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On Three Imaginary-time Path Integral Formulas
with Magnetic Fields
in Relativistic Quantum Mechanics*

By

Takashi ICHINOSE**

Abstract

Three magnetic relativistic Schrodinger operators are considered, corresponding to the clas-
sical relativistic Hamiltonian symbol with both magnetic vector and electric scalar potentials.
Path integral representations for the solutions of their respective imaginary-time relativistic
Schrédinger equations, i.e. heat equations are given in two ways. The one is by means of
the probability path space measure coming from the Lévy process concerned, and the other is
through time-sliced approximation with Chernoff’s theorem.
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§1. Introduction

Path integral is a marvelous idea invented by R. P. Feynman ([F-48], [F-05], [FH-
65]. cf. [D-33,35], [D-45]) to give a practically very useful and now figurative sublimed
way to write down the solution of the real-time Schrodinger equation in nonrelativistic
quantum mechanics.

In this paper, we deal with the problem in relativistic quantum mechanics to con-
sider the relativistic Schrodinger equation in imaginary time. In the literature there
are 3 kinds of relativistic Schrédinger operators for a spinless particle of mass m > 0

corresponding to

(1.1) V(E=A@)2+m2+V(z), (¢,z) € R? x RY,

under magnetic vector potential A(z) and electric scalar potential V(z), depending on
how to quantize the kinetic energy term /(€ — A(z))2 +m2. This H is used in the
situation where we may ignore QFT effect like particles creation and annihilation, but
should take relativistic effect into consideration.
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We give three path integral representation formulas for the solutions for their respec- .

tive imaginary-time relativistic Schrodinger equations, i.e. heat equations, by means of
the probability path space measure coming from Lévy process concerned. We also dis-
cuss the path integral by time-sliced approximation. It is well-known that this method
also can plainly give a meaning for Schrodinger equation by the Trotter—-Kato product
formula, if the Schrédinger operator has only electric scalar potential. But if it has also
magnetic vector potential, we should use Chernoff’s theorem instead. This wisdom also
applies to Dirac equation.

This paper is of expository character, having in sections 2 and 3 description and
content which overlap with another a little more elaborate paper on the subject in
RIMS Kyoto Univ. Kékytroku 1797(2012) [I-12a]. Their detailed version was in the
meanwhile published in my paper ({I-13] and also brief note [I-12b]. So I would not like
to repeat the whole story here but only to write a short survey describing the points
how to obtain the three path integral representation formulas with sketch of proof. In
84, the path integral by time-sliced approximation is further studied for some other
evolution equations in quantum mechanics in real and imaginary time by means of
Chernoff’s theorem, also discussing its convergence, not only in strong topology, but
also in operator norm and pointwise for the integral kernels. The content is almost
independent of the three relativistic Schrédinger operators up to the previous section.
The observation of this last section might contain something new.

For the reader’s convenience, the table of contents of {I-13] is as follows:

1. Introduction;
2. Three magnetic relativistic Schrédinger operators: 2.1.Their definition and difference; 2.2.Gauge-
covariant or not;
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3. More general definition of magnetic relativistic Schrodinger operators and their selfadjointness:
3.1.The most general definition of H,Sl), H 542) and Hff); 3.2.Selfadjointness with negative scalar poten-
tials;

4. Imaginary-time path integrals for magnetic relativistic Schrodinger operators: 4.1.Feynman—-Kac-It6
type formulas for magnetic relativistic Schrodinger operators; 4.2.Heuristic derivation of path integral
formulas;

5. Summary

§ 2. Three magnetic relativistic Schrodinger operators

The three relativistic Schrédinger operators concerned are the following. The first
one is the Weyl pseudo-differential operator defined through mid-point prescription
HOD := HY + V considered by Ichinose and Tamura ([IT-86], [I-89, 95], [NaU-90]),
the second H® := Hj(f) + V the modification of the first one by Iftimie, Mantoiu and
R. Purice [IIMP-07, 08, 10], and the third H® := H) + V defined with the square
root H1(43) of the nonnegative selfadjoint operator (—iV — A(z))? + m?2.

