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1. Generalized relative operator entropy
Throughout this note, $A$ and $B$ are positive operators on a Hilbert space. In $[2]($cf.[3,15], we

gave the relative operator entropy by

$S(A|B)= \lim_{rarrow 0}\frac{A\#_{r}B-A}{r}=A^{1}z(\log A^{1}-\pi BA^{-q}1)A^{1}2,$

where the notation $A\#_{r}B=A^{1}z(A^{-2}BA^{-z}11)^{r}A^{1}2,$ $r\in(0, 1 )$ , is the geometric operator mean
in the sence of Kubo-Ando [13]. Tsallis relative operator entropy is defined by Yanagi, Kuriyama
and Furuichi in [16] as follows.

$T_{r}(A|B)= \frac{A\#_{r}B-A}{r}.$

As a generalization of $S(A|B)$ , Furuta [7] has given the following:

$S_{r}(A|B)= \lim_{\epsilonarrow 0}\frac{A\natural_{r+\epsilon}B-A\natural_{r}B}{\epsilon}=A^{z}l(A^{-}\tau BA^{-2}11)^{r}(\log A^{11}-zBA^{-}\sigma)A^{1}z=(A\natural_{r}B)\cdot A^{-1}\cdot S(A|B)$,

here we call $A\natural_{r}B=A^{1}z(A^{-}zBA^{-}z11)^{r}A^{1}\sigma$ , for $r\in R$ , a path going through $A$ and $B$ , which
coincides with $A\#_{r}B$ if $r\in[O, 1].$

Theorem 1.([S]). For $A>0,$ $B>0,$ $S_{r}(A|B)$ is monotone increasing for $r\in R$ , and the
following holds.

(1) $S_{r}(A|B) \leq\frac{A\natural_{q}B-A\natural_{r}B}{q-r}\leq S_{q}(A|B)$ for $q,$ $r\in R,$ $q>r.$

Especially, in the case $r=0$ and $0<q<1,$ (1) is expressed as follows:

(2) $S(A|B) \leq\frac{A\#_{q}B-A}{q}=T_{q}(A|B)\leq S_{q}(A|B)$ .

To prove Theorem 1, we use the next Lemma.

Lemma 2.([8]). Let $a>0$ . Then the following holds for $q,$ $r\in R.$

$a^{r} \log a\leq\frac{a^{q}-a^{r}}{q-r}\leq a^{q}\log a$ , for $q>r.$

Since $a^{t}$ is convex function, this is easily given, but we give an elementary proof.

Proof. We show this inequality as follows:

$\frac{a^{q}}{a^{r}}\log\frac{a^{q}}{a^{r}}=-\frac{a^{q}}{a^{r}}\log\frac{a^{r}}{a^{q}}\geq-\frac{a^{q}}{a^{r}}(\frac{a^{r}}{a^{q}}-1)=\frac{a^{q}}{a^{r}}-1\geq\log\frac{a^{q}}{a^{r}},$
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that is,
$a^{q}(\log a^{q}-\log a^{r})\geq a^{q}-a^{r}\geq a^{r}(\log a^{q}-\log a^{r})$ .

So we have
$(q-r)a^{q}\log a\geq a^{q}-a^{r}\geq(q-r)a^{r}\log a.$

Generalizing Theorem 1, we give the following basic relations in this note.

Theorem 3.([8,11]). For $A>0,$ $B>0$ , the following hold.
(1) If $0<r<1$ , then

$S(A|B)\leq T_{r}(A|B)\leq S_{r}(A|B)\leq-T_{1-r}(B|A)\leq-S(B|A)=S_{1}(A|B)$.

