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Multi-point connection problem

By

Kana ANDO*

Abstract

The connection problem concerns the linear relations between fundamental sets of solutions
near singular points. In this paper, we will emphasize the two-point connection problem. In the
first section, we will explain why the two-point connection problem is interesting in the analysis
of the Stokes phenomenon. In the second section, we will introduce an associated fundamental
function which was introduced by K. Okubo in the 1960’s [O]. In the third section, we will give
an example of the two-point connection problem. In the final section, we will give an useful
result of a reduction problem for solving the multi-point connection problem.

§1. Introduction

The method of associated fundamental functions was first applied to the two-point
connection problem for a differential system with an irregular singular point of rank
unity by K. Okubo in 1963 [O]. In 1974, M. Kohno applied it to a single differential
equation with a regular singular point and an irregular singular point of arbitrary rank
[K1]. In 1999, he also sketched an argument that would allow one to apply the associated
fundamental functions to the problem in the case where one has an arbitrary number
of regular sinsular points and one irregular singular point [K2].

It seems that this last advance has gone largely unnoticed, and there have been no
further developments. In the future work, we will work on applying this method to solve
the multi-point connection problem.

In this section, we will explain how the two-point connection problem is useful for
analyzing the Stokes phenomenon.

For the rest of this paper, we assume that t is a complex variable. We consider an
n-th order single differential equation which has one irregular singular point of rank
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unity at infinity and a regular singular point at the origin, with unknown function y, of

the form:
dny n e dn—éy
(11) tna't—;;' = ; an—f(t)tn din—2’
where a,(t)(¢ =0,1,...,n — 1) are holomorphic functions at the origin. There exists a

fundamental set of solutions expressed in terms of convergent power series:
o0
yi(t) =17 Y Gi(m)t™ (j=1,2,...,n),
m=0

in a punctured disc around the regular singular point ¢ = 0, where p; — p; ¢ Z (i # j).
We can calculate formal solutions:

yo(t) = M Y CRE () (k=1,2,...,n)
s=0

at infinity, where Ag, ux € C. On each sector S with vertex at the origin and central
angle not exceeding 7, there exists a fundamental set of solutions yg t) (k=1,2,...,n),
such that

v§(t) ~¥*(t) (It| = o0 in S).

We write Yy (t) to denote a vector function whose components are given by a fundamental
set of solutions y;(t) near the origin, and Yg(¢) to denote a vector function whose
components are given by a fundamental set of solutions y%(¢) near infinity on S;

y1(t) ys(t)

2

v = | 29 vew = | B
yn(t) yg(t)

Let us denote the analytic continuation of the y%(¢) into a sector S’ by the same notation
y%(t). Then we have a linear relation between y&(t) and y&, (¢):

(1.2) Ys(t) = T(S: §")Ys/(t) T(S:8') € Mu(C) in S

We call this constant matrix T'(S : S’) the Stokes matriz or the lateral connection matriz.
If we can find the exact value of the matrix T(S : S’), then the asymptotic behavior of
y&(t) as t tends to infinity in S’ will be immediately understood.

On the other hand, a linear relation between two fundamental sets of solutions y;(t)
and y%(t) in S clearly holds:

(1.3) Yo(t) = W(S)Ys(t) in S, W(S) € GL,(C).
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We call this coefficients matrix the central connection matriz. Its derivation is often
called the central connection problem.

If we can solve such a central connection problem (1.3) for every sector .S, then after
the analytic continuation of the y%(t) across a domain near ¢ = 0 and then into the
sector S’, we can directly obtain the lateral connection formula (1.2). That is, once
the central connection problem is solved, the Stokes phenomenon will be completely
understood.

§2. Associated fundamental function

We will give here a short sketch of a method for the establishment of the asymptotic
expansion y;(t) as t tends to infinity, together with the determination of the lateral
connection matrices T'(S : .S’) for every sector S.

Assume that the central connection problem were solved. There exists a fundamental
set of solutions of (1.1) expanded in terms of convergent power series in a punctured
disc around the regular singular point ¢ = 0:

oo
yi(t) =17 Y Gi(mi™ (j=1,2,...,n)
=0
where p; — p; ¢ Z(i # j). The fundamental solutions y%(t)(k = 1,2,...,n) of (1.1) are
characterized by formal solutions at the irregular singular point:
vs(t) ~y*(t) (It — oo in S).