For simplicity, assume that A(z) is smooth and V(z) bounded below.

(1) Weyl pseudo-differential operator H) := H&l) +V (e.g. [IT-86; I-89, 95]) with

. 2
(21)  (HL (@)= gy / e em—wf\/ (- 4(5Y)) +m2 f(y)dydg

i(x—y)- zty
2?2‘5)7//;10: Rd e eI AT /e m f(y)dydg
X

Here, with f € C5°(R?) or f € S(R?), the integrals on the right-hand side are oscillatory
integrals.

(2) Modified Weyl pseudo-differential operator H(? := H/(f) +V [IfMP-07, 08, 10] with

1
L@ = [ ei“—y’f\ﬂs — [ A - 0)2 + y)as)” + m f(u)dyde
dx R4 0
(2.2) = / / @) (€ I3 A-0)+00)48) | [ET 1 12 f () lyde
R4xR4

(3) H® = Hf) + V defined with square root

(2.3) Hf’) =/ (—iV — A(%))2 + m?

of the nonnegative selfadjoint operator (—iV — A(z))? + m?. This H® is used, e.g., to
study “stability of matter” in relativistic quantum mechanics in Lieb—Seiringer [LSei-10].
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Known facts for HO, H® and H®)

1°. With suitable reasonable conditions on A(z) and V(z) > 0, they all define selfad-
joint operators in L?(R%), which are bounded below. For instance, they become selfad-
joint operators defined as quadratic forms, for H®) and H®, when 4 € LI}3(R¢; C9)
for some § > 0 and V € L} (R9) (cf. [I-89, 13], [IfMP-07, 08, 10]), while for H®),

loc

when A € L?, _(R%C% and V € L}, (R?) (e.g. [CFKS-87, pp.8-10] or [I-13]).

loc loc
In fact further, they are bounded below by the same lower bound, in particular,

2.4 HY >m, j=123.
A

2°. Hf) and Hff) are covariant under gauge transformation, i.e. it holds for every
Y E S(Rd) that Hz(lele = ei‘PHg)e_i‘P, j = 2,3. However, Hl(‘ll) is not.

3°. All these three operators are different in general, but coincide, if A(z) is linear
in z, ie. if A(z) = A -z with A : d x d real symmetric constant matrix, then H,(;) =
Hf) = Hf). So, this holds for uniform magnetic fields with d = 3.

§3. Imaginary-time Path integral for magnetic relativistic Schrédinger
operators

For each H = H4 + V of the three magnetic relativistic Schrédinger operators
HO = HE) +V, H® = Hff) +V and HO®) = Hﬁf) + V, consider imaginary-time
relativistic Schrédinger equation

(3.1)

{;%u(t,w) = —[H — mJu(t,z), t>0,
u(0, z) = g(z), z € R4.

The solution of this Cauchy problem is given by the semigroup u(t, z) = (e tH™lg)(z).
We want to find a path integral formula for each e~ (¥ @ —m) g,7=1,2,3.

§3.1. The case for the Weyl pseudo-differential operator H(!) = HS) +V

HE), in (2.1), can be rewritten as an integral operator:

(HS — m]f)(z)=— / e~ A fo 4 y) — f(2)

ly|>0
—Iy1<13y-(V — iA(z)) f(z)]n(dy)
=l | e +y) - f@)] ()

(3:2) - p”'/,y,w{e—*'y'*“(“%)f(m +y) — f(2)] n(dy),
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where n(dy) = n(y)dy is an m-dependent measure on R\ {0}, called Lévy measure,
with density

n(y) = 2(2m) =D EmAH (mly|) " VK 40y 2 (mlyl),  m >0,
w_(d+1)/2f(¢g~l)|y]_(d+l), m = 0.

