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Kernel functions and symbols
of pseudodifferential operators of infinite order
with an apparent parameter

By

Takashi AOKI} Naofumi HONDA** and Susumu YAMAZAKI***

Abstract

We introduce a new representation of pseudodifferential operators of infinite order (or holo-
morphic microlocal operators) and symbol class.

Introduction

The aim of this article is to announce our recent results about a complete symbol
theory for the sheaf é’}ﬁ of pseudodifferential operators in the complex analytic category.
The foundation of the symbol theory of &% at the present stage (see [1], [3]) is quite
unsatisfactory. There are two issues: first one is that, as Kamimoto and Kataoka
have pointed out in their work [4], the space of the kernel functions which comes from
standard Cech representation of cohomology groups is not closed under composition of
kernel functions defined by naive integration employed in [1}, [3]. Regarding this issue,
[4], [5] give a possible solution by introducing the notion of formal kernels. Second issue
is that the relation between the action of operators by integration of kernel functions
and canonical action through cohomological definition was not clarified (see [6], [7]).
Therefore, by using new isomorphism of cohomology groups (see Proposition 1.2), we
establish a new symbol theory, and solve two issues above. Details in this article will
be published in our forthcoming paper [2].
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§1. Local cohomology groups on a vector space

We denote by Z, R and C the sets of integers, of real numbers and of complex
numbers respectively. Further set N := {m € Z; m > 0}, N, := NU {0}, and C* :=
{c € C; c #0}. Let X be a finite dimensional R-vector space, and define an open proper
sector S C C by

S:={neCa<argn<b 0<|n <r}
for some 0 < b—a < 7 and 7 > 0. We set X = X x C, with coordinates (x,7), and
let m, : X> (z,m) — z € X be the canonical projection. Let G C X be a closed subset
(not necessarily convex) and U C X an open neighborhood of the origin. In this section
we give another representation of local cohomology groups HgnU(U ; F) for a sheaf F
on X. For this purpose, we need some preparations. Let Z be a closed subset in X
and p: X x [0,1] — X a continuous deformation mapping which satisfies the following
conditions:
(i) ¢(x,1) =z for any z € X and p(z,s) = z for any z € Z.
(ii) o(p(z,s),0) = p(z,0) for any s € [0,1] and = € X.
(iii) We set
p(p(:E,S) = |QD($, S) —p(z,0)|.
Then p,(z,s) is a strictly increasing function of s outside Z, i.e. if s; < s,, we
have p(z,s,) < P, (2, 8,) for any z € X \ Z.
We set, for short

(&) = b, (1) = (e, 1) ~ 9(a,0)] = |z ~ (z,0)].
Here we remark
P (p(z,5)) = o(z, s) — w(p(z,5),0)| = |(, ) — @(x,0)| = p,(,5).
1.1. Example. Let ¢ be a unit vector in X := C" and Z = {z € X (z,() = 0}
with (z,() := > z,(;. Define the deformation mapping ¢: X x [0,1] — X by
=1

ez, s) ==z + (s — 1){z, C)E

Here ( denotes the complex conjugate of (. Note that ¢(z,1) = = and ¢(z,0) gives

the orthogonal projection to the complex hyperplane Z with respect to the standard

Hermitian metric |z| = (z, Z)'/2.

Let o > 0 a positive constant. We define the subsets in X by
G = {(p(z,5),m) € X; p,(z) < olnl, 0< s <1, 2 € G,
U:={(z,n) €U x S; p,(x) < elnl}.

Note that G N T is a closed subset in U. Then we have the following proposition.
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1.2. Proposition. Let F be a complex of Abelian sheaves on X. Assume that U
satisfies that sup p<p(.r) < gr. Then there exists the following quasi-isomorphism:
zelU

Rl (U; F) % RIg(U; m ' F).

