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0. Introduction

In this report, for the bounded domain @ C R™ (n < 3) with smooth boundary, we
consider the following nonlinear elliptic 3-system:

3
— Aui + Mu; = paud + Zﬁi,juiuf inQ, (1=123), )
i=1 *

u; € HY Q) (i=1,2,3).

where Aj,p; > 0 (3 = 1,2,3) and B;; = B (1 < i < j < 3). We consider about a
least energy positive solution of () for the case B2 > 0 and f1,3,82,3 < 0. Here we
call a solution @ = (u1,uz,u3) € H'(R™)3 is a least energy positive solution of () if and
‘only if @ achieves inf{I(@)|I'(@) = 0, u; > 0 (¢ = 1,2,3)} where I() is a functional
corresponding to (x). There are many papers for the existence of non-trivial solutions of
k-system (k > 3). (cf. [LWel], [LW1], [LW2], [SW2], [S], [TT], [TTVW], [TV]...) To
author’s knowledge, almost existence results for (x) were given under the conditions that
interaction terms f; ; are negative or not large positive.

In this report, we introduce results of our two papers [SW3]- [SW4] but we omit
those proofs. For the proofs, see [SW3]-[SW4]. Roughly speaking our results, when
Bi3,B23 < 0 and Bi2 > 0 is sufficiently large, we observe the existence of least energy
positive solution of () in Section 1 and the multiple existence of positive solution of (*)

in Section 2.



1. The Existence of least energy solutions

In this section, when B13,823 < 0 and B12 > 0 is sufficiently large, we observe the

existence of least energy positive solution of (x). Moreover, we observe that, even if Q
is ball, that solution is not radial symmetric. This is a different property from the single
homogeneous equations. It is well-known in [GINN] that if 2 is ball and f(u) is of class C?,
then any positive solutions in C? of —Au = f(u) in Q u = 0 on HQ are radial symmetric.
Also, in [LWel], for a k-system on 2 = R™, Lin and Wei showed that, if all interaction
terms are positive, then, the least energy positive solutions must be radially symmetric by
the Schwartz symmetrization.

Since we treat 31,2 as a parameter which plays an important role, for simplicities, we

often write § = f; ». We also use the following notations:

oy = [ orue2(@) (1spsoo),
Ilull3 .0 = [IVullfai@) + Allullzz ) for u € HY(Q).
The first theorem is about the existence of a least energy positive solution of (%).

Theorem 1.1. We suppose that 8 = 31 2 > 0 and B1,3, 82,3 < 0. Then, there exists a 3, >
0 such that, for any B > f., (x) has a least energy positive solution iig = (u1 g, uz,8,u3 g).
Moreover, there exist a sequence B,, — 0o and U; € HL(Q) (i = 1,2,3) such that

(v Bmua g, , BmU2,8,.,U3,8,,) = (U1,Us2,Us) strongly in H&(Q)3.

Here Us is a positive least energy solution of

—Aug + A3uz = Mgug in Q,

us €HL(Q), (1)

and (Uy,U,) is a positive least energy solution of

—Aug + (A — B13U2)u; = wju? in Q,
—Aug + (A2 — B2,3U3)us = wdus  in Q, (1.2)
u1,ug € HY(Q).

In particular (Uy,Us, Us) is a minimizer of the following minimizing problem:

e= ot oint o (leall, o+ sl 0 = Buallususl B — Baalluzual )
(1.3)
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where

K3 = {u € H}(Q) | u is a least energy solution of (1.1)},

lwalll3, 0 + luall3; 0 = Busllvausllie g }

N,. = ,ug) € Hy(Q)?
u3 {(ul uz) O( ) —ﬂ2,3||’U,2’U.3||2L2(Q) = 2““1”2“%2(9) 70

Remark 1.2. The infimum e is also written as e = inf, ek, €(ug) where

gus)= inf (el a0+ welll3, .o — Buslluiuslei) — ﬂz,sllufzuslliz(n)) :
(1,u2) €Ny 1 @