It appears in the Lévy-Khinchin formula :

(3.3)
VE+m?2-m= —/ (¥ — 1 —ifyly<13)n(dy) = — lim (€% — 1)n(d2).
ly|>0 Tt e 2r

Proof of (3.2). By the Lévy-Khinchin formula (3.3),

(HY f)(z)= (2m) / / e AT [ tim [ (¢~ 1n(dz)| £ (u)dude

=0 Jlz)2r

) . z+
=(2’/T)—d [m// ez(x—y)~5ez(m——y)-A(—§}i) dyd¢
. . . z+
— lim /// (el(w—y+2)-€ — e%(w—y)-&)n(dz)ez(m—y)'fi(—f) f(v) dyd&]
|z|>r

r—0+

—m/d z(m y)-A(FE 2 )f(y)dy

— lim /‘/I . (5(;‘[3 —y+2z)—6(z— y))n(dz)ei(z—y).A(%y) fly)dy

r—0+

r—0+

=mf(z)— lim //]|> ‘“‘A(””*z)f(x+z) f(z)) n(dz).

Some Notations from Lévy process to represent et W —m] g by path integral
For more details, we refer to [IkW-81, 89].

-Dg([0,00) — R?) : space of right-continuous paths X : [0,00) — R% with left-hand
limits (called “cadlag paths”) with X (0) =z

Az : probability measure on D,([0, 00) — R?) such that
(3.4) e Ve tmi-m] / e XW=2)¢gx (X), t>0, E€R?
D, ([0,00)—R4)
-Nx (dsdy): counting measure on [0,00) x (R%\ {0}) to count the number of disconti-

nuities of the path X(-), i.e. Nx((¢,t] x U) := #{s € (t,t']; 0 # X(s) - X(s—) e U}
(0<t<t,UcR?\{0}: Borel set). It satisfies / Nx (dsdy) d\;(X) = dsn(dy).
D,
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‘N (dsdy) := Nx(dsdy) — dsn(dy)
Then any path X € D([0,00) — R?) can be expressed with N,(-), ]VX() as

t+ t+ B
X(t)=z+ / / yNx (dsdy) + / / yNx (dsdy).
0 Jiyl21 0 Jo<|yl<1

Theorem 3.1. [ITa-86, I-95]

—tH® _pp _sm
(3.5) (e~ =mg) ()= / SV g(X (1)) dAg(X),
D ([0,00)—R4)

t+
S (¢, X)=i A(X(s—) + 4)-y Nx(dsdy)

ly|>1

t+ N
+i / / A+ )y (s

i /0 dsp.v. /o o A Dl + /0 V(X(s))ds

For some recent related results on the mass-zero limit problem with H(), see [IM-14].
Proof (Sketch). Let ko(t,z — y) be the integral kernel of etV —A+m*=m) 5yt

+

35 (FOD@:= [ ko(ta-ye (T (g

which can be rewritten as

x+

(3.7) FOg @)= [ AT x0--v(EFD) g x)an, ().

D,

For the definition (3.6), note the second expression of the definition (2.1) of Hfil).
Then we do partition of the time interval [0,¢] into n small subintervals with the
same width t/n: 0 =ty <t; <--- <t, =t, t; —t;_1 =t/n, and put

(38)  Sn(zo, " ,7n) —ZZA (B=552) - (w5 — 250) + ) V(3) &,
j=1
5= X(t;)(J =0, 1 2,...,n); x =20 := X(to), Tn := X(tn) = X(¢),

where note that the assignment ¢; — X(t;) is in the reversed time order.
Substitute these n + 1 points of path X (-) into S, (zg,- - ,z,) to get

(3'9) Sn(X) P= Sn(X(tO)a T aX(tn))

=iiA(X_(tui}i)(_(tL)) (X () - X (tj-1)) + \i‘v(x_(tj;%i(tﬁ) L
j=1 p
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Then the n times product of F(¢/n) turns out

n times

,—-—/ﬁ n
(Ft/n)"9) (=) = /Rd o /Rd I kot/n, 251 — z5)e 5o 2n)g(z,)day - - day,
j=1

(3.10) - / €52 g(X (1)) dAg (X)

T

3

/ e_iZ?=1A(W)-(x(tﬁX(n_l))—ZLIv(i‘ﬁuzﬁi%Q)
D

xg(X(t)) dAz(X).
We have to show convergence of each side of (3.10).
We shall use Chernoff’s theorem for the left-hand side (LHS), while Ité formula for
the right-hand side (RHS).