Then y;(t) can be expressed as:
yi(t) =17 Y Gi(m)t™ = > W (S)yk(t)
m=0 =1

where W]lc (S) are entries of the matrix W (S):

Wi (S) WE(S) - WI(S)

1 2 W
wis) < | WS WES) - WE(S)

WA(S) W2(S) - Wo(S)

We shall introduce a set of functions xf(s; t), distinguished by the property that they
admit the same local behavior as y;(t) in a punctured disc around the origin and y*(t)
near infinity. We call the functions :v;?(s; t) the associated fundamental functions and

we will work out the expansion of y;(t) in terms of z¥(s;):

eretthe ([t — oo).
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Now we consider a first order non homogeneous differential equation:

tdmf(s;t)

pra (At + pg — s)x?(s;t) + t”j/\kg;“(s -1) (s=0,1,2,...)

which has the particular solutions:
wf(s; t) =tPi Z g}“ (m+ s)t™

By quadrature, from the first order non homogeneous differential equation, we obtain
the integral representation:

1
x;c(S? t) = /\kgf(s — 1)t /0 e M t(1=7) o s+ps—p—1 4

We remark that the integral is well-defined for all integers s satisfying s+ p — p > 0,
and if p — p ¢ Z, it can be regularized by analytic continuation for all integers s.
It is known that asymptotic behavior of z(s;t) is

2§ (58) ~ TP mHREAR = 1 1P g (s — 1)t + gF (s — 270 + )

as |t| — oo in |arg(Act) — 2mf| < 2w, where £ is an integer. This concludes our
introduction of the associated fundamental functions a:;?(s; t)(k,7 = 1,2,...,n), and
our analysis of the asymptotic behavior of xf(s; t)(k,7=1,2,...,n).

Next, we shall define additional functions:
fk (m) = Z R*(s)g* )gi(m+s) (k=12,...,n).
m=0

We can show that f]’“(m)(k = 1,2,...,n) satisfies the same reccurances which G;(m)
satisfies, but the proof is omitted. From these facts, we can analyze the asymptotic
expansion of y;(t):

yi(t) =t Y G;(m)t
m=0

b
I
-
0
|
o
o
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The asymptotic behavior of the associated fundamental function xf (s;t) is the same
as that of y*(t). We will see more detail in the next section, where we work out an

example.

§3. Example

In this section, we apply the Okubo-Kohno method to describe the global behavior
of solutions of Airy’s differential equation:

, , .
(3.1) t2y" + §ty’ —t%y =0.

This equation has one regular singular point at the origin, and one irregular singular
point at infinity in the complex projective line. In [K2], Kohno computes some entries
of the central connection matrix of (3.1). Here, we shall compute the remaining entries,
and furthermore, we shall determine the Stokes matrix.

To begin, we find a fundamental set of solutions of (3.1) in a punctured disc around
the regular singular point ¢ = 0. These solutions have the form

oo

(3:2) y(t) =17 Y Gm)t™  (G(0) #0).

m=0

By substituting this expansion into (3.1), we obtain the linear difference equation

(3.3) {(m+p><m+p— 3G(m) = G(m — 2),

G(0) # 0, G(r)=0 (r<0).

In order for negative terms to vanish, it is necessary that p is equal to 0 or 2/3, and
that G(1) = 0. By induction, G(2m + 1) = 0 for all m > 0. If we set G(0) = 1, we
obtain

T(§)T(5 +3)
G(2m) = 2/-\2 " 3 ,
(2m) 4mT(m+ £+ 1)I'(m + § + 2)
G(2m+1) =0.

(3.4)

Consequently, the two values of p yield a fundamental set of solutions in a punctured
disc around the regular singular point ¢t = 0 as follows:

(o] 1—‘(2) ¢ 2m
yl(t):mzzzof(mﬁ—l);(m—b—%) (5) ,

(3.5)
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By the asymptotic properties of I', the first series has infinite radius of convergence, and
the second series is t2/3 times a series with infinite radius of convergence.