For any given uz € H}(S2), €(u3) is achieved by a minimizer (u;,uz) € N,, which is a
non-trivial least energy solution of
—Au; + (A1 — 51,3u§)u1 =wuus in Q,
—Aug + (A2 — Bozul)uz = ulup in Q, (1.3)
u1,uz € Hy ().
In fact, in [SW1], we showed the existence of a minimizer for €(us) when V;(z) = \;—; 3u3

(¢ =1,2) are positive constants. When V;(z) are non-negative functions, we can show the

existence of a minimizer by the same way.
Remark 1.3. The solution @g of Theorem 1.1 was given as a minimizer of the following
minimizing problem:
cg=_inf (|llulll3, @+ lluzll3, o + lllusll3se)
ZEMg

(@) + f2(@) =0, (u1,u2) # (0,0), }
fs(@) =0, u3z#0. ’

where £i(@) = ll[willl3, o — illuill ey — S Bl [t 2 gy For details, see our paper
[SW3].

Mg = {ﬂ' € Hy(Q)®

Next, we will observe the non-radial symmetry for a least energy positive solution of
(%) even if Q is ball. When § is ball, it is well-known that least energy solution of (1.1) is
a unique positive radial symmetric solution satisfying Uj(r) < 0,7 = |z|. (The uniqueness
was proved in [K], The radial symmetry was proved in [GNN].) Let @g = (u1,,u2.8,u3,)
be a least energy solution of (). From Theorem 1.1, uz g converges to the unique positive
radial symmetric solution Us and a subsequence of (v/Bui g, v/Buz g) converges to a least
energy solution (U, Usz) of (1.2) whose potential functions A; — 3; 3Us(z) (i = 1,2) have
minimum on the boundary 0. Then, we can show that (U;, U;) has a concentrating point

near 02. That is, (Uy,Us) is not radial symmetric.



In fact, in this report, we will observe such concentrating phenomenon for the following

system including (1.2):

— EAuy + Vi(z)u; = wjud  in Q,
— 2 Aug + Va(z)ug = vduy in Q, (1.4),
U, U2 € H&(Q)

where € > 0 is a parameter, Vj(z) € C(Q, R) (i = 1,2) are positive functions. Let (Ue)e>0
be a family of positive least energy solutions of (1.4). To state the concentrating point of

(@e)e>0, we need the following b(A;, A2):

b de) = it ([l e+ a3, me) (1)

(u1,u2)ENA 2,

Nasra = {(u1,u2) € EYR™? | a3, g + llwalli, oo = 2AluruslZage) #0 }

We easily see that b(A;, A2) is achieved for some @ = (u;,u2) € H'(R")? and 4 is a least

energy solution of
— Aug + Au; = uu? in R®,

— Aug + daug = u%uz in R", (1.6)(/\17/\2)
u1,us € HY(R").
Also, for b(A1, Ag), we have the following:
Lemma 1.4.
(i) b(A1,A2) : (0,00)%2 — R is a continuous function.
(i) (A1, M) is increasing with respect to \; (i = 1,2).
(iii) b(nA1,nA2) = n2b(A1, Ag) for all 7, A1, A2 > 0.
We regard u € H}(Q2) as u € H'(R™) by setting u = 0 on R™\Q. Now we have the

following theorem.

Theorem 1.5. There exist sequences €, — 0, x,, — zo in Q and @y = (u1,0,u20) €
H'(R™)? which is a positive least energy solution of (1.6)v; (o), Va (o) Such that

Ui e (€mT — Tm) = Ui o(x) strongly in H'(R™) (i=1,2),
b(Vi(@m), Va(zm)) = b(Vi(zo), Va(zo)) = b.

Here b = min_ g b(Vi(z), Va(z)).

129



130

Remark 1.6.

(i) For an unique positive radial symmetric solution Us of (1.1), setting V;(z) = \; —
Bi3Us(z) (¢ = 1,2), from (ii) of Lemma 1.4, b(Vi(x), V2(z)) has minimum on the
boundary 9. Thus, the least energy solution (Uy,Us) of (1.2) with suitable coeffi-
cients, has a concentrating point near 0S.