§2. Holomorphic microfunctions with an apparent parameter

Let X be a n-dimensional €-vector space with the coordinates z = (2,..., z,), and
Y the closed complex submanifold of X defined by {2’ = 0} where z = (2/,2”) with
2 = (2),...,2;) for some 1 < d < n. Set X = X x C, and let T X > (z,m) —
z € X be the canonical projections as in §1. In what follows, we denote an object
defined on the space X by a symbol with = like ﬁn etc. For any z € C", we set
]| == m<xn{|zl’} Let &y be the sheaf of holomorphic functions on X, and %;BIX the

1<

sheaf of real holomorphic microfunctions along Y on the conormal bundle Ty X to Y
(see [8], [9]). Let z5 = (0;1,0,...,0) € Ty X for simplicity. Let & := (r,’, p,6) € R* be
a 4-tuple of positive constants with

(2.1) 0<9<%, 0<o<l, O<r<or.

Then we set

n
U,:=N{z € X;|z]| <or |z <},
=2

d
G, =z € X; |argz| < % =8, 0°|2| < |z}
=2

By the definition of ‘f}n}l x» We have

(5§|X,zg = lim HgNmUK(UM Ox)-

[

Now we apply the result in §1 to this case. We set

0
(22) SK, = r6/4 — {TI € C; |arg77| < Z7 0< |77| < 7‘}
(/jn :='D2{(z,n) € X x S,; |z, < olnl, || < '},
~ d ~ T
G =(z:1) € X; larg 2| < 5 =6, olz;] < Inl}-

s
||
[\

We adopt the deformation mapping given in Example 1.1 and assume that U is suffi-
ciently small so that the assumption of Proportion 1.2 is satisfied (explicitly, ¢(z, s) =
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13)
(82y,25,...,%,)). Thus, from the exact sequence 0 — ﬂ'n_lﬁx — O — 0% — 0, we
obtain the following distinguished triangle:

£ - =5 9, Fa +1
RIg 5 (Ugm, ' Ox) — Rlg oy (U, Og) = Rl 5 (U, Ox) — .

T

RFGNOUN(Un; Ox)
Further we can prove:
2.1. Proposition. If k # d, then
Hgnﬁﬁn(Un; Oz) = HéNmUn(Un; Ox)=0.
2.2. Definition. By Proposition 2.1, we define
CBix(w) = HE o (0, 0%),
C$|x("’~) = Ker(an: C)H}|X("'") - 1]§|X(K‘))'
Summing up, we obtain:

2.3. Theorem. There exist isomorphisms

HgnﬂUn(Un; Ox) =% Cg%]x(’ﬁ)

! |

%ﬂ&x,zg —o— lim C$|X (k)
K

We now consider a Cech representation of C;lfl x (k). We set

3
2t

vih.={z € U,; g— -0 <argz <

N - 3
Vi = {(zm) € Uy o~ 0 <argz, < 2= +6},
Vi i={(z,m) €U olz| >} (2<i<ad).

Let P, be the set of all the subset of {1,...,d} and P] C P, consisting of a € P, with
#a =d — 1 (#a denotes the number of elements in «). For « € P;, we define

D@ AT, V@ —AvO, P PULea) — AP0,

i€a i€ =1
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As each 17,2“) (resp. Véa)) is pseudoconvex, we have

(*). (). p
HE (U0 = Ve 0x) e TVe"0R) 50 gy~ R ()
N0, STV 0y) ST, 00
a€Py a€P]

§3. Cohomological representation of 6’5 with an apparent parameter

We inherit the same notation from the previous section. Set X 2.= X x X with the
coordinates (z,w), and let (z,w,n) be coordinates of X?:=X?xC. Let A C X2 be
the diagonal set. We identify X with A, and

T*'X ={(2:Q)} = {(z. ¢, =)} = TAX".

Let é"ﬁ denote the sheaf of pseudodifferential operators on the cotangent bundle 7™ X

of X. Let £2, be the sheaf of holomorphic n-forms on X, and set p,: X 25 (z,w) —

w € X. Then by the definition, &% = %}({lxz @pglﬂx. We fix z5 = (24;¢,) =
P2 0)(

(0;1,0,...,0) € T*X. Let k = (r,7',0,0) € R* be parameters satisfying the conditions
(2.1). We set

n
Upw = 02{(2 w,n) € X% ||2]| <7/, € Sy, Iz —wy| < ell, |z —wyl <7’

