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Boundary value representations for bounded
hyperfunctions and some variants

By

Yasunori OKADA*

Abstract

There are two notions of boundedness for hyperfunctions: the space Br~ of bounded
hyperfunctions and the sheaf %1 of bounded hyperfunctions at infinity. The former was
introduced by Chung-Kim-Lee [2] using a duality method, and the latter was introduced by
[5] in a cohomological manner, where we also gave an identification between Breo in one
dimensional case and the space of the global sections of Zre. This identification can be
regarded as boundary value representations of bounded hyperfunctions in one dimensional
case.

In this report, we study bounded hyperfunctions in the general case, and announce our
recent result on their boundary value representations by bounded holomorphic functions on
wedges with respect to the octant decompositions. We also mention some variants including
reflexive-valued cases.

§1. Introduction

The notion of hyperfunction was introduced by M. Sato [6], [7], [8], and plays im-
portant roles in the study of analytic ordinary and partial differential equations.

Hyperfunctions have many good and convenient properties. They form a flabby sheaf
2 on the real euclidean space R™ (or on a real-analytic manifold), and admit bound-
ary value representations by holomorphic defining functions. Through these boundary
value representations, hyperfunctions also admit comparatively direct action of linear
differential operators with real-analytic coefficients.

On the other hand, it is also well known that there is no inequality nor bounded-
ness for hyperfunctions. Similarly, no good topology is known on the space () of
hyperfunctions on an open set } C R™.
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Such inconveniences were sometimes overcome by introducing new classes of hyper-
functions. An instance is the notion of Fourier hyperfunctions. In fact, there is no
notion of Fourier transformation for Z(R™), and the sheaf 2 of Fourier hyperfunctions
on a compactification D" := R™ LU S™~! was constructed by [6] in case n = 1, and by
T. Kawai [3] in the general case, in order to introduce Fourier analysis for hyperfunc-
tions. Their definitions are cohomological, but the space 2(D™) of global sections can
be identified with the dual space of a suitable space P, of exponentially decaying test
functions.

In [2], S. Y. Chung, D. Kim and E. G. Lee introduced the notion of boundedness for
hyperfunctions; they constructed the space Br~ of bounded hyperfunctions in several
variables. Their definition was given by duality; actually, they defined the spaces Br»
of hyperfunctions of LP growth for 1 < p < oo, as the dual space of suitable test
function spaces Arq with 1/p+1/g=1,1 < g < oo. Then, the space B~ of bounded
hyperfunctions is the variant with respect to p = co. They gave the standard inclusion
Br~ — 2(D"™), by comparing Ay: with the space P.. Moreover, they studied Br- by
Matsuzawa’s heat kernel method, and show several properties, including the structure
theorem, its relation with periodic hyperfunctions, etc.

On the other hand, in [5], we introduced the sheaf %1~ of bounded hyperfunctions
at infinity in one variable on a compactification D' = R U {400} of R, for the purpose
of the study of Massera type theorems in hyperfunctions. (Refer to [5] and also to J.
L. Massera [4] for Massera type theorems). Our construction is described in terms of
boundary value representations by sections of the sheaf 61~ of bounded holomorphic
functions on the space D! + iR. We also proved that the space %Br«(D') of global
sections of our sheaf can be identified with their space By~ in one-dimensional case,
that is, &1 (D?!) is isomorphic to the dual space of Ap:.

Since we had not constructed multi-dimensional variants of the sheaf of bounded
hyperfunctions at infinity, there is no counterpart of such identification in several vari-
ables. But the identification in univariate case can be interpreted as the boundary value
representations by &« for the duals (continuous linear functionals) of A1, which may
be multi-dimensionalizable. Also for the purpose of the study of vector valued variants
of #1~, it seems important to think about dualities.

For these purposes, we report boundary value representations for B in several
variables by defining functions in &7, on wedges with respect to octant decompositions.
Moreover, we introduce the variants of &1~ taking values in a reflexive locally convex

space, and give boundary value representations for them.
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§2. Boundedness for hyperfunctions

Let us recall the definition of the space Br~ of bounded hyperfunctions due to
Chung-Kim-Lee [2]. They introduced the spaces of test functions for 1 < ¢ < +oo by

10%0|| La ()

(2.1a) Ara,n = {p € C([R"); |lplle,n := sup < +oo},
a€ENn hlela!
(2.1b) Apq = li_n)lALq,h.
h>0

Here we used the standard notations of multiindices and derivations: N = {0,1,2,...},
a = (dl, o, an) €N, 0, =8/0x; (i =1,...,n), and 9% = 6 ---92~. Note that for
each h > 0, Arq », becomes a Banach space with the norm ||-||L¢ » given in (2.1a), and
we endow Az, with the inductive limit locally convex topology by (2.1b).

