ~n(n-1)} =0, (14)
from §2. (1), setting v =n and [=n-1.
And whenn=7+1 wehave
Y =@s1= P =x7 ex/z(e-x _x2n—1)0 = x"Te™*"? (15)

from (4 ). The function shown by (15) satisfies equation ( 14 ) clrearly.
[OI] The homogeneous Fukuhara equation is given by

@, +@ (@+b/x)+@ (p+q/x+r/x*)=0, (x=0) (16)

that is,
@, x>+, (@’ +bx)+@-(px* +gx +r)=0. (17)
Therefore, we have
@, x v 2x+@-{(~1/4%* +vx ~I[(I+ 1)} =0 (§2. (1))

from (17), setting
a=0,b=2,p=-1/4, g=v and r=~I(+1) . (18)

Namely, the radial Schrodinger equation of the Hydrogen atom is a
special one of the homogeneous Fukuhara equation (16).

( cf. Fractional Calculus, Vol. 5, (1996) pp-136 - 142 ; by K. Nishimoto )
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[1V]. Usually the solutions to the equation so-called special differential
equations such as the above ones are obtained by means of Frobenius.
Then compare the our solving manner ( Method of NFCO ) with that

of Frobenius and others.

[ V] The equation §2. (1) is shown in Chapter 5 in the volume of lan
N. Sneddon ( Special Functions of Mathematical Physics and Chemistry

(1961); Oliver and Boyd, Edingburgh.) in the form

2
TRIR_ LY MWD, (o)
4 x X

and a solution is given by

R=R,,(x)=e %' L7\ (x) (h=l+1).
[VI] Indeed we have (see the Note above)

R= K,,I (X) - e—(llz)xxl D21+1(ean+I(e—xxn+l )),
hence we obtain

R - Rl'o(x) - e-(l/Z)xDl(exDl(e-xx)) = _e—(I/Z)II

for =0 and n=1.
And we obtain, when /=0 and v=n =1,

[ x/2, -x . v=Q+1)\ _ _x/2/ -x
Py =Py =x€ @ xD),, =" (e 1,

~-x/2
__ex .

(19)

(20)

(21)

(22)

(23)

(24)
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