Proof of convergence of LHS of (3.10). We need

Lemma A. F(t/n)"g — e”t[H(l)—m]g in L3(RY), n — oo.

The proof of Lemma A is essentially an application of the Chernoff’s theorem, al-
though it was proved directly in [ITa-86] or [I-13]. Note here that if the vector potential
A(z) is present, one cannot use the Trotter-Kato product formula instead of the Cher-
noff’s theorem.

Chernoff’s Theorem ([Ch-74]). Let F be a strongly continuous function on [0, o)
with values in the Banach space L(X) of bounded linear operators on a Banach space
X. Assume that F further satisfies the following conditions: (i) F(0) = I (I: identity
operator on X), and there exists a real a such that ||F(t)|| < e for all t > 0;

(i) The linear operator F'(0) [pip/ (o) 5 closable, and the closure F'(0) := L generates
a strongly continuous semigroup e th.
Then F(t/n)™ converges to e *L strongly, as n — oo, uniformly on each finite in-

terval int > 0.

Note that condition (ii) means nothing but that u(t) := e *Fuq is the solution of
equation Zu(t) = —Lu(t) with initial data u(0) = up. In §4, we shall give some
observation on Chernoff’s theorem as to how useful it makes sense to path integral by
time-sliced approximation.

Now, for the proof of Lemma A, we content ourselves with only confirming applica-
bility of the Chernoff’s theorem on X = L?(R%) with L = H(—m, and (3.6), i.e.

T ACEEY (v (BLY
(G11)  (FO9)) = [ (ST = y)e sV,
R

123
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where we are writing the integral kernel ko(t,z — y) of the semigroup e~tlV—-a+m-m|
( —t[vV=AFm3Z-m] )(1. _ y)

Indeed, we can show that ——ﬂt— — H® in strong resolvent sense as t | 0, which

yields Lemma A, namely, that LHS of (3.10) converges to e t#-mlg asn - 00. 0O

Proof of convergence of RHS of (3.10). We are going to show

RHS of (3.10) = / =S5~ g(X () dra(X)

x

/ e—iz;.;lA(ﬂEL——l%B-{—(-hl) (X ()X (t-1)) -5, (ﬂti:iz_}g_(zd)%

xg(X(t)) dAz(X)
—->/ e 5K g(X (1) dAs(X), as n — oo.
Dy

In fact, in equation (3.8), we can use [té’s formula [TkW-81,89] for the j-th summand

of the first term on the right to rewrite it as a sum of three integrals on the #-interval
tj_l <s< tj:

A=) (x(e) - X(t5-1))

ti+ X(s=)+X(t;_1)+yl
= [0 [y (X (5) - X(ty1) + 0Ty11(0)
tji—1 J|y|>0

_A (&_H_X(hﬁ) (X (s—)

— X(tj-1))] Nx(dsdy)
t.? s— i—1 <1
/ / |>0 X( )+X(tJ_2 )+UI|y[ (y)) . (X(S—) —X(tj——l) +yI|y|<1(y))

AR X Gy (X () ~ X(t51))] N(dsdy)

ti X(s)+X (tj—1) 4]y <1 ()
w7 [ (AR W) - (x(s) - X(t-1) + vy ®))
tj—1J|y[>0

_A(z(_(s_)_Jr_)?f_(_tL-_l_)) (X(s8) — X(tj-1))

Ty (G- 9)4) (FEEFE=L) - (X(5) - X (4-1)) +y - A(FETE=1)) ] don(ay)

It follows that

M:

Sa(X) =1y A(FEEREED) - (X (t) - X (8- 1>>+iv Hmpl)

]:

n ti+ t+
Z / / -+ Nx(dsdy) +1i / / -+ N(dsdy)
j=1 |y[>0 tji~1 J|y[>0

t
—H’/J / ---dsn(dy)+V(——L————~7—X(t -1+ X( )) }
y|>0

3o



THREE IMAGINARY-TIME PATH INTEGRAL FORMULAS IN RELATIVISTIC QUANTUM MECHANICS

which, as n — oo, converges to

t+ - 3
’[/0 /.M A(X(s—) + §) -y Nx (dsdy) +/O /0<‘y|<1A(X(s_)+ ).y Nx (dsdy)
+/O dsp.v./0<ly|<1A(X(s)+ g).yn(dy)] +/0 V(X(s))ds
=5V, x),
whence

RHS of (3.10) = / e~ S X g(X (1)) dA(X) — [ e 5P EX)g(X (1)) dAs(X).

