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Congruences on the Fourier coefficients of the Mathieu mock

theta function
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1 EC&Ic

AROBMIE, EFEFER E Nz Mathieu Moonshine 5%t [7], Umbral Moonshine 5% [2]
WCHNBEY 77— 2BBOT—) LRBOAAREBNTI L TH . ZOEARD
Cheng-Duncan-Harvey IC & %2 48 [2] \NDSHB BN Lz,

ARORRIE, #BIHIIC Matthias Waldherr FX (University of Cologne), Thomas Creutzig
KK (Technische Universitit Darmstadt) , Gerald Hohn & (Kansas State University) &

OHFEFFRTHS.
2 Moonshine IR$
E4(7) % Eisenstein #&%8, n(7) % Dedekind n-Bi$ ¢33 :

Eq(r) = 14240 o3(n)q",

n=1

n(r) = g7 [J(1 - q"),
n=1

TTTC, o3(n) =Y, md. ZOLE, jEMEROES CEBENS |

E 3
i(r) = 4(72,)4 -1 + 744 + 196884g + - - -
n(r) q
x
= Z c(n)q™.
n=-1

McKay &, c(1) = 196884 %% Monster Bi#iEEDIE B % BB D B/INIGT 196883 &
FEAEFLVWEICKTE, VH D Moonshine HRERA LK. chbdid, Conway &
Norton IC &k B, Moonshine conjecture & L T 5, BIETIE Borcherds i & - T3



BHENTWVS 5, 1]. TORIC j-BIED Fourier f7¥ c(n) 1378 4 DEBKFWHEEZ & D,
I RDOBFARXEH T HHIISENTVS [14] ta > 1IEXL,

~

(mod 2°) =>c¢(n) =0 (mod 234+8)
(mod 3*) =c(n) =0 (mod 328+3)
(mod 5*) =c(n)=0 (mod 5%*?)
(mod 7%) = c¢(n) =0 (mod 7%)
(mod 11%) = ¢(n) =0 (mod 11%).
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3 Mathieu Moonshine IR

& THSE, Mathieu moonshine HEDHER TNz [7). d1(z7) & plz; 1) ZRICED B
B Ed S :

o0
91(2;7) = — Z emiT(n+3)242mi(n+3)(2+3)
n=—o0o
7\'1,7. n(n+1)e2‘mnz
w(z;7) = 19 i) 4 Z _—"e2m )

ZREEAVT S(r) BROE S ICERTS
S(r) ;=8 > u(z;7)

2e{1/2,7/2,(1+71)/2}
"§ ( Z A(n ) (say)
=—qépa+9m+4&f+1mmlwgm¢+1wwf+2mmf+~~)
Mathieu moonshine Bi5t L IZRYID 5 @O T — V) LEKEZ 2 TE- /6D ¢
{45,231, 770, 2277, 5796},

Y 24 XD Mathieu B Moy OBBIEBHDOXITICHE L L, EICMHMDBRED My DEHERBD
RITDEDOBEBEREBSEEETEITVS, V38D THoTz. TOIRTFTYTRAKEH
KOMEAEZ, TRAICEST, [9 IK&k> THRIAET .

T, TOT—YILEBOEARZRARES LWS e HEHMNTHS. FEH, j-B
ORGARREELEVNANSHT, j-ERORLULLEZS, ROGRAAZHR LK

[(n=1,2 (mod 3) = A(n)=0 (mod 3)
n=1,3 (mod 5) = A(n) =0 (mod 5)

¢ n=2,3,5 (mod?7) = A(n) =0 (mod 7) (1)
n=23,4,6,9 (mod11) = A(n) =0 (mod 11)

| n=4,5,6,7,9,11,12,15,16,19,21 (mod 23) = A(n)=0 (mod 23).

FV25—ERO 77— LEBOERARERTICIE, AVIVLDERE WS EHAERD
»3. AVIVLOERIY, BYOEREOASEREHEEI NS, £2TOT7—Y LEHT



[ELWTEHODNBTLZFERTS. LIL, S(r)RBERIREY25—HRTEL, T
JT—2BTHB. DEDAVIVLDOEEREH NS EAHFRITV. 2EEIX, Matthias
Waldherr (X & DERFFICE T, AVIVLOEEEZEY 7 F—RXEHRAEEL, 2hd
DERREZRLT

EE 3.1 ([10],[12)). (1) DERRIZE L.

HHWT &IC, e LTHNZ R, (Mo ZHZHFERE LTHESI OIS, BE
B2 BT 3 AERICOVTITERERRS.