3
— 0 <arg(z —wy) < ——21 + 6},

(

(z,w,n) € Up s olz; —w;| > nl} (2<i< n),
n

Uppi=(zw) € X% ||zl <7, |2y —wy| <or, |2, —w] <7},

— 6 < arg(z, w1)<%7r—+9}

We also set
EX (k) := CX|X2( )‘?Pglgx
pz Ox
Then by Theorem 2.3, we obtain

n O n ~J
HE, oo, (Up i O%3™) » BR (k)
I I
r V(*) : 6, (0,n) (*) : Lﬁn ,0)
(A(':,) © ) N){KE A?) LGO) BK—O}
SOV 08 L I(Vie:0 )

a€PY l aEPY l
R ~ N E R
gX,zS ’ li,n EX (IC)
K
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Here & )? ;70 is the sheaf of holomorphic n-forms with respect to dwy,...,dw,, and
ﬁg?&n) is the sheaf of holomorphic n-forms with respect to dw,, . ..,dw,. Let (z,7) € X.
Set 3, := £ o= vET(n40)/2 and G, = ﬁe‘/rr(""’e)/z, and we define, for a sufficiently

small € > 0, the path v,(z,7;9,0) in C, by

Y1(2,m50,0) = {w; =z, +tBym; 1

>t>e}V{w, =2 +elyne’ "L 0 <t < 1)
V{w, =z +t8ne<t

<1},

Yi(zm0) = {w; = z, + (l—zl + E)e%‘/‘_ﬁ; 0<t<1} (2<i<n).

Note that «,(z,7;0,0) joins the two points z; + Byn and z; + B;n, which depend on
the variables z, and 7 holomorphically. Define the real n-dimensional chain in X made
from these paths by

Y(z:m50,8) == 7,(2,m;0,0) X V(2,15 0) X -+ x 7, (2,m;0) C X.

3.1. Theorem. The bi-linear morphism

p: Ex(K) ? C§R|X("5) > C&x(@
w w
[¥ (2, w,n) dw] ® [u(z, )] —— | ( %(z;w,ﬂ) u(w,n) dw]

is well defined. Here k = (7,7, 0,0) is a 4-tuple of positive constants satisfying

! ~ 0 0
%, O<9<Z’ O<§<£sin—.

O0<r<r, 0<#< 5 1

Moreover,

Ry @i,z = I(BR () © CF () 2 L CF () = #5 ..

. . . . R R
coincides with the cohomological action of Ex 2 O %y X,z
As a corollary of the theorem, we have the result on the composition on Eg%(n):

38.2. Corollary. Let k = (7,7, §,0) € R* satisfying

- ., ~ 0 . o . 0
0<7<r, 0<r’<§, O<9<Z, 0<Q<—2-smz,
and the corresponding conditions to (2.1). Then there exists the bi-linear morphism
p: B (5)© B (x) — B (R)
w w

W) ] © g (e )l [( (20, 6@ 1) o]
Y(z,n50,
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Moreover the multiplication of the ring é’}?’za coincides with

$%%ﬁ4=%ﬂWM%@MDL%w%M=$%

§4. Symbols with an apparent parameter

Let X := C" and consider T*X ~ X x C" = {(2;(¢)}. Let m: T*X — X be a
canonical projection. If V.C T* X is a conic set and d > 0, we set

Vid] :={(2,¢) € V; [<|| > d}.
For any open conic subset 2 C 7" X and p > 0, we set

0= 0l U{(+7:¢+¢) €€ 1] <, 1€ < pllcl]
(2,£)eN

Here Cl means the closure. In particular, {2, = Cl{2. For any d > 0 and p € [O, 1[ , we
set d, := d(1 — p) for short. Let U, V be conic subsets of T*X. Then we write V €U if

conic
V is generated by a compact subset of U. We recall definitions of symbols and formal
symbols of é"}?:
4.1. Definition. Let 2 @T*X be an open conic subset.

conic

(1) We call P(z,{) a symbol on {2 if there exist d > 0 and p € ]0,1[ such that
P(z,¢) € I'(2,[d ]; Op.x), and for any h > 0 there exists C}, > 0 such that

IP(2,0)| < Ce"lh ((z0) € 2,(d,)).