Dy

Dy

This ends the sketch of proof of Theorem 3.1. O

§3.2. The case for the Weyl pseudo-differential operator modified by
Iftimie-Mantoiu-Purice H® := HY +V

First note that we can rewrite Hf) , in (2.2), similarly for HS), as integral operator

(3.12) (HY —mif)(z)=~ / e~ fo A@+OD0 £ (5 4 gy — f(x)

ly|>0
Iy <13y (V — iA(2)) f(z)]n(dy)

= —lim [(fiy'fo1 A0 (3 + y) — f(z)] n(dy)
10 Jiy|>r

T p'v'/l R A (o ) — )] ().
Yy

Theorem 3.2. [IfMP-07, 08, 10]
— (2) __ _q(2)
(313) (e~ -mlg)(z) = / 5 (1, X)g(X (8)) dAa(X),
D, ([0,00)—R4)

SOt X) =i /O " /,y!21 ( /0 1 A(X (s=)+8y)-y d6) Nx (dsdy)

+i /0 - /0 i ( /0 1A(X(s—)+€y)-yd9) N (dsdy)

+i /0 “dsp. /O <|m<1< /0 LA (s) +6y)-y d6 ) n(dy)

+ /0 V(X (s))ds.

125
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The proof of Theorem 3.2 is the same as that of Theorem 3.1. We have only to
1
replace A(X(s—)+ %)-y by / A(X(s—) + 0y)-y df and consider
0

(3.14)
(F(t)9)(y) := / (e~ V/=BFMI=ml) (g y)el=iw=2) [y AA=Oly+62)db-V W)l g(y)) gy,
Rd

for which note the second expression of the definition (2.2) of ng). Etc.

§3.3. The case for H® := Hf) +V

The kinetic part H 23) is defined by operator-theoretical square root of the Schrédinger
operator S := 2HYE + m?, HYR := 1(—iV — A(z))?. We can say all information of
H' is contained in § := 2HYR +m? or the nonrelativistic magnetic Schridinger oper-
ator HY 2. So the problem is how to extract the information from it. For instance, the
corresponding semigroup e *(¥ &-m) i completely determined by HY'® through theory
of fractional powers [Y, Chap.IX, 11, pp.259-261] as

e—t[Hff)—m]g . {6mt fooo ft()\)e_’\[2HgR+m2]g d\, t>0,
- 0, t=0

£ = {(QM)” [ ez Az,
’ 0, A<0 (o>0).
Here e~ *2HA"+m% i3 represented by the Feynman-Kac-Ito formula, but we don’t do
it.

Instead, we note there is probabilistic counterpart of the above procedure of going
from Wiener process (=nonrelativistic Schrodinger) to Lévy process(= (square root)
relativistic Schrédinger). It is subordination (by Bochner).

In this context, the problem of path integral for e~t* @ —m] g was studied first by
DeAngelis, Serva and Rinaldi [AnSe-90], [AnRSe-91], then by [N-96, 97, 00] with use
of subordination of Brownian motion, and recently more extensively by Hiroshima— -
Ichinose-Lérinczi [HILo-12, 13] (cf. [LoHB-11]) not only for magnetic relativistic Schrédinger
operator but also for Bernstein functions of magnetic nonrelativistic Schrodinger oper-
ator even with spin.

Now, what is subordination ?