Definition 2.1 (Br~). Let 1 < p < 400 and take g (1 < g < +00) with 1/p+1/q =
1. The space Br» of hyperfunctions with LP growth is defined as the dual space of Ar..
In particular, Bre is called the space of bounded hyperfunctions.

Let us also recall the sheaf #r of bounded hyperfunctions at infinity defined on a
compactification D' := [—o0, +oo] = R U {£oo} of R, introduced in [5]. We consider
the topological spaces

C=R+iR C D! + iR
U U
R =]—00, +00[ C D! = [~00, +00]

and take coordinates t € R and w € C, (Rew = t). The sheaf of holomorphic functions
on C is denoted by &.

Definition 2.2 (61~). The sheaf 61« of bounded holomorphic functions on D! +
iR is defined as the sheaf associated with the presheaf

D'+iRDOU — 6UNC)NL®(UNC).

We have the following facts:
o O1e(U) = {f € 6UNC) | VK € U, ||fllx = supyernclf(w)] < +oo}.
® 01~(U) is a Fréchet space.
] ﬁL‘X’!C = O, that is, ﬁLoo(U) = ﬁ(U) ifU cC.

Definition 2.3 (%L~). The sheaf B of bounded hyperfunctions at infinity on D!
is defined as the sheaf associated with the presheaf given by the correspondence
open ﬁ oo Q
D! pD Q — lim —L—@——l
o  OL=(U)
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Here U runs through complex neighborhoods of 2, and an open set U C D! + iR is
called a complex neighborhood of a locally closed set Q € D! if Q is included in U as a
closed subset.

Under the notations By := |—d,d[, By := ]—d,d[\ {0} for d > 0, the space of the

global sections of &1~ can be expressed as:

. ﬁLoo (]D)l +’LBd)
2.2 PBro(D') ~1
(2.2) (D7) 2t Or=(D' 1 iBy)

Let E be a sequentially complete Hausdorff locally convex space. Then, the notion of
E-valued holomorphic function makes sense. (Refer for example to [1] for holomorphic
functions taking values in a local convex space.) Starting from the sheaf £6 of E-valued
holomorphic functions on C, we can define sheaves 61« on D! + iR and %1~ on D!
in a parallel manner.

Definition 2.4 (F%8~). We define the sheaf 6« on D! + 4R as the sheaf associ-
ated with the presheaf

U~ {f e Bo(UNC)| f is bounded.},

and also £% on D! as the sheaf associated with the presheaf

EG) o0 (U \ Q)
s lim — A2
& = (7))

Similar to the scalar valued case (2.2), the space of the global sections can also be
expressed as:

EQ L (D! +iBy)
2.3 ER) oo (DY) ~ lim ——=
(23) L (D)~ I o BT iBy)

§ 3. Boundary value representations for By~

We extend the notion of bounded holomorphic functions of one variable to the case
of several variables and also to that of LP growth (1 < p < 400).

Let D™ := R"U S ! be a compactification of R™ with the (n—1) dimensional sphere
at infinity, and consider the topological spaces

C" =R"™ +R* C D™ +R"
U U
R" c D”
with coordinates t = (t1,...,t,) € R” and w = (wy,...,w,) € C*, (Rew =t). We
define the sheaf &1, on D™ + ¢R", and give another description of the test function
spaces in (2.1). (See Lemma 3.4 below.)
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Definition 3.1 (€rs). For 1 < p < 400, we define the sheaf €, on D" + iR"™ as
the sheaf associated with the presheaf

D" +iR™ > U +— 6(U NC™) N LP(U NCM).

Note that Definition 2.2 is a special case with n = 1 and p = oo of Definition 3.1.
We can show the following facts.
e 0»(U)={f e 6(UNC") |VK €U,|f|lLr.c < +00}. Here and in what follows,
we use the abbreviation || f||L» x for || f||Ls(xncn)-
® Orv|c =0, thatis, O, (U) = 6(U) if U c C™.
® O1»(U) COL(U)if 1 <p<gq<+oo.
We endow Op»(U) with a locally convex topology given by a family of semi-norms

{Il-lze x }xev-
Moreover, we introduce another type of semi-norms:

| fllzoo e i = Sup | (xxnce £)(- +is)|| Lr (rr)-

Here x xnc~ denotes the characteristic function of X N C™ and consider XKxnc~f as a
function on C™ with value 0 outside KX N C".

This family {||-[| e r» K } kev defines the same subspace €7, (U) in €(U NC™) with
the same locally convex topology, as {||‘||L» .k } ke does.

Lemma 3.2. 0,(U) = {f € 6(UNC") | VK € U, ||f|lL=rr.x < +0} as locally
convez spaces.