4 Mathieu Moonshine JR$ ) McKay-Thompson &KX

ST, PL—ABE(1) &75% Mos-MBE K = @2 _ K T L, Moy DB X DT
g D McKay-Thompson fiBZEZ L & 5 [6, 8] :

(o o]

Sex(r) = Y tr(glKn) g8 = Y Aux(n) ¢"/® (say).
n=-1 n=-1
COEENIKBVT, Aix(n) b (1) ERAICHOARREZEDC LARENE. 200
type iIC3 TV B A, KHHEICW > T “Type UAEY 7 57— B, “Type IPHEY 2
T—HTHS :

EEE 4.1. g€ M24 LC_)'FJ‘L Ag(n) Ciﬁ(@é‘lﬁliﬁ%ﬁ? s

e Type I:
1A
(1 (mod 3)
2
1,3 (mod 5) ( (mojz )
.y 2,3,5 (mod 7) 4 Y. (mod 7)
"= 27 3,47 6,9 (mOd 11) = lA(n) - (mo )
4,5,6,7,9 (mod 11)
y Iy Wy 1y Iy (mod 23) (mod 23)
{ 11,12,15,16,19,21 {

n

1 (mod 3) _ (mod 3)
{ 2,3,5 (mod7) ~ "24(M)=0 { (mod 7)

n

1,2 (mod 3) _ (mod 3)
{ 1,3 (mod 5) = Asa(n) =0 { (mod 5)



n

il

{ 1 (mod3) Aoa(n) = 0 { (mod 3)

1,3 (mod 5) (mod 5)
7A
2 (mod 3) (mod 3)
= A =0
" { 2,35 (mod7) A4l { (mod 7)
6A
n=1 (mod 3)= Aga(n)=0 (mod 3)
11A
n=23,4,69 (mod11)= Ajj4(n)=0 (mod 11)
14A
n=2,3,5 (mod7)= Aja(n) =0 (mod7)
15A
1 (mod 3) (mod 3)
= A =0
" { 1,3 (mod 5) = Aisa(n) { (mod 5)
23A
4,5,6,7,9
. bt B B B | = 2
n= { 11,12, 15, 16,19, 21 (mod 23) = Agza(n) =0 (mod 23)
Type II:
2B
2 (mod 3) (mod 3)
= A =
" { 1,3 (mod 5) = Azp(n) { (mod 5)
4A

n=1 (mod3)= A4a(n)=0 (mod 3)



n=1 (mod 3)= Ayc(n)=0 (mod 3)

3B
1,2 (mod 3) (mod 3)
= A =
" { 2,3,5 (mod7) ‘3B 0{ (mod 7)
6B
n=2 (mod 3)= Agp(n)=0 (mod 3)
12B
n=2 (mod 3)= Aj2p(n) =0 (mod 3)
10A
n=1,3 (mod5)= Ajpa(n) =0 (mod 5)
12A
n=1 (mod 3)= Ajp4(n) =0 (mod 3)
21A

|

_ 2 (mod 3) . (mod 3)
7“:{2&5 mmdnzéA”“m:ﬁ{ (mod 7)

A(n)(= A1a(n)) EHICL, e UTHNBERIE, (Cum, (0X) BE 2 HHBE LT
#OFoNB 11 HCOFTRKICEL TR, 1) DX HaAREHEaVLeTEEA
5. TOTREMRI D LIF, BT T—RERE My L OBIFEEEICHSMCT S &
WHOERICBWT, KYAHETHZEEX 3.

5 77— IRBOMEFE

TR, Fourier REDBH ZHFNV. LIT TR, 5B [3] 1S, i (10,11,
12JIBNT, BARFELANGD 2. 05 Dl, TDLX IS L 2§04, (EX) T
B, THLLICBFIRBOIZELZ 55, RTOLXITH L, Agx(n) DEFIIH
HINZIR T THS. BNICHHELTHS L, ZIERTD Aix(n) JMEEEHR, ULh LEE
LD UX X LIFEL, BAEDBWREOUIRROD SR >N L THS. T
B0, RQIEBVTRHEINE—D2DFEEBLMBFES RO, ZHic &Y Fourier 1%
BOBHFORMOT LRI LD THETS. 2O0THLIE, KROS5 EEDTH5 !



6

$48 5.1 ([2], Conj. 5.11). n=¢m? =7 (mod 8) £F 5. K, FROEHRLREEIERHA
DRT7Z2ZE !

e For £ =17, one of the pairs (x3,x4), (x12,X13) or (X15,X16);

e for £ = 15, the pair (xs, X6);

o for £ = 23, the p&il‘ (X](),X]]).