(2) If $n<r<n+1$ , then

$S_{n}(A|B) \leq\frac{A\natural_{r}B-A\natural_{n}B}{r-n}\leq S_{r}(A|B)\leq\frac{A\natural_{n+1}B-A\natural_{r}B}{n+1-r}\leq S_{n+1}(A|B)$

$\Leftrightarrow$

$(BA^{-1})^{n}S(A|B)\leq(BA^{-1})^{n}T_{r-n}(A|B)\leq(BA^{-1})^{n}S_{r-n}(A|B)$

$\leq -(BA^{-1})^{n}T_{n+1-r}(B|A)\leq-(BA^{-1})^{n}S(B|A)=(BA^{-1})^{n}S_{1}(A|B)$ .
$\Leftrightarrow$

$S(A\natural_{n}B|A\natural_{n+1}B)\leq T_{r-n}(A\natural_{n}B|A\natural_{n+1}B)\leq S_{r-n}(A\natural_{n}B|A\natural_{n+1}B)$

$\leq -T_{n+1-r}(A\natural_{n+1}B|A\natural_{n}B)\leq S_{1}(A\natural_{n}B|A\natural_{n+1}B)$.

The following properties of $S_{r}(A|B)$ and $T_{r}(A|B)$ are important in our discussion.

Lemma 4.([8,11]). Let $n$ be an integer. Then, for $r\in R,$ $S_{r}(A|B)$ has the following
properties:

(1) $S_{r}(A|B)=-S_{1-r}(B|A)=BS_{r-1}(B^{-1}|A^{-1})B=-AS_{-r}(A^{-1}|B^{-1})A,$

(2) $S_{n}(A|B)=(BA^{-1})^{n}S(A|B)=S(A|B)(A^{-1}B)^{n},$

(3) $S_{r}(A|B)=(A\natural_{\Gamma}B)\cdot A^{-1}\cdot S(A|B)=S(A\natural_{r}B|A\natural_{r+1}B)$ ,

(4) $\frac{A\mathfrak{h}_{r}B-A\natural_{n}B}{r-n}=(BA^{-1})^{n}T_{r-n}(A|B)=T_{r-n}(A|B)(A^{-1}B)^{n},$

(5) $\frac{A\mathfrak{h}_{n+1}B-A\natural_{r}B}{n+1-r}=-(BA^{-1})^{n}T_{n+1-r}(B|A)=-T_{n+1-r}(B|A)(A^{-1}B)^{n}.$

Proof. (1) is given as follows:

$s_{r}(A|B)$ $=$
$A^{1}$$z(A^{-}BA^{-}11)^{r}(\log A^{-}BA^{-}z11)A$ フ

$=$ $-B^{111}zB^{-g}A\tau(A^{1}B^{-1}A^{1}z)^{-r}(\log$ $A^{1}B^{-1}$ $A^{1})A^{11}zB^{-}B$ フ

$= -B^{q}1(B^{-z}AB^{-2})^{-r}(\log B^{-z}AB^{-z}1111)(B^{-1}AB^{-z}1)B^{1}z$

$=$ $-B^{1}(B^{11}-zAB^{-z})^{-r+1}(lB^{-} I$$AB^{-1})B^{1}r=-S_{-r+1}(B|A)$ ,

$or$

$= B^{1}\tau(B^{1}IA^{-1}B^{1}2)^{r-1}(\log B^{1}zA^{-1}B^{1}2)B^{1}z$

$= BB^{-z}1(B^{1}2A^{-1}B^{1})^{r-1}(\log B^{1}A^{-1}B^{11}z)B^{-z}B=BS_{r-1}(B^{-1}|A^{-1})B.$
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The last equation is shown by the similar way.
(2) is shown as follows:

$S_{n}(A|B)$ $=$ $A$ 奮 $(A^{-3}BA^{-}z11)^{n}(\log A^{-}zBA^{-}z11)A^{1}2$

$= (BA^{-1})^{n}A^{1}2(\log A^{-z}BA^{-Z}11)A^{1}\pi=(BA^{-1})^{n}S(A|B)$ .

(3) follows from the definitions of $S_{r}(A|B)$ and $S(A\natural_{r}B|A\natural_{r+1}B)$ .