We denote by .#(£2) the set of symbols on (2.
(2) We call P(z,¢) a null-symbol on §2 if there exist d > 0 and p € ]0, 1[ such that
P(2,¢) € I'(2,[d]; Or. x), and there exist C, é > 0 such that

|P(2,0)| < Ce™?Ih ((2;¢) € 2,[d,)).

We denote by 4'(§2) the set of null-symbols on §2.
(3) For any z; € T* X, we set

5

.
29

= lim #(2) D A,, = lim A (2)
— 0 —
2>z4 2525

where {2 € T* X ranges though open conic neighborhoods of z;. Then it is known that
onic

8 . o S A, (see [1], [3)).
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Next, set for short

(4.1) S:=5

K

1 1
for some r, § € ]0, 3[ (recall (2.2)). In particular we always assume that |n| < 5 for

any n€ S. For Z € S, we set m, := gélél[n[ > 0.

4.2. Definition. We define a set M(12;5) as follows: P(z,(,n) € N($2; S) if
(i) P(z,¢,n) € I'($2,[d,] x S; Or. x ) for some d > 0 and p € 0,1,
(ii) there exists § > 0 so that for any Z € S, there exists a constant C', > 0 satisfying

[P(z,¢,m)| < CzeIl ((2;¢,m) € 2,[d,] x 2).
4.3. Lemma. If P(z,(,n) € N($2;S), it follows that 9,P(z,¢,n) € N(12; S).

4.4. Proposition. Assume that P(z,(,n) € I'(2,d)| x 8;Op.x ) satisfies that
0,P(z,¢,n) € N2 5).
(1) The following conditions are equivalent:
(i) there exists a constant v > 0 satisfying the following: for any Z € S there exists
a constant C, > 0 such that

[P(z,¢,ml < Cpe”™N ((2¢,1) € 2,[d,] x 2).
(ii) for any h >0 and Z € S there ezists constant Cy.z > 0 such that
’P(zaCan)’ < Cﬁ,Z eh”C” ((Z; g’ 77) € Qp[dp] X Z)

(2) Assume that P(z,(,n) satisfies the equivalent conditions of (1) (resp. P(2,(,n) €
N(§2;8)). Then for any n, € S, it follows that P(z,(, M) € L(02) (resp. P(z,(,n,) €
A(2)) and further P(z,¢,n) — P(z,(,n,) € N($2; S).

4.5. Definition. (1) We define a set G(2; S) as follows: P(z,(,7) € 6(£2;5) if
(i) P(z,¢,n) € I'(2,[d,] x S; 6. x ) for some d > 0 and p € jo,1],
(i) 8,P(z,¢,n) € M2 9),
(iii) P(z,(¢,n) satisfies the equivalent conditions of Proposition 4.4.
Note that 91(§2; S) C &(£2; S) holds by Lemma 4.3.
(2) For 2z} € T* X, we set
S, =1lim&(2;5) D N, = lim N($2; ).

ZS —
2, 2,8

n

Here 2 € T* X ranges though open conic neighborhoods of 2y, and the inductive limits
conic

with respect to S are taken by r, # — 0 in (4.1).
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We call each element of &(£2;S) (resp. N(12;S)) a symbol (resp. null-symbol) on 12
with an apparent parameter in S. It is easy to see that &(£2;5) is a C-algebra under
the ordinary operations of functions, and M(f2;S) is a subalgebra. By definition, we
can regard that

Z(2) = {P(2,¢,n) € 6(£2;5); 9,P(2,(,n) = 0} C 6(£3; 5),
N () = F(2) NN S) € N(D; S).

Hence we have an injective mapping #(2)/A4(2) — &(42; 5)/9(2; S). Moreover
4.6. Proposition. There exists the following isomorphism:
L)) N (2) ~ &(82; S)/N(2; S).