Corollary 3.3. Let S C R™ be an open set. For a tube domain D™ + iS, we have
Or»(D" +iS) = {f € OR" +i8) |VSs € S, || || Lo (mr+is0) < +00,
sup || f(- + 45| Lo wn) < +00},
SESy
as locally convex spaces.

Now we give another description of Az in terms of &4, under the notation (Ba)™ =
H?:l By = {S e R" l malesjl < d},

Lemma 3.4. Ay, ~ lim, o OL«(D™ +i(Bg)") as locally convex spaces.

Consider a pair of indices 1 < p,q < 400 with 1/p +1/¢ = 1 and a tube domain
D™ +4S with a connected open set S ¢ R™.

Lemma 3.5. For F € Op»(D" +iS), f € Opo(D™ +iS), and s € S, the integral
Jon F(t +is) f(t + is)dt is well-defined and independent of s.
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Proof. Using the Holder inequality and the Lebesgue convergence theorem, we have
IEF ) +is)|Lrmny < F(+i8)l|Lo@n) I f(- + 18) || Lawn) < +00, and

F(t+1s)f(t+is)dt = lim F(w)f(w)e‘ewzdw.
R~ €l0 JRntis
Since F'f is holomorphic and Ff € L*(R™ + iS;) for any Sy € S, we can deform the
contour in [p, .- F(w)f(w)e=* dw. O

The boundary value representations for By~ for n-dimensional case is given just in
a parallel way as those in [5] for 1-dimensional case.
Fix a constant d > 0, and we define open sets U, U, Uj (j=1,...,n) by

(U :=D"+4(By)",
U:=D" + i(Bd)n,

Uj ;:D"J,-i(de---dex---de)
j-th

={weD"+i(Bg)" | Imwg #0if k # j}.

For r with 0 < r < d, we define contours ¥(r), v(r,n) by

n
—

(3.2) N(r) := =R +iB,), ~(r,n) =~(r) x -+ x y(r).

Consider F € O (U) and ¢ € O11(U). We take r with 0 < r < d and define
Fp)e= [ Pty
y(r,n

We can easily see the well-definedness as follows.

Lemma 3.6. The right hand side is integrable and independent of r.

Proof. It can be written as

Z sgn(e) F(t + ire)p(t + ire)dt.
ee{x1}n R

By Lemma 3.5, each integral is well-defined and independent of 7. O
We define the boundary value map b: O (U) — Bre = (A1)’ by
(3.3) b(F)(p) = (F,¢), for Fe Op=(U), p€ O (U),

and also the defining function map g : Bre = (A1) — O (U) by

(3.4) g()(w) == p(K(w—")), fory € (Ap),weU,
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where

1 e’

(—2mi)™  wy--wy

(3.5) K(w) =

Then we can show,
® (37, Or (U;)) = 0, and therefore b induces a linear map from the quotient space
OL=(U)/ 371 OL=(U;) to Bres. .
e K(w,") belongs to Ay for a fixed w € U, and therefore g(1)(w) is well defined.
® g(¢)(w) is holomorphic in w, and defines a section g(¢)) € O (U).
For F € 61~ (U), we denote by [F] the class in Op(U)/ > i1 O (U;) represented
by F.

Theorem 3.7. We have [g(b(F))] = [F] for any F € Or=(U) and b(g(¢))) = ¢ for
any ¢ € Br=. Therefore, b induces an isomorphism between vector spaces:

™y 0 — D[ oo.
2j=10L=(Uj)

Remark. We also have &p,(U)/ > O1»(U;) = B for 1 < p < +0o. The case
n = 1 was studied by H. Shima in his master thesis presented to Chiba University, 2010,

(in Japanese).

Though Ap. is defined only for 1 < ¢ < 400 in (2.1), we can also define Az and
construct the boundary value map b: &1 (U) — (Ar=)'. But, in this case b does not
induce an isomorphism.

§4. Vector valued cases

Let E be a sequentially complete Hausdorff locally convex space. The system of
continuous semi-norms of E is denoted by M (E). We define vector valued variants of

OL», as follows.

Definition 4.1 (¥61»). For 1 < p < +o00, the sheaf £6,» on D™ +iR" is defined as
the sheaf associated with the presheaf

D" +iR" DU — {f e PO(UNC™) |Vp € N(E),po f € LP(UNC™)}.

We can show the following facts.
e 56, (U) = {f € BO(UNC™) | Vp € N(E),VK € U, | fllze,p,x < +00}, where
Il f|lz»,p,x is the abbreviation of ||p o Fllze(xnen)-
® EﬁLP‘C = Eﬁ
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o B01,(U) cBOL.(U)if1 <p<q< +oo.
We endow 6., (U) with a locally convex topology given by a family of semi-norms

{“‘”Lp,p,K}peN(E),K@u
Also introducing another type of semi-norms:

I £llzee Lo o5 = sup [(xxncnp o f)(- + is)l| Locrn,

seR
we have a parallel result with Lemma 3.2.