$S_{r}(A|B)= \lim_{\epsilonarrow 0}\frac{A\natural_{r+\epsilon}B-A\natural_{r}B}{\epsilon}=(A\natural_{r}B)\cdot A^{-1}\cdot S(A|B)$

$S(A \natural_{r}B|A\natural_{r+1}B)=\lim_{\epsilonarrow 0}\frac{(A\natural_{r}B)\cdot A\cdot(A\#_{\epsilon}B-A)}{\epsilon}=(A\natural_{r}B)\cdot A^{-1}\cdot S(A|B)$ .

(4) is shown as follows:

$\frac{A\natural_{r}B-A\natural_{n}B}{r-n} = \frac{A^{111}z(A^{-}zBA^{-}z)^{n}\{(A^{-11}\pi BA^{-}z)^{r-n}-I\}A^{1}z}{r-n}$

$= \frac{(BA^{-1})^{n}A^{111}z\{(A^{-}zBA^{-}z)^{r-n}-I\}A}{r-n}$

$= \frac{(BA^{-1})^{n}(A\#_{r-n}B-A)}{r-n}=(BA^{-1})^{n}T_{r-n}(A|B)$ ,

and (5) is also given similarly,

$\frac{A\natural_{n+1}B-A\natural_{r}B}{n+1-r} = \frac{A^{1}2(A^{1}-2BA^{1}-Z)^{n+1}A^{1}z-A^{111}z(A^{-}zBA^{-}z)^{r}A^{1}\pi}{n+1-r}$

$= \frac{Az(A^{-}zBA^{-}z)^{n}\{A^{-}zBA^{-}z-(A^{1}-2BA^{1}-2)^{r-n}\}Az111111}{n+1-r}$

$= \frac{(BA^{-1})^{n}A^{1111}z\{A^{-q}BA^{-}z-(A^{-q}BA^{-}z)^{r-n}\}Az11}{n+1-r}$

$= \frac{(BA^{-1})^{n}(B-A\#_{r-n}B)}{n+1-r}=\frac{(BA^{-1})^{n}(B-B\#_{n+1-r}A)}{n+1-r}$

$= -(BA^{-1})^{n}T_{n+1-r}(B|A)$

2. Extension of Tsallis relative operator entropy
The following is called the power mean [4,12],

$A\#_{t,r}B = A^{1}2\{(1-t)I+t(A^{-11}zBA^{-}2)^{r}\}^{\frac{1}{r}}A^{1}2, t\in[0,1], r\in[-1,1],$

$= A\natural_{\frac{1}{r}}\{A\nabla_{t}(A\natural_{r}B)\}.$

It is known that $A\#_{t,1}B=A\nabla_{t}B,$ $A\#_{t,0}B=A\#_{t}B$ and $A\#_{t,-1}B=A$ $\Delta_{t}B$ , where
$A\nabla_{t}B=(1-t)A+tB$ is the arithmetic operator mean and $A$ $\Delta_{t}B=(A^{-1}\nabla_{t}B^{-1})^{-1}$ is
the harmonic operator mean. Using this, we can define an extension of Tsallis relative operator

entropy (cf. [10]),
$T_{t,r}(A|B)= \frac{A\#_{t,r}B-A}{t}.$

Relations between $T_{t,r}(A|B),$ $T_{t}(A|B),$ $T_{r}(A|B)$ and $S(A|B)$ are given by the following diagram.

$T_{t,r}(A|B) arrow tarrow 0 T_{r}(A|B)$

$\downarrow rarrow 0$ $\downarrow rarrow 0$

$T_{t}(A|B) arrow tarrow 0 S(A|B)$
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Since the corresponding function to the power mean is $p(t, r)=\{1-t+ta^{r}\}^{\frac{1}{r}}$ and
$Ft \partial p(t, r)=\{1+t(a^{r}-1)\}^{\frac{1}{r}-1}\cdot\frac{a^{r}-1}{r}$ , we can define

$S_{t,r}(A|B) = A^{S}( \{I+t((A^{11}-zBA^{-g})^{r}-I)\}^{\frac{1}{r}-1}\cdot\frac{(A^{11}-zBA^{-}z)^{r}-I}{r})A^{1}z, r\neq 0,$

$= A \natural_{\frac{1-r}{r}}\{A\nabla_{t}(A\natural_{r}B)\}\cdot A^{-1}\cdot\frac{A\natural_{r}B-A}{r}.$

$\lim_{rarrow 0}S_{t,r}(A|B)$ $=$ $S_{t,0}(A|B)=S_{t}(A|B)$ . This will be shown later.