Take any K(z,w,n)dw = [(z,w,n) dw] € ll_I)nEgE(K,) Then we set

U(¢)(Z7 C’ 77) = 'l/J(Z,Z-{»w, 7’]) e(’w!C)dw.
v(0,m;0,0)

Then we can prove the following theorem:

4.7. Theorem. The mapping o induces an isomorphism é’;l?’za ~6 o /‘ﬂza.

§5. Classical formal symbols with an apparent parameter

5.1. DeﬁnitionéoLet t be an indeterminate.
(1) P(t;2,¢) = Y t"P,(2,{) € F, () if P(t;2,¢) € I'(22,[d,}; Or. x)[t] for some

v=0

d>0and pe€ }O, 1 [, and there exists a constant A > 0 satisfying the following: for any
h > 0 there exists a constant C; > 0 such that

C, Av v Ml

IPV(Z’C)I < ”4“,,

(v € Ny, (¢) € £2,[d)]).

(2) P(t;2,¢) = iot"PV(z,C,n) € ,5/’21((2) is an element of ,/T/C\I(Q) if there exists a

constant A > 0 satisfying the following: for any h > 0 there exists a constant C}, > 0
such that

m—1 A™m) PC
S Pz 0)| < S e (mEN (50 € 2,[d)).
(3) We set
Sty = UM T (2) D A L = lim A7, (£2).

2 2
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We call each element of 5’;(0) (resp. j;(.())) a classical formal symbol (resp. clas-
sical formal null-symbol) on 2.
5.2. Definition. Let ¢ be an indeterminate. Then we define a set ’S\ICI(Q;S) as
follows: P(t;2,(,n) = > t"P (2,(,n) € ‘ftd(ﬂ; S) if
v=0
(i) P(t;2,¢,n) € I'(2,[d,] x 8; 0. x c)[t] for some d >0 and p € Jo, 1],

(ii) there exists a constant A > 0, and for any Z € S, h > 0, there exists Chz>0
such that

C, 7 A" m! ehli<ll

ln¢li™

(meN, (z¢(n) € 2,ld,) x Z).

m—1
X B (5n)| <

o0 ~
5.3. Definition. We say that P(t;2,{,n) = 3. t“P,(2,(,n) € 6, (92;5) if
v=0

i) P(t;z,(,n) € ['(2 [d ] x S; O t] for some d > 0 and p € |0,1],
plp T*X xC
(ii) there exists a constant A > 0, and for any Z € S, h > 0 there exists Chz>0
such that
C, 7 A"V! ehlicll
(Il

|P,(2,¢,n)| < (v €Ny, (2:¢,m) € 2,[d ] x Z).

(i) 8,P(t 2,¢,n) € Ry(2;9).

We call each element of écl(ﬂ; S) (resp. ﬁcl(ﬂ; S)) a classical formal symbol (resp.
classical formal null-symbol) on 2 with an apparent parameter in S. We remark that
Ny (92;8) C 6,(82; ). For any 25 € T* X, we set

8., =lm&, (%) >, . = lim %, (2:5).

2,8 2,8

5.4. Proposition. Let P(t;z,(,n) € écl((); S). Then for any n, € S, it follows
that P(t; z,{,mg) € ,(2) and P(t;2,(,n) — P(t; 2,(,my) € N, (2;S).

We can regard that

F($2) = {P(t;2,¢,m) € 6.(2;5); 8,P(t;2,¢,n) = 0} C &,(2;5),
H(2) = Z4(2) NN, (2;8) € T (02, 5).

cl
Hence we have an injective mapping /;(Q)/J/}C\I(Q) — é’cl((); S)/‘./T\ICI(.Q; S). Moreover
5.5. Proposition. .7 (£2)/4,(2) ~ & ,(12; S) /T,(2; S).

5.6. Theorem. Let 2 €T*X be any sufficiently small neighborhood of z5 € T*X.

conic

Then &(12; 5) /(1% ) = & ,(2; 5) /T, (92; S).
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5.7. Definition. As in the case of 6(§2;S), for any P(t;2,{,7n) € @cl((l; S) we set
‘P(t:2,¢,n): = P(t; z,¢,n) mod M, (2, 5) € &,(£2; 9) /My (42; ).