We now consider solutions of (3.1) near ¢ = co. Because the singularity is irregular,
the solutions do not have the convergent expansions of the form (3.2). However, there
are formal power series solutions of the form

(3.6) y(t) = ert# i h(s)t™* (h(0) # 0).
s=0

In order to seek the value of the characteristic constant A and the characteristic exponent
p, we follow the method in the paper [K1]. We define y™(t) (k = 0,1,2) to be the kth
derivative of y(t) with respect to t:

d*y(t)
(%) —
y (t) dt""’ )

and we shall write the coefficients of the formal series h"(s), that is

(3.7) yB () = ettt i h"(s)t™*,

s=0

with hO(s) := h(s) Then, we have the relation:
Lemma 3.1. From y®(t) = (y"*~D(t))(x = 1,2), the relation
(3.8) h®(s) = Ah""1(s) + (u—s+1)h* (s —1) (s=0,1,...)
holds.
Proof.
y®(t) = ("D (t)

oerttH Z he(s) 1™ = e Mt {)\Z hEL(s)t™ + Z(,u, - s)h"_l(s)t_s_l}
s=0 s=0 s=0

o0 oo o0
&Y h(s)tT = {A YR+ (u - s)h"”_l(s)t_s_l} .
s=0 s=0 s=0
Comparing the coefficients of t~°, we have the above formula. O

We substitute (3.7) into (3.1) to find that our initial terms satisfy:
(3.9) (A2 = 1)h(0) =0,

(3.10) (A2 —1)h(1) + 2X (u + é) h(0) = 0.
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and the remaining terms satisfy the following recursion for s > 0:
1 2
(A2 = D)h(s +2) + 2X (—3—1—1—,u+ 5) h(s+1)+ (s —p) (s—/rl—g) h(s) =0.

Because we assumed h(0) # 0, we see from the initial term equations that A must
be equal to +1 and p must be equal to ~%. Then, from the recursion, we obtain the
linear difference equation in s:

(s—p=-1)(s—p—-13)
h(s) = 5 h(s—1)
Setting h(0) = 1, we obtain the explicit formula:
h(s) = ( 1 )s P(s —wT(s—pu+ %)
2 ) T+ )P~ (~p+2)"

Using the two possible values of A\, we obtain two formal solutions near t = 00 :

(i T+ DI+ 3) /1) B
| V= e DI () ©-=»
(3.11)
205\ _ oty ~L(s+ (s +2) 1\° _
EARP Y vy vey vey () 0=

It is straightforward to see that these formal solutions diverge wildly, but they are
useful because they are in fact asymptotic expansions of holomorphic solutions in sectors

near infinity.

We shall now apply the Okubo-Kohno method.

Suppose that we are given a convergent power series solution of the form (3.2) near
t = 0, and suppose we have an additional expansion as a combination of holomorphic
functions {z(s;t) : s =0,1,...} as follows:

y(t) = > h(s)z(s; ).

The solution y(t) behaves near infinity like

v~ f1ro (L} - oo

where T is a Stokes multiplier. If our functions {z(s;t) : s = 0,1,...} admit the
following asymptotic behavior

{ z(s;t)~t° (|t —0),

3.12
(3:12) x(s;t) ~ ertth—s ([t] — o0),
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we can reasonably expect them to combine to form y, and satisfy convenient uniqueness

properties.
We will construct functions {z(s;t) : s =0,1,...} of the form :

oo

(3.13) z(s;t) =t° Z g(m + s)t™

m=0

that satisfy the first order non-homogeneous linear differential equations
(3.14) tr'(s;t) = (At + p — s)z(s;t) + Ag(s — 1)t° (s=0,1,...),

and the asymptotics given in (3.12). We will see that z(s;t) is uniquely defined by these
properties once we have chosen g(0).

By substituting (3.13) into (3.14) and isolating powers of ¢, we see that the coefficient
g(m + s) satisfies the first order linear difference equation

(3.15) (m+s+p—p)glm+s)=Ag(m+s—1).