COFRICHENSE47,15,23° B, BAOREOFICBRBESTDTHS. Aix(n) B
FHEFERZ, ROES BRGNS !

FE 5.1 ([4]). May OHBR X SHL, Ax(n) BFBRTHEZLETIEMFR, X €
{7A,7B,14A,14B,15A,15B,23A,23B} b D&M m ZAWVT, n = m? £EIF 5, &L
i, €X € {214,21B} D 3 TENZVEE m ZAVT, n = m? LBI BT LT
H5.

EFE51ZHNVT, PRSLZILXS BRORVELN !

%51 ([4). n=tm2>=7 (mod 8) ¥ 5. n=Im?=7 (mod 8) £ %. K, ERDH
EHBREEHNEREORT 2 ERETFR T !

For £ = 7, the total number of pairs (xs, x4) and (x12,x13);

for £ = 7 and m divisible by 3, the pair (x15, x16);

for £ = 15, the pair (x5, x6);

for £ = 23, the pa.ir (XlOyXll)-

6 Remarks

e [2]iC & D, Umbral Moonshine MR DM o, CORFKHNZEY 77— XK
BUCH LTS OGS B ARARNERRA LTS, FiC, SYXTYVORAL
EEBOTY I TF—2EEIER L, Tho0T7—Y LEHOARANICEHNSED,
ST AHOMBLEFET A L LMEBLTVWS. HHWESRIIYVDEY I T—
LB, HEELWERREBZ L BRI ST EHAHLDICESTcDTHS. TNICD
W, @XEERPTHS.

o FHHICOV TN o7 h, BBICHRRTHE L. B &S i, FEEROT7—
Y IEKROSEARERTEE, AVIVLADOEHE [13) EHAVSZ LIEZEATHS. L
L, BaO#EZ T3 McKay-Thompson S iE— I RER T EYIT—Z
BB DT, AVIILLOEEMMEZ LV, BLE, AVIVLDEEZEY 7 T—42H
Bic— T B LIcBYILic. FnERAVTThSEE L OARRDIHICEINL
Iz.

Fi, BwyTF— 2B L x5 McKay-Thompson %, €Y1 7—FERPRLHA
ENERROME LTERTEZREN, Pabhb9H3. Ok RFHIE, @H
BAYIVLOEBEZEZ LIV,

FLLARRXESRBUTHEW (10, 12, 2]



SEH

[1]

2]

(3]

[4

(5]
[6]

(13]

[14]

R.E. Borcherds, Monstrous moonshine and monstrous Lie superalgebras, Invent. Math. 109 (1992),
no. 2, 405—444.

M. C. N. Cheng, J. F. R. Duncan and J. A. Harvey, Umbral Moonshine, preprint (2012),
arXiv:1204.2779.

J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, R. A. Wilson, Atlas of finite groups, Oxford
University Press, 1985.

T. Creutzig, G. Héhn and T. Miezaki, The McKay-Thompson series of Mathieu Moonshine modulo
two, submitted (2012), arXiv:1211.3703.

J. H. Conway and S. P. Norton, Monstrous Moonshine, Bull. Lond. Math. Soc. 11 (1979), 308-339.

T. Eguchi and K. Hikami, Note on twisted elliptic genus of K3 surface, Phys. Lett. B 694 (2011),
no. 4-5, 446-455, arXiv:1008.4924.

T. Eguchi, H. Ooguri and Y. Tachikawa, Notes on the K3 surface and the Mathieu group Ma4, Exp.
Math. 20 (2011), no. 1, 91-96, arXiv:1004.0956.

M. R. Gaberdiel, S. Hohenegger and R. Volpato, Mathieu Moonshine in the elliptic genus of K3,
J. High Energy Phys. (2010), no. 10, 062, 24 pp, arXiv:1008.3778.

T. Gannon, Much ado about Mathieu, preprint (2012), arXiv:1211.5531.

T. Miezaki, On the Mathieu mock theta function, Proc. Japan Acad. Ser. A Math. Sci. 88 (2012),
no. 2, 28-30.

T. Miezaki, Congruences on the Fourier coefficients for mock theta functions, which relate finite
groups, preprint.

T. Miezaki, M. Waldherr, Congruence of the Fourier coefficients of the Mathieu mock theta function,
submitted.

K. Ono, The web of modularity: arithmetic of the coefficients of modular forms and g-series, CBMS
Regional Conference Series in Mathematics, vol. 102, Published for the Conference Board of the
Mathematical Sciences, Washington, DC, 2004.

J.-P. Serre, A course in arithmetic, Translated from the French. Graduate Texts in Mathematics, No.
7. Springer-Verlag, New York-Heidelberg, 1973.