We call this an expanded relative operator entropy. Then we can show an expanded form of
Theorem 3 (2) as follows [9]:

Theorem 6. For $A>0$ and $B>0,$

$S_{0,r}(A|B)\leq T_{t,r}(A|B)\leq S_{t,r}(A|B)\leq-T_{1-t,r}(B|A)\leq S_{1,r}(A|B)$

holds for $t\in[O, 1]$ and $r\in[-1,1].$

Proof. (1) First we show $S_{0,r}(A|B)\leq T_{t,r}(A|B)$ . Since $S_{0,r}(A|B)=T_{r}(A|B)$ , we have only to
show that

$\frac{\{1+t(a^{r}-1)\}^{\frac{1}{r}}-1}{t}\geq\frac{a^{r}-1}{r}.$

Let
$f(t)= \{1+t(a^{r}-1)\}^{\frac{1}{f}}-1-t\frac{a^{r}-1}{r}.$

Then we have

$\frac{d}{dt}f(t)=\{1+t(a^{r}-1)\}^{\frac{1}{r}-1}\cdot\frac{a^{r}-1}{r}-\frac{a^{r}-1}{r}=\frac{\partial}{\partial t}p(t,r)-\frac{a^{r}-1}{r}$

and
$\frac{\partial^{2}}{\partial t^{2}}p(t, r)=\{1+t(a^{r}-1)\}^{\frac{1}{r}-2}\cdot\frac{(a^{r}-1)^{2}(1-r)}{r^{2}}\geq 0.$

So $\frac{\partial}{\partial t}p(t,r)$ is an increasing function for $t\in[O, 1]$ and $\frac{\partial}{\partial t}p(t,r)|_{t=0}=\frac{a^{r}-1}{r}$ . Since $\frac{df(t)}{dt}\geq 0$ by

$\frac{df(0)}{dt}=0$ , we have $f(t)$ is increasing for $t\in[0,1]$ and $f(O)=0$ , so we have $\{1+t(a^{r}-1)\}^{\frac{1}{r}}-1\geq$

$t \frac{a^{r}-1}{r}$ , that is, $\frac{\{1+t(a^{r}-1)\}^{\frac{1}{r}}-1}{t}\geq\frac{a^{r}-1}{r}$ and $S_{0,r}(A|B)\leq T_{t,r}(A|B)$ .

(2) Second, we show $T_{t,r}(A|B)\leq S_{t,r}(A|B)\leq-T_{t,r}(B|A)$ . It is sufficient to show

$\frac{\{1+t(a^{r}-1)\}^{\frac{1}{r}}-1}{t}\leq\{1+t(a^{r}-1)\}^{1-1}r. \frac{a^{r}-1}{r}.$

Since
$\frac{d^{2}}{dt^{2}}f(t)=\frac{\partial^{2}}{\partial t^{2}}p(t, r)\geq 0$ , for $t\in[O, 1]$ and $t\in[-1,1],$

$f(t)$ and $p(t, r)$ are convex for $t$ on $[0,1].$

Since a function $f(t)$ is convex, then, for $a,$ $h>0,$

$f(a)=f( \frac{a}{a+h}(a+h)+\frac{h}{a+h}0)\leq\frac{a}{a+h}f(a+h)+\frac{h}{a+h}f(0)$,
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so that