Take 2 €T*C". Let z = (2y,...,2,) and w = (wy,...,w,) be local coordinates

conic

on a neighborhood of Cl7(£2) C X, and (2;¢), (w;A) corresponding local coordinates

on a neighborhood of C1£2. Let z = $(w) be the coordinate transformation. We de-

fine J3(2',2) by the relation ~'(2') — & 1(z) = J3(2,2)(2' — 2). Then Jz(z,2)A =

t[g—l:(z)])\ = (. Let P(t;2,(¢,n) € @cl(ﬁ; S) with respect to (z;¢). Then we set
o0

&*P(t;w,\,n) = Y tY¢*P (w, \,n) by

v=0

&*P(t; w, A, n) := "% %) P(t; d(w), ¢’ + Ug(B(w) + 2/, B(w))A, 1)

z'=0
¢'=0
i.e.

PPwAn) = T 005 P(B(w),¢ +T(B(w) + Bw)An)

k+|aj=v &

z!'=0 -
¢'=0

5.8. Theorem. (1) *P(t;w, \,n) defines an element of écl(ﬂ; S) with respect to
(w; A). Moreover if P(t; z,¢,n) € N, (£2;5), it follows that " P(t;w, A, n) € Ny (92; S).

(2) 1* is the identity, and if z = ®(w) and w = ¥(v) are complez coordinate trans-
formations, ¥*®* = (P¥)* holds.

5.9. Definition. Under the notation above, we define a coordinate transformation
&* associated with @ by

&*((P:)(t;w, A, m) = D" P(t;w, A\, n):.
5.10. Theorem. For any P(t;2,(), Q(t; 2,¢) € éd((); S), set

Qo P(t;2,¢,n) i= €% %) Q(t; 2,¢',n) P(t; 2/, ¢,m)| -

f—2
¢'=¢

= et(acl’az’)Q(t; Zy C + C,a 77) P(t’ z+ Z,, /\’n)

z/=0
¢/'=0

(1) Qo P(t;2,¢,n) € écl(Q;S). Moreover if either P(t;z,(,n) or Q(t;2,{,n) is an
element of ‘ftcl(Q; S), it follows that Q o P(t;2,(,n) € ‘3\161(9; S).

(2) Ro(Qo P)=(RoQ)o P holds.

(3) Let &(w) = z be a holomorphic coordinate transformation. Then

$*'Q o 8" P(t;w, A, n) = &°(Q o P)(;w, A, m).-

5.11. Definition. For any :P(t;2,(,n):, :Q(t;2,{,n): € @CI(Q; S)/‘./T\ICI(Q; S), we
define the product by:

:Q(t;2,¢,m): *P(t;2,¢,m): :=1Q o P(t;2,¢,m):.
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5.12. Theorem. For any P(t;z,(,n) € écl(.(?; S), set
P*(t;z,(,n) == et<8<’az)P(t; z,—().
(1) P*(t;2,¢,m) € écl(Q“;S), where 2% := {(2;(); (z;—¢) € 2}, and P** = P.
Moreover if P(t;2,¢) € M, (£2;5), it follows that P*(t;2,¢) € N, (02%.9).
(2)
(Qo P)™(t2,¢,m) = P*(t;2,¢) o Q" (t; 2, ¢, m).
(3) For any holomorphic coordinate transformation $(w) = z, on éd(Qa; S)gb (2
it follows that *
S(P7)(t;w, A, m) ® dw = S(P)*(t;w, A, 1) ® dw.

5.13. Definition. For any :P(¢;2,{,n): € @CI(Q;S)/‘Y’(CI(.Q; S), we define the for-
mal adjoint by

(Pt 2,¢,m)3)" = e P P(t 2, —¢ m): € 8,4(02758) /Ry (2% 9).
5.14. Theorem. Let [(z,w,n)dw], [p(z,w,n)dw] € é";lgzs. Then the following

hold: {
(1) Eaj 1% oW)(z,¢m) a(p)(2,¢,n) € 6,,.