Lemma 4.2. 6., (U) = {f € BEO(UNC") | Vp € N(E),VK € U, ||fllLwrr px <
+o00} as locally convex spaces.

Corollary 4.3. Let S C R™ be an open set. For a tube domain D™ + iS5, we have

EGL» (D™ +iS) = {f € FOR™ +iS) |Vp € N(E),VSy € S, ||p o fll Lo ®n+iS0) < +00,
sup [|p o f(- + is)||Lr(wn) < +00},

sESy

as locally convex spaces.
Then we give vector valued variants of Arqe. (Cf. Lemma 3.4.)
Definition 4.4. A, := 111300 EGLq.(D™ + i(Ba)").

In the sequel, we always assume that E is a reflexive locally convex space, and
denote by E’ its strong dual space. Since the sequential completeness follows from
the reflexivity, we can consider the notion of E-valued (and E’-valued) holomorphic
functions. Also consider a tube domain D™ + ¢S with a connected open set S C R".
The following lemma is a reflexive valued variant of the case p = 400 and ¢ = 1 of
Lemma 3.5.

Lemma 4.5. For F € 6« (D" +i8), f € EOL1 (D™ +iS), and s € S, the integral
Jgn F(t +is)(f(t + is))dt is well defined and independent of s.

Proof. We can easily see that the function w — F(w)(f(w)) is holomorphic.
For an arbitrary Sy € S, the image M := F(R™ +1S)) is a bounded set in E’. Since
E is reflexive, E is isomorphic to the strong dual space of E’, and

pm i E>x— suply(z) €R
yeEM

becomes a continuous semi-norm of E. Therefore, it follows from the very definition of
Egri (D™ +iSo), that ||pam(f(- + i5))||Lr@wn) and ||poam(f(- + i5))|| Lo () are finite and
uniformly bounded in s € Sj.
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Note moreover that |F(w)(f(w))| < pm(f(w)) for any w € R™ + iSp. Thus, the
function t +— F(t 4 is)(f(t + is)) belongs to L*(R™) for any s, and w — |F(w)(f(w))]
is bounded in R™ 4+ 5.

Remaining parts are the same as in Lemma 3.5, the scalar valued case. O

Definition 4.6 (EIBLoo ). Let E be a reflexive locally convex space and E’ its strong
dual space. We define £'Br := (EAL1).

We use the same notations U, U, Uj (j =1,...,n), and contours (r), y(r,n), as in
(3.1) and (3.2).
Consider F € £'61(U) and ¢ € E61(U). We take r with 0 < r < d and define

(4.1) (F, ) = / . F) (o)

We can prove the well-definedness (Lemma 4.7 below) in a parallel manner as in the

scalar valued case.
Lemma 4.7. The right hand side of (4.1) is integrable and independent of r.
We define the boundary value map b: £'Gpe (U) — EBpe by
b(F)(p) = (F,¢), for F € FOL(U) and p € F61.1(V),
and the defining function map g: ZBre — E'@pe(U) by
g()(w)(z) ;== Y(K(w - )z), fory e (FAp), welU andz € E,

where K is the function given in (3.5).
Then we have,
° (377, E'@Le(U;)) = 0, and therefore b induces a linear map from the quotient
space E/ﬁLoo(U)/Z;.lzl E'G oo (U;) to EBreo.
e K(w,-)z belongs to A1 for a fixed w € U and z € E, and therefore g(¥)(w)(z)
is well-defined.
o E3xw— g(¢)(w)(z) € Cis linear and continuous.
¢ g(¢)(w) is holomorphic in w, and defines a section g() € 61 (U).
We denote by [F] the class in F'@pe(U)/ Y 7_, £'OLe(U;) represented by F €
E'Glo(U), and we give

Theorem 4.8. Let E be a reflexive locally convex space. We have [g(b(F))] = [F]
for any F € B0 (U) and b(g()) = ¢ for any v € E'Bre. Therefore, b induces an
1somorphism between vector spaces:

ElﬁLoo (U)

- — 5 PBw
Zj:l E ﬁLW(Uj)

(4.2)
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Consider the special case n = 1. Then, since U; = U, the left hand side of (4.2) is
isomorphic to &1~ (D'), as we saw in (2.3). Therefore, (4.2) can be understood as a
duality representation for the global sections of E’-valued bounded hyperfunctions at
infinity.

Corollary 4.9. If E is reflezive, then we have, F' B0 (D) ~ (®Ar:).
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