Hence we have

that is,

$\frac{f(a+h)-f(a)}{h}\geq\frac{f(a)-f(0)}{a}.$

$\frac{p(t+h,r)-p(t,r)}{h}\geq\frac{p(t,r)-p(0,r)}{t}$ , for $\forall h>0,$

$\frac{(1+(t+h)(a^{r}-1))^{\frac{1}{r}}-(1+t(a^{r}-1))^{\frac{1}{r}}}{h}\geq\frac{(1+t(a^{r}-1))^{\frac{1}{r}}-1}{t}$, for $\forall h>0,$

and

$\lim_{harrow+0}\frac{(1+(t+h)(a^{r}-1))^{\frac{1}{r}}-(1+t(a^{r}-1))^{\frac{1}{r}}}{h}$

$= \{1+t(a^{r}-1)\}^{\frac{1}{r}-1}\cdot\frac{a^{r}-1}{r}\geq\frac{(1+t(a^{r}-1))^{\frac{1}{r}}-1}{t}.$

So we can conclude
$S_{t,r}(A|B)\geq T_{t,r}(A|B)$ .

(3) Next we show $S_{t,r}(A|B)\leq-T_{1-t,r}(B|A)$ . Since

$T_{1-t,r}(B|A) = \frac{B\# 1-t,rA-B}{1-t}=\frac{A\#_{t,r}B-B}{1-t}$

$A^{1}z(\{I+t((A^{11}-zBA^{-2})^{r}-I)\}^{\frac{1}{r}}-(A^{11}-\circ BA^{-}3))A^{1}\Sigma$

$1-t$

the function corresponding to $T_{1-t,r}(B|A)$ is $\frac{p(t,r)-a}{1-t}.$

For a convex function $f(t)$ ,

$f(t)=f( \frac{1-t}{1-t+h}(t-h)+\frac{h}{1-t+h}\cdot 1)\leq\frac{1-t}{1-t+h}f(t-h)+\frac{h}{1-t+h}f(1)$.

So we have
$\frac{f(t)-f(t-h)}{h}\leq\frac{f(1)-f(t)}{1-t}.$

For $p(t, r)=(1+t(a^{r}-1))^{\frac{1}{r}},$

$\frac{p(t,r)-p(t-h,r)}{h}\leq\frac{p(1,r)-p(t,r)}{1-t},$

that is,
$\frac{\{1+t(a^{r}-1)\}^{\frac{1}{r}}-\{1+(t-h)(a^{r}-1)\}^{\frac{1}{r}}}{h}\leq\frac{a-\{1+t(a^{r}-1)\}^{\frac{1}{r}}}{1-t}.$

Since

$\lim_{harrow 0}\frac{\{1+t(a^{r}-1)\}^{\frac{1}{r}}-\{1+(t-h)(a^{r}-1)\}^{\frac{1}{r}}}{h}=\frac{\partial}{\partial t}p(t, r)=\{1+t(a^{r}-1)\}^{\frac{1}{r}-1}\cdot\frac{a^{r}-1}{r},$

we have
$\{1+t(a^{r}-1)\}^{\frac{1}{r}-1}\cdot\frac{a^{r}-1}{r}\leq\frac{a-\{1+t(a^{r}-1)\}^{\frac{1}{r}}}{1-t}.$
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So we conclude $S_{t,r}(A|B)\leq-T_{1-t,r}(B|A)$ .

(4) Finally, we see $-T_{1-t,r}(B|A)\leq S_{1,r}(A|B)$ , it is sufficient to show that

$- \frac{\{1+t(a^{r}-1)\}^{\frac{1}{r}}-a}{1-t}\leq\frac{a-a^{1-r}}{r}.$

This is equivalent to
$\{1+t(a^{r}-1)\}^{\frac{1}{r}}-a\geq-(1-t)\frac{a-a^{1-r}}{r}.$