This linear difference equation therefore uniquely determines z(s; t) once the initial term
is specified. We set:

\mtstp—p
'm+s+p—p+1)

(3.16) glm+s) =

as a particular solution of (3.15). By quadrature, the non-homogeneous equation (3.14)
has solution given by the integral representation

(3.17) z(s;t) = Ag(s — l)t“’/0 exp{M(1 — 1)} TP #"1dr,

We therefore have our sequence of associated fundamental functions {z(s;t) : s =
0,1,...}, and they have the expected asymptotic behavior in sectors. Indeed, for arbi-
trarily small positive €, and any integer ¢, we have:

(318) $(8;t) ~ e2mip—p)E At u—s 4 tp{g(s _ l)t—l + g(s _ 2)t——2 + . }

as t — oo in |arg(At) — 2mf| < 37 —e.

We return to our example, where our solutions were determined by the values of
p € {0, -§-} and A = +1. Here, we consider the cases where p = %, A==xland p= —%.
Then, the associated fundamental functions are defined by

(3.19) (m +s+ %) gE(m+s) = gi(m+s—1) (k=1,2;2 =1,) = €e™),
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and using the explicit formula for g&(m) from (3.16), we have

gh(m + s)t™+3,

NE

2k (s;t) =

0

3
It

3.20 5
( ) ()\k)m+s+g

¢ k=1,2).
F(m+s+“) ( )

uP”18

If we write h*(s)(k = 1,2) to denote the coefficients in the formal power series expansion
(3.11) of y*(t), we may define the functions f¥(m)(k = 1,2) by

(3.21) fr(m) =3 h(s)gk(m+s)  (k=1,2).
s=0

Because our explicit formula for g§(m) from (3.16) yields a holomorphic function on
the right half m-plane, the same is true for f§(m). Indeed, we have the asymptotic
relations:

(3.22) 5 (m) ~ %{HO(%)}

Here the proof is omitted.

We claim that f¥ (m)(k = 1,2) satisfies the same recurrence that defines G3(m), but
we omit the proof. Therefore, Go(m) can be expressed as a linear combination of the
fE(m)(k = 1,2) as follows :

(3.23) Ga(m) = Wy fi (m) + W3 f3(m)

where the W¥(k = 1, 2) are, in general, periodic functions of m with period 1, however,
they may be considered to be constants for integral values of m. From this, we conse-
quently obtain the expansion of y,(¢) in terms of sequences of associated fundamental
functions {z§(s;t): s =0,1,...(k=1,2)} :

(324) (1) = 3 Ga(m)em+d

m=0

=W3 > fim )t’”+3+Wsz2 s

0 m=0

=W, ihl(s) (i g3(m+ s)t"‘*%) + nghz(s) (i g3(m + s)tm+%)
m=0 s§=0

m=0

=Wy > hl(s)zi(s;t) + W > h¥(s)z(s;).

s=0 s=0
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We conclude that for each nonnegative integer m, f¥(m)(k = 1,2) is the coefficient at-
tached to tm+§, when y3(t) is expanded as a power series. We may now use the asymp-
totic behavior (3.18) of the associated fundamental functions to analyze the asymptotic
behavior of the original solutions. We derive from (3.24)

ya(t) ~ W3 Y h(s) {ett‘%"s +> g3(s— T)t_r}
m=0

=0

+ W3 Z h*(s) {e—tt‘%‘s + Zgg(s - r)t_r}
s=0

r=0
1yl(t) + WEA (D)
+Y (W f3(=r) + W33 (=)t
r=0

o0

~ WhyH(E) + WEPR () + > Ga(-r)t ™"

r=0

~ Wiyt (t) + W3y (1)

as t — oo in the sector

2
5= ,Ql {|arg()\kt)| < gw} = {—gn <argt < g—}

Now that we have all of the necessary asymptotic information in hand, we can determine
W¥(k = 1,2) by combining the fact that G;(m)(j = 1,2) vanishes on odd inputs with
our knowledge of the asymptotic behavior on even inputs. Explicitly, we combine (3.11)
and (3.20) to get

f2(m) = emmF8) f3(m)
for all m > 0, and from that, we apply

0=Gy2m+1)=W2fi2m+1)+ f2(2m + 1)
= (Wi — W2ed™) f2(2m + 1).

to deduce one relation:
(3.25) Wi = W2ed™,

For the second relation, we consider the formula:

Ga(2m) = W f3(2m) + W3 f7 (2m).
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From (3.4) and using the asymptotic behavior of f¥(2m) given in (3.22), we may divide
by f3(2m) to find that for sufficiently large m,

(3.26) Wi + W2es™

ety 100 2)

_ D)2 ¥ T(m + 5)0(m + 1) !
© V2m4mD(m+ 1) (m + 2) {HO( )}

2 eo2))

However, W + W3es™ is constant, so the O(1/m) terms vanish:

(3.27) Wi+ Wiesi =

By combining this with (3.25), we find that the connection coefficients W¥(k = 1,2)
are:

1 _ 2 57
W2 = W2 e6 =
Therefore, we obtain the connection formula:

W3y(t) (S1:—3r<argt< -%)
ya(t) ~ § Wiyl(t)  (Sa:—Z <argt<I),

Wiedmiy2(t) (Ss : T < argt < 37).

For y1(t), in [K2], Kohno employed a similar calculation to find the following connection
formula:
WPy (t)  (S::—3w<argt< -2,
vi(t) ~§ Wiyl(t)  (S2:—F <argt< %),

Wiesiy2(t) (S3: § < argt < 7).

where Wi = Wie®" = ( %)% %;?_% Even without the exact value of Wl and W2, we can
-compute the Stokes coefficients. For example, the analytic continuation of Y, from S,
to Ss:
01
T(SQ . 53) = W_l(Sg)W(Sg) = 5
11
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with .
(Wi WP W2est W2

1
Ys, = (35) W (S1) = W(Ss) = _
5 \ W3} W3 WEedmi W3

Wiedt Wiest W2esi W2et
W(Sg) - =
Wl S W2e§1m/ erzz W2e§m

§4. Our result

In [K2], Kohno outlines a method for solving a multi-point connection problem for
a system of differential equation:

dX (Ao A
(41) '&?_{t t—1 }

to which one can always reduce a single differential equation:

= r n— n— dn—!
(1 —t)" dt" =Z(Zaht)t ‘1-1) fdtn_i{

r=0

where A;(i = 0,1,2) are n by n matrices.
The method explained in [K2] is likely to be useful for solving the connection problem
for more general equations, with unknown function y, of the form:

(4.2) P.t)y™ = P () y™ Y + - + Pi(t)y + Po(t)y,

where
=] =)
ij=1

and the coefficients Pj(t) (j = 0,1, ..., n — 1) are polynomials of degree at most n.
For the purpose of analyzing the multi-point connection problem, the following the-
orem is useful.

Theorem 4.1 (M.Kohno and K.Ando 2006, K.Ando 2012). The differential equa-
tion (4.2) can be reduced to the system of linear differential equations, with unknown

length n vector function X

(4.3) (tI — B)% = (A+CHX
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where I is the n by n identity matriz, A is an n by n constant matriz, C is an n by n
constant lower triangular matriz, and
B = dlag ()\1, )\2, ey )\n), .

We can also apply this method to the more general reduction problem, in which P, (t)
may have multiple roots.

Moreover, multiplying (¢ — B)~! from the left side, we shall show that our system
can be reduced to a generalized Schlesinger system:

dX _ (s~ _A
dt -

where g is a number of regular singular points and A4;(i = 1,2, ...,q) are n by n constant

matrices.

Proof. (K.Ando 2012) The system (4.3) can be reduced to a generalized Schlesinger

system:
(Z ——_ + C) X,

with 4;(i = 1,2,...,q) being n by n constant matrices. O

References

[A] Ando, K., On the reduction of a single differential equation to a system of first degree
differential equations, submitted.
[AK] Ando, K. and Kohno, M., A certain reduction of a single differential equation to a system
of differential equations, Kumamoto J. Math. 19 (2006), 99-114.
[K1] Kohno, M., A Two Point Connection Problem for General Linear Ordinary Differential
Equations, Hiroshima Math. J. 4 (1974), 293-338.
, Global Analysis in Linear Differential Equations, Math. and Its Appl. 471,
Kluwer, 1999.
[O] Okubo, K., A global representation of a fundamental set of solutions and Stokes phe-
nomenon for a system of linear differential equations, J. Math. Soc. Japan 15 (1963),
268-288.

[K2]