(2) £ 57020 (8)(2,G,m) 0(2) 2, Com) — () 0 0(2) (2, ) € Ty

(3) (1 © ) (2,¢,m) — T =080 (9)(=, ¢, ) D0 (9)(z: ) € M,

5.15. Remark. Let [¢(z,w,n) dw] € & &R,zg;- Then we can also prove the following:
(1) We have
P*(t;2,¢,m): = Y(z —w, z,n) e (W< du:.
7(0,m;0,6)

(2) Let z = &(w) be a complex coordinate transformation. Then

OP(tw, A ) =1 [ w(z, 2 n) @I =N g
v(2z:m:0,0)

§6. Formal symbols with an apparent parameter

6.1. Deﬁnitior&j Let t be an indeterminate.

(1) P(t;2,¢) = SR, (2,() € F(2) if P,(2,¢) € I(2,[(v + 1)d,]; O ) for some

d>0andpe ]0, 1 [, and there exists a constant A € ]O, 1[ satisfying the following: for
any h > 0 there exists a constant C, > 0 such that

1P, (2,Q)| < CA”eMl (v e N, (2;¢) € 2,[(v+1)d,)).



168

KERNEL FUNCTIONS AND SYMBOLS OF PSEUDODIFFERENTIAL OPERATORS

(2) Let P(t;2,¢) = § t"P (2,¢) € ﬁ\(!)) Then P(t; z,() is an element of ‘/T/\(Q)

0
if there exists a constant A € |0, 1[ satisfying the following: for any h > 0 there exists
a constant C}, > 0 such that

m—1

Y P, (20)| < CuAme (m e N, (25¢) € 2,[md,)).

v=0

(3) For 25 € T* X, we set
5/”; = lim ,5/;((2) > ,/7/: = limu?\(()).
° 9 °

We call each element of 5//\(0) (resp. ‘/7/\(.(2)) a formal symbol (resp. formal null-
symbol) on £2.
For U C S and m € N, we set

(2, * U)md,] := {(2:¢,m) € 2, % Z; InCll > md,} < 2,fmd,] x S.

6.2. Definition. Let ¢ be an indeterminate. Then, we say that P(¢;z,(,n) =
> t“P,(z,¢,n) is an element of N(12; S) if
v=0

(i) P,(2,¢,m) € I'((22,*S)[(v + 1)d,]; Op. x«c) for some d >0 and p € ]o,1],
(ii) there exists a constant A € ]0, 1 [, and for any Z € S, h > 0 there exists C;, ; >0
such that

m—1
LR )| < Gy AT (m e N, (23¢,m) € (2, * Z)md ).

6.3. Definition. (1) We say that P(t;2,{,n) = > t“P,(z(,n) is an element of
v=0
8(2;9) if
(i) P,(2,¢,n) € I'((22,* S)[(v + 1)d,]; Op. x« ) for some d >0 and p € Jo,1],

(ii) there exists a constant A € ]0, 1 [, and for any Z € S, h > 0, there exists C;, ; > 0
such that

1P, (2,{,m)| < Cp g A”MCN (v e Ny, (25¢,m) € (12, Z)[(v + 1)d, ).
(iii) 8, P(t;2,¢,n) € N(2;9).

We call each element of @(Q, S) (resp. "I\I(.Q, S)) a formal symbol (resp. formal null-
symbol) on 2 with an apparent parameter in S.
We set

G,. :=1lim&(£2;8) o N, := limN(2; ).
0 —_— 0 -_—
2,8 n.s
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6.4. Proposition. (1) Let P(t;z,¢,n) € @(Q; S). Then for any n, € S, it follows
that P(t;z,(,ny) € #(82) and P(t;2,(,n) — P(t; 2, ¢, mo) € N(12; S).
(2) There exists the following isomorphism:

F0) | N (2) = 8(52;9) /M2, ).

6.5. Theorem. (1) CI(Q S) c &(2;5) and ‘ﬁcl(Q S) c N, S).
(2) For any 2z} € T* X, the inclusions 6 C Gclz* C Gz* and ‘ﬁ C ‘ﬁ Lzg C ‘j\tza
induce
g;l?z*_—)‘y /‘/V Qg‘ylz/ cl,zy 26/‘//’{:6
i lz I I
lim E% (k) 2 &,. /M ML S, /N,

K

«
cl z§ cl 24

Note that é"};’za ~ 5’25 / '%6 is induced by

Y(z,w) dw — V(z,z +w) e dw
7(0,14;0,8)

for any fixed 7, € S by the constructions of other isomorphisms (see [1], [3]).
We use the notation of Theorem 5.8. For any P(t; z,(,n) € 6(£2;S), we also set

&" P(t;w, A\, ) := €% %) P(t; o(w), ¢’ + T3 (@

6.6. Theorem. (1) *P(t;w,\,n) € &(12;5) with respect to coordinate system
(w; ). Further if P(t;2,¢,n) € 8(£2;5), it follows that *P(t;w, \, 1) € S(12; 9).