(i) When a positive interaction term S closes to 0, Lin-Wei [LWe2] and Ikoma-Tanaka
[IT] studied a singular perturbation problem for

—e2Auy + Vi(z)u; = mwd + Buiui  in R™,
— 2 Auy + Va(2)ug = poud + Buduz in R™.

In this case, there are possibilities that least energy positive solution u;  and u3 . have
different concentrating points. But, in our case, u;  and ug . always must concentrate

a same point.

2. The Existence of G-symmetric least energy solutions

In this section, when Q is a ball B = {x € R" | |z| =1}, we observe the multiple
existence of positive solutions of (¥). When 2 is a ball, a positive solution Us of (1.1)
is unique and radially symmetrically. Thus, for group actions G C O(n) (O(n) is the
orthogonal group for n = 2, 3), by solving minimizing problems on G-symmetric function’s
set H§'(B) = {u € H}(B) | u(gz) = u(z) for all g € G}, we can expect multiple existence
of positive solutions of (x). In fact, we can show the following theorem by a similar way
of Theorem 1.1.

Theorem 2.1. Assume Q = B, f = f12 > 0 and B13,0623 < 0. Let G C O(n) be a
group action. Then, there exists 3¢ > 0 such that, for any 8 > B, () has a G-symmetric
positive solution ﬁg(z) = (u?ﬁ(w),ugﬂ(x),ugﬂ(x)) Moreover, there exist a sequence
Bm — oo and U; € HY(B) (i = 1,2,3) such that

(\/Bmufﬁm, \/ﬁmugﬂm,ug’:ﬂm) — (UIG, U2G, Us) strongly in Hé(B)3.

Here Uj is a unique positive radial least energy solution of (1.1) with Q = B and (UZ,UY)
is a positive least energy G-symmetric solution of (1.2) with Q = B.

Theorem 2.1 suggests the multiplicity of positive solutions of (*). However, in order
to get a multiple existence for (), we need to show the @G s @C for group actions
G # G’'. To observe this, we will discuss an asymptotically behavior of limit equation
(1.2) by regarding some coefficients as parameters. That is, for group actions G # G,



we show that (UF, U§) and (UF',U§") has different asymptotically behaviors when some
parameters go to limits. More precisely, we will show (U1G , UQG ) has kG-peaks near the
boundary 8B where k€ is a number of the minimum orbit for G. This argument is similar
to the arguments for the multiplicity of positive solutions of —Awu + v = uP on annulus
domain.

We will observe such asymptotically results for more general equations which including
(1.2). For radial positive functions Vi(x) € C(B,R) (i = 1,2), we consider the following

system

—Auy + Vi(z)uy = ulug in B, wuj€ Hé(B), 21)

—Aug + nVa(z)uz = vug in B, wuy € H}(B).
For a group action G C O(n) (n = 2,3), to get G-symmetric solutions of (2.1), we solve

the following minimizing problem on HS(B):

7= e (lhallBy, e + el By 5) 22)
1y n

NE = {(,u) € HE(B)? ||y 5 + lualli2, 5 = 2lnalBagsy #0

By standard ways, we see that BnG is achieved for some (ufn,ugn) € Nf which is a G-
symmetric positive solution of (2.1). To discuss an asymptotically behavior of (ulc’,l, ugn)
as n — oo, the function b(\;, A\2) which was defined in (1.5) also plays important roles.
By using the Schwarz symmetrization, we see that least energy solutions of (1.6)(a1,20) 18
radial symmetry. For G C O(n), let G[z] = {gz|g € G} be an orbit of z € R™\{0} and
k¢ = min{#G[z] | = € R"\{0}} be a element number of the minimum orbit. Now, we

obtain the following theorem which is essential in our arguments.

Theorem 2.2. Assume that V;(z) € C(B,R) (i = 1,2) are positive radial functions and
a finite group G C O(n) satisfies k¢ < A Ob,V;)(O)) where b = mingep b(Vi(z), Va(z)).

Then we have

77%_23,? — k% asn— .