Let
$g(t)= \{1+t(a^{r}-1)\}^{\frac{1}{r}}-a+(1-t)\frac{a-a^{1-r}}{r},$

then for $t\in[O, 1],$

$\frac{d}{dt}g(t)=\{1+t(a^{r}-1)\}^{\frac{1}{r}-1}\cdot\frac{a^{r}-1}{r}-\frac{a-a^{1-r}}{r}.$

As we showed above $\frac{\partial}{\partial t}p(t, r)d=\{1+t(a^{r}-1)\}^{\frac{1}{r}-1}\cdot\frac{a^{r}-1}{r}$ is an increasing function for $t\in[O, 1]$ and

$\frac{d}{gd\dagger}g(t)|_{t=1}=0.Hence_{\overline{dt}}g(t)\leq 0fort.$$\in[0,1].Sothefunctiong(t)isadecreasingfunctionand1)=0,$
thatis, $g(t)\geq 0fort\in[0,1]Hencewehavetheconc1$usion -$T_{1-t,r}(B|A)\leq S_{1,r}(A|B).$

Remark. ([9]). The following relations hold, so Theorem 3 (1) is the case $r=0$ in Theorem
6. For $A>0,$ $B>0$ and $t\in[O, 1],$ $r\in[-1,1]$ , the followings hold:

(1) $\lim_{rarrow 0}S_{t,r}(A|B)=S_{t}(A|B)$ ,

(2) $S_{0,r}(A|B)=T_{r}(A|B)$ ,

(3) $S_{1,r}(A|B)=-T_{r}(B|A)$ ,

(4) $\lim_{rarrow 0}S_{0,r}(A|B)=S(A|B)$ ,

(5) $\lim_{rarrow 0}S_{1,r}(A|B)=S_{1}(A|B)$ .

Proof. Since
$\lim_{rarrow 0}\{1+t(a^{r}-1)\}^{\frac{1}{f}-1}\cdot\frac{a^{r}-1}{r}=a^{t}\log a,$

we have

$\lim_{rarrow 0}A^{1}z(\{I+t((A^{-}BA^{-z}11)^{r}-I)\}^{\frac{1}{r}-1}\cdot\frac{(A^{-1}BA^{-r})^{r}-I1}{r})A^{q}1$

$=A^{g}1(A^{111}-zBA^{-g})^{t}(\log A^{-r}BA^{-1})A^{1}l=S_{t}(A|B)$ .

Moreover,
$\frac{\partial}{\theta t}p(t, r)|_{t=0}=\frac{a^{r}-1}{r}, \frac{\partial}{\partial t}p(t, r)|_{t=1}=\frac{a-a^{1-r}}{r}$

and their limits are known that

$\lim_{rarrow 0}\frac{a^{r}-1}{r}=\log a, \lim_{rarrow 0}\frac{a-a^{1-r}}{r}=a\log a,$
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so we have

$\lim_{rarrow 0}A^{1}z(\frac{(A^{-1}2BA^{-z})^{r}-I1}{r})A^{1}z=A^{1}2(\log A^{1}-qBA^{-1}q)A^{1}w=S(A|B)$ ,

and

$\lim_{rarrow 0}A$
フ $( \frac{A^{-}\S BA^{-}z-(A^{1}-zBA^{-\not\supset})^{1-r}111}{r})A^{1}\not\supset$

$=A^{1}z(A^{-}zBA^{-}z11)(\log A^{-}\pi BA^{-}7)A^{z}111=S_{1}(A|B)$ .

We can give an expanded version of Theorem 3 (2) also.

Theorem 7. For $A>0,$ $B>0,$ $t\in[0,1],$ $r\in[-1,1]$ and an integer $n$ , the following
equivalence holds:

(1) $S_{0,r}(A\natural_{n}B|A\natural_{n+1}B)\leq T_{t,r}(A\natural_{n}B|A\natural_{n+1}B)\leq S_{t,r}(A\natural_{n}B|A\natural_{n+1}B)$

$\leq -T_{1-t,r}(A\natural_{n+1}B|A\natural_{n}B)\leq S_{1,r}(A\natural_{n}B|A\natural_{n+1}B)$

$=$

(2) $(BA^{-1})^{n}\cdot S_{0,r}(A|B)\leq(BA^{-1})^{n}\cdot T_{t,r}(A|B)\leq(BA^{-1})^{n}\cdot S_{t,r}(A|B)$

$\leq -(BA^{-1})^{n}\cdot T_{1-t,r}(B|A)\leq(BA^{-1})^{n}\cdot S_{1,r}(A|B)$ .