(2) 1% is the identity, and for complex coordinate transformations z = d(w) and
w = ¥(v), it follow that W*&* P(t;v,£) — (8P)*P(t;v,£) € ‘./T\I(U;g).

6.7. Theorem. For any P(t;z,(), Q(t;2,¢) € @(Q, S), set

Q ol (t5 Z, Ca 77) = et<8c“8z,>Q(t; 2, C/a ”) 1 (t; Z,a Ca 17) 2=z
=
- et(achaz’>Q(t;z,C CI,’?) P( )

(1) Qo P(t;2,¢,n) € @(!2, S). Moreover if either P(t;2,(,n) or Q(t;z,¢,n) is an
element of N(2; S), it follows that Q o P(t; z,¢,n) € N(12; ).

(2) Ro(QoP)=(RoQ)oP holds.

(3) Let (w) = z be a holomorphic coordinate transformation. Then

&"Q 0 & P(t;w, A, n) — 8*(Q o P)(tw, \, 1) € Ny
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6.8. Theorem. For any P(t;z,(,n) € &(12;8) set
P*(t;2,¢,m) := "% %) P(t; 2, ~(,m).

(1) P*(t;2,¢,n) € (%(Q“;S) and P** = P. Moreover if P(t;2,() € ‘?I(.Q, S), it
follows that P*(t; 2,() € N0N*S).

(2) (Qo P)*(t;2,¢,m) = P*(t:2,¢) 0 Q" (t;2,¢,m). R
(3) For any holomorphic coordinate transformation &(w) = z, on &(£2%; S)é& 2y it
X

follows that
O(P*)(t;w, \,n) @ dw = S(P)*(t; w, A, n) ® dw.

References

[1] Aoki, T., Symbols and formal symbols of pseudodifferential operators, Group Representa-
tion and Systems of Differential Equations, Proceedings Tokyo 1982 (Okamoto, K., ed.),
Adv. Stud. Pure Math. 4, Kinokuniya, Tokyo; North-Holland, Amsterdam-New York-
Oxford, 1984, pp. 181-208.

[2] Aoki, T., Honda, K. and Yamazaki, S., Foundation of symbol theory for analytic pseu-
dodifferential operators. 1, in preparation.

[3] Aoki, T., Kataoka, K. and Yamazaki, S., Hyperfunctions, FBI Transformations and Pseu-
dodifferential Operators of Infinite Order, Kyoritsu, 2004 (in Japanese).

[4] Kamimoto, S. and Kataoka, K., On the composition of kernel functions of pseudo-
differential operators &® and the compatibility with Leibniz rule, to appear in RIMS
Kokiroku Bessatsu.

, Formal kernel functions of pseudo-differential operators of infinite order, to appear
in RIMS Kokiroku (in Japanese).

[6] Kashiwara, M. and Kawai, T., Micro-hyperbolic pseudo-differential operators 1, J. Math.
Soc. Japan 27 (1975), 359-404.

, On holonomic systems of microdifferential equations. III. Systems with regular
singularities, Publ. Res. Inst. Math. Sci. 17 (1981), 813-979.

[8] Kashiwara, M. and Schapira, P., Sheaves on Manifolds, Grundlehren Math. Wiss. 292,
Springer, Berlin—-Heidelberg-New York, 1990.

[9] Sato, M., Kawai, T. and Kashiwara, M., Microfunctions and pseudo-differential equations,
Hyperfunctions and Pseudo-Differential Equations, Proceedings Katata 1971 (H. Komatsu,
ed.), Lecture Notes in Math. 287, Springer, Berlin-Heidelberg-New York, 1973, pp. 265—
529.

[5]