Moreover, for a family of G-symmetric positive solutions (ufn, ugcn) of (2.1) which achieves
the minimizing problem (2.2), there exist a subsequence 7,, — 0o and a sequence T, — To
in B with #G|zm,] = #G[zo] = k¢ and b(Vi(z0), Va(xo)) = b such that

2

u$p = 3 Vimwio(yim(- - 2)) =o(nm ?) (i=1,2).

2EG[zm] n Vi, B
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Here (w10, ws,0) is & positive least energy solution of (1.5) with (A1, A2) = (Vi(zo), Va(z0))

and o(n,ln_%) x4 ' S 0as Nm — 0o. That is, for large nm, (uf,’m? ugnm) is close to kC-peak

functions.

Remark 2.3.

(i) For the case k¢ > Mgb’&@z, G-symmetric positive solutions (ufn,ufgn) achieving
(2.2) may be radial symmetric. Thus we can’t look for any more positive solutions by
only Theorem 2.2.

(ii) Theorem 2.1 and 2.2 still hold for G-invariant domain Q. The other corollaries and
theorems below follow from Theorem 2.1 and Theorem 2.2.

From Theorem 2.2, we have the following

Corollary 2.4. Suppose that the same assumptions as Theorem 2.2 hold. Let K,? be a
set of least energy G-symmetric solution of (2.1), K be a set of least energy solution of (1.6)
with (A1, A2) = (Vi(mo), Va(zo)) and X = {z € B | #Glz] = k%, b(Vi(z), Va(z)) = b} and
X, = {z € B | #G[z] = k°, dist(x, X) < p}. Then, for any p > 0, we have

2

sup inf u; — w; -2z =o(n'~% 2.3
S e o, 2 [ 263[] Vi (V- - 2)) y =) (23)
» nvi,

Here o(n'~%)n%~1 > 0 as n — .

Proof. Suppose that Corollary 2.4 does not hold. Then there exists co > 0, 1m — oo and
(U1,mpn > U2,mm) € K,?m such that

R

inf > |pine = 22 VimwilVim(- = 2) 2 o~
(wr,w2)EK,x€X, i—1.2 2€G(z]
s nm‘/nB

But, this contradicts to Theorem 2.2. 1

When n = 2, for any k € N, the cyclic group Zx C O(2) satisfies k%* = k. Thus, from
Corollary 2.4, we easily find the following multiple existence of positive solutions.

Corollary 2.5. Suppose that n = 2 and V;(z) € C(B,R) (i = 1,2) are positive radial
functions and k < Mgb’&z@p- where b = mingep b(Vy(z), Va(x)). Then, there exists
nx > 0 such that, for any n > nk, (2.1) has a positive solution close to {-peak function in



the sense of (2.3) with G = Z, and (2.1) has a radial positive solution. That is, (2.1) has

at least k + 1 positive solutions.

Proof. From Corollary 2.4, for any ¢ < Mw, there exists n%¢ > 0 such that,
for any n > nZ%¢, (2.1) has a positive solution close to £-peak solutions in the sense of
(2.3). On the other hand, (2.1) always has a radial positive solution. Thus, for n > n =
max{n?,...,n%k}, (2.1) has at least k + 1 positive solutions. |

When n = 3, the subgroups G = Z,, Py, Py, Py C O(3) satisfy k¢ = 2,4,8, or 12,
respectively. Here P, is the g-regular polyhedron group. Thus, from Corollary 2.4, we also
find the following corollary.

Corollary 2.6. Suppose that n = 3 and V;(z) € C(B,R) (i = 1,2) are positive radial
functions and 2 (or 4,8, 12, respectively) < M,)L%QD where b = mingep b(Vi(z), Va(z)).
Then, there exists 19 > 0 such that, for any n > 7_70, (2.1) has a positive solution close to 2
(or 4,8,12, respectively)-peak functions in the sense of (2.3) with G = Z3 (or Py, Ps, Pjo,
respectively) and (2.1) has a radial positive solution.