Proof. (1) follows from Theorem 6 and we can obtain (2) by using the next lemma.

Lemma 8. For $A>0,$ $B>0,$ $t\in[0,1],$ $r\in[-1,1]$ and an integer $n$ , the following hold.

(1) $S_{0,r}(A\natural_{n}B|A\natural_{n+1}B)=(BA^{-1})^{n}\cdot S_{0,r}(A|B)=S_{0,r}(A|B)\cdot(A^{-1}B)^{n},$

(2) $T_{t,r}(A\natural_{n}B|A\natural_{n+1}B)=(BA^{-1})^{n}\cdot T_{t,r}(A|B)=T_{t,r}(A|B)\cdot(A^{-1}B)^{n},$

(3) $S_{t,r}(A\natural_{n}B|A\natural_{n+1}B)=(BA^{-1})^{n}\cdot S_{t,r}(A|B)=S_{t,r}(A|B)\cdot(A^{-1}B)^{n},$

(4) $T_{1-t,r}(A\natural_{n+1}B|A\natural_{n}B)=(BA^{-1})^{n}\cdot T_{1-t,r}(B|A)=T_{1-t,r}(B|A)\cdot(A^{-1}B)^{n},$

(5) $S_{1,r}(A\natural_{n}B|A\natural_{n+1}B)=(BA^{-1})^{n}\cdot S_{1,r}(A|B)=S_{1,r}(A|B)\cdot(A^{-1}B)^{n}.$

Proof. Since

$(A\natural_{n}B)\#$ち$r(A\natural_{n+1}B)=(BA^{-1})^{n}\cdot(A\#_{t,r}B)=(A\#$ち $rB)\cdot(A^{-1}B)^{n},$

and

$A\#_{t,r}B = A\natural_{\frac{1}{r}}(A\nabla_{t}(A\natural_{r}B))$

$= A\natural_{\frac{1}{r}}(A\nabla_{t}(B\natural_{1-r}A))$

$= B^{1}5((B^{-1}zAB^{-}2)1\natural_{\frac{1}{r}}\{(B^{-}zAB^{-Z})11\nabla_{t}(B^{-}2AB^{-}z)\}^{1-r})B^{q}111$

$= B^{1}2\{(1-t)(B^{-3}AB^{-z}11)^{r}+tI\}^{\frac{1}{r}}B^{1}z=B\# 1-t,rA,$
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we have the following:

(1) $S_{0,r}(A\natural_{n}B|A\natural_{n+1}B)$ $=$ $T_{r}(A \natural_{n}B|A\natural_{n+1}B)=\frac{(A\natural_{n}B)\natural_{r}(A\natural_{n+1}B)-(A\natural_{n}B)}{r}$

$= \frac{(A\natural_{n}B)\cdot A^{-1}\cdot(A\natural_{r}B-A)}{r}=(A\natural_{n}B)\cdot A^{-1}\cdot\frac{A\natural_{r}B-A}{r}$

$= (BA^{-1})^{n}\cdot T_{r}(A|B)=(BA^{-1})^{n}\cdot S_{0,r}(A|B)$ .

(2) $T_{t,r}(A\natural_{n}B|A\natural_{n+1}B)$ $=$ $\frac{(A\natural_{n}B)\#_{t,r}(A\natural_{n+1}B)-A\natural_{n}B}{t}$

$= \frac{(A\natural_{n}B)\cdot A^{-1}\cdot(A\#_{t,r}B)-A\#_{n}B}{t}$

$= (A \natural_{n}B)\cdot A^{-1}\cdot\frac{A\#_{t,r}B-A}{t}=(BA^{-1})^{n}\cdot T_{t,r}(A|B)$ .

$D_{0}(A|B)=B-A-S(A|B)$ .
$O$ur interpretation of $D_{0}(A|B)$ has been $D_{0}(A|B)= \lim_{tarrow+0}\frac{A\nabla_{l}B-A\#\ell^{B}}{t}$ and $D_{1}(A|B)$ is also
given by $D_{1}(A|B)= \lim_{tarrow 1-0}\frac{A\nabla_{l}B-A\#_{\ell}B}{t-1}.$

But we are known the existence of $\alpha$-divergence. The $\alpha$-divergence is defined by Amari [1]. For
probability distributions $p=(p_{1}, \cdots,p_{n})$ and $q=(q_{1}, \cdots, q_{n})$ ,

$D_{\alpha}(p|q)= \frac{4}{1-\alpha^{2}}(1-\sum_{i=1}^{n}p_{i^{7^{\underline{\alpha}}}}\underline{1}-q_{i^{+^{1\alpha}}}) , \alpha\neq\pm1,$
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where $p_{i},$ $q_{i}\geq 0$ for $i=1,$ $\cdots,$ $n$ and $\sum_{i=1}^{n}p_{i}=\sum_{i=1}^{n}q_{i}=1$ . If we put $t= \frac{1+\alpha}{2}$ , then the
$\alpha$-divergence can be expressed as follows:

$D_{t}(p|q)= \frac{1}{t(1-t)}\sum_{i=1}^{n}\{(1-t)p_{i}+tq_{i}-p_{i}^{1-t}q_{i}^{t}\}, t\neq 0,1.$

The operator version of the $\alpha$-divergence is given in [5,6] as follows:

$D_{\alpha}(A|B)= \frac{A\nabla_{\alpha}B-A\#_{\alpha}B}{\alpha(1-\alpha)}$ , for $0<\alpha<1.$

This also satisfies the following:

$D_{0}(A|B)= \lim_{\alphaarrow 0}\frac{A\nabla_{\alpha}B-A\#_{\alpha}B}{\alpha(1-\alpha)}=B-A-S(A|B)$ ,

$D_{1}(A|B)= \lim_{\alphaarrow 1}\frac{A\nabla_{\alpha}B-A\#_{\alpha}B}{\alpha(1-\alpha)}=A-B-S(B|A)$ .

We can combine the Tsallis relative operator entropy and this operator $\alpha$-divergence as follows:

Theorem 9.
$D_{\alpha}(A|B)=-(T_{\alpha}(A|B)+T_{1-\alpha}(B|A))$ , for $0<\alpha<1.$

This can be shown as the following figure:
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Proof of Theorem 9.

$D_{\alpha}(A|B) = \frac{A\nabla_{\alpha}B-A\#_{\alpha}B}{\alpha(1-\alpha)}=\frac{(1-\alpha)A+tB-(1-\alpha)(A\#_{\alpha}B)-\alpha(A\#_{\alpha}B)}{\alpha(1-\alpha)}$

$= - \frac{A\#_{\alpha}B-A}{\alpha}-\frac{A\#_{\alpha}B-B}{1-\alpha}=-\frac{A\#_{\alpha}B-A}{\alpha}-\frac{B\#_{1-\alpha}A-B}{1-\alpha}$

$= =-(T_{\alpha}(A|B)+T_{1-\alpha}(B|A))$

So we can propose an extension of the operator $\alpha$-divergence as follows:

$D$ち$r(A|B)=-(T_{t,r}(A|B)+T_{1-t,r}(B|A))$ , fOr $t\in[0,$ $1],$ $r\in[-1$ , 1 $].$

Theorem 10.
$D_{t,r}(A|B)= \frac{A\nabla_{t}B-A\#_{t,r}B}{t(1-t)}, t\in(0,1)$ .
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