Here, we return to the our original equation (*) and limit equation (1.2). For n > 0,
Ai>0and B3 <0 (i =1,2), we set

Ai = 77/\;, 5@',3 = 77@{,3 (Z =1, 2)

For (1.2), since Us(z) is radial and decreasing with respect to r = |z], from (b1)—(b2), b(A;—
B1,3Us(x)?, A2 — B2,3U3(x)?) : (0,00)2 —» R has maximum at z = 0 and minimum on 8B,
We remark that, from (b3), b(A1 — B1,3Us(z)?, A2 — B2,3Us(z)?) = n?b(N, = B1 3Us(x)?, Ny~
B5,3Us (z)?). From Corollary 2.5 and Corollary 2.6, we have the following multiple existence
for (x).

Theorem 2.7. Assume that Q = B. Fbr n > 0, we assume that § = 12 > 0, \; =
nA; > 0, Big = nBis < 0 (i = 1,2). Let k be the maximum integer satisfying k <

b(AL=B1,5Us(0)%,X5~ B3 3Us (0)%)
b(A1,A3) ‘
(i) When n = 2, for any €,p > 0, there exists Nk > 0 such that, for any n > ny, there

exists B(n) > 0 such that, for any 8 > Bi(n) and £=1,---, k, we have
2

sup inf Z v Bu; — Z Viwi(v/n(- = 2)) <n'"Fe

o rZg (w1,w2)EK,zEX, . -
uGLB P i=1,2 2€Z¢[x] Vi.B

Here Lg‘ is a set of least energy Z,-symmetric solutions of (x) and K is a set of
least energy solutions of (1.6) and X, = {1 — p < |z| < 1}. In particular, () has
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at least k + 1 positive solutions @t = (uf,u$,us) of (x) (1 < £ < k+1). Here @t is
Z¢-symmetry and (uf,u$) is close to {-peak functions which peak’s locations are near
OB (1 < £ < k) and @**! is radial symmetry.

(i) When n = 3, if 2 (or 4,8,12, respectively) < k holds, for any €,p > 0, there exists
nx > 0 such that, for any > n, there exists f(n) > 0 such that, for any B > Br(n)

and G = Zy (or Py, Bs, P2, respectively) , we have
2

sup inf Z /Bu; — Z Viwi(y/n(- — 2)) <t Ee

uGLG (w1 JZwo)EK,z€X,
=1,2 2€G|x) V.,B

Here Lg is a set of least energy G-symmetric solutions of (x) and K is a set of least
energy solutions of (1.6) and X, = {1 — p < [z] < 1}.

Proof. From Corollary 2.5 and Corollary 2.6, there exists nx > 0 such that, for all n > nx,
2

sup inf Z U; - Z VIwi(yvn(- — 2)) <n'"%e  (24)
(U1,Uz)e K (wrw2) €K.2€Xp 2€G]z] nVi,B
Here K¢ is a set of least energy G-symmetric solution of (2.1). Next, from Theorem 2.2,
there exists B(n) > 0 such that, for all 8 > 8(n), we have

sup inf Z H‘\/—uz—

< pl=Ze 2.5
uGLG(Uhuz)GKG e (2:5)

nVi,B

From (2.4)-(2.5), we obtain Theorem 2.7. |

Moreover, since Uz(0) — 0o as Az — oo, from (b3), we observe that

b(X — BisUs(0)*, 2 — B33Us(0))
b(A1, A2)

Therefore, from Theorem 2.7 and (2.6), we easily lead the following theorem.

as Az — 0o. (2.6)

Theorem 2.8. Assume that Q = B and n = 2. Then, for any k € N, there exists A\, > 0,
such that, for any Az > Ak, there exists nx(A3) > 0, such that, for any n > nk(A3), there
exists Bk(n,/\g) > 0, such that, for any 8 = B2 > ,Bk(n, A3), (¥) has at least k + 1 positive
solutions @ = (uf,u4,u) (1 < £ < k+1). Here @ is Zy-symmetry and (uf,uf) is close
to f-peak functions which peak’s locations are near OB (1 < £ < k) and @*+! is radial

symmetry.
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