Start with the 1-dimensional standard Brownian motion B!(t) € Cp([0,00) — R)
with B1(0) = 0 and po the Wiener measure on Cp([0,00) — R) such that e‘tégz =

/ eiBl(t)gduo(Bl), then put
Co([0,00)-R)

(3.15) T(t) := inf{s > 0; B'(s) + ms = t}, t>0.
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Then T'(t) becomes a monotone, non-decreasing function on [0,00) with 7(0) = 0,
belonging to Dy([0,00) — R), so that it is a 1-dimensional Lévy process. This T'(t) is
what is called subordinator ([Sa-99, Chap.6, p.197], cf. [Sa-90]; [Ap-09, 1.3.2, p.52]),
which gives time change. Let vy be the probability measure of the associated process
on space Dy([0,00) = R).

Lemma B. (e.g. [Ap-09, p.54, Example 1.3.21, p.54, and Exercise 2.1.10, p.96; cf.
Theorem 2.2.9, p.95])

(3.16) e tV2otmi-m] / e TOoqyy(T), o >0.
Do([0,00)—R)
We are in a position to give a path integral representation for e~ tH® —m] g.

Theorem 3.3. ([AnSe-90], [AnRSe-91], [N-96, 97, 00]; [HILo-12]).

17 ()@= [ [ gyt e B DB 0) e (B)io(T),
X Do ([0,00)—R)
T(t) _T®)
qu&n=i A(B(s))dB(s) + % divA(B(s))ds
0 0

+A}waum@,

T(t) ¢
= z/ A(B(s)) odB(s) + / V(B(T(s)))ds
0 0

Here C;(]0,00) — R9) is the set of continuous paths (Brownian motions) B : [0, c0) —
R with B(0) =z, and . is the Wiener measure on C,([0,00) — R%):

exp [— tg,;] = / e BO=2r¢q, (B) (m > 0).
Cz([0,00)—RY)

Before going to proof of Theorem 3.3, recall the Feynman-Kac-It6 formula [e.g. S-
05] for the magnetic nonrelativistic Schrédinger operator HVE := HYR+V := 1(—iV -
Az)?2 +V():

(3.18) (e~*H " "g)(x)

/ e lifs A(B(s))dB(s)+% [ divA(B(s))ds+ [} V(B(s))ds] 9(B(t))duz(B)
Cz([0,00)—R?)

=/ e~ [iJo A(B(9)odB(o)+[5 V(B(2))dsl g B(¢)) dyu, (B) (Stratonovich).
Cz([0,00)—R3)

Proof of Theorem 8.8 (Sketch). We use Lemma B, the spectral theorem for selfadjoint
operator and Feynman-Kac-It6 formula above. Note that H @) \/2HYE +m2. (.-
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stands the inner product of Hilbert space L?(R?). By the spectral theorem for the
selfadjoint operator HY ® (magnetic nonrelativistic Schrédinger operator with V = 0),

we have HYF = o dE(c). Then for f,g € L*(R%)
Spec(HYR)
(f,e_t[Hz(:)_m]g> — / e—t[v2a+m’—m] <f, dE(a)g).
Spec(HY R)

By Lemma B and again by spectral theorem,

(f, e~HES —m gy / /D sy &) 1, dE(0)0)
0 o0)—

Spec(HY F)

- / (f, e TOHE 0y duo(T).
Do ([0 o0)—R)

Applying Feynman—Kac-It6 (with V = 0) to e"T(®MHA" g on the right-hand side,

—+[H® _
(f, e tHaA —mlg)

= [ ()| aaTEQ) o5 @O B (T (0)) e B)
Do([0,00)—R) Rd Cxz([0,00)—R?)

=[ a7 | e 17O ABEABO BT (1)) duo(T)de (B).
R4 D ([0,00)—RW C([0,00)—R4)

Here note B(0) = z. This proves the assertion when V = 0.
When V # 0, Withpa.rtitionof[O t: 0=to<ty <<ty =t, tj —tj_1 =t/n, we
can express e—t1H® —m] 9= e~tl(HL —m)+V] by Trotter-Kato formula or by Chernoff’s

theorem with F(t) 1= e tH®-mlg—tV,

e tH® >—m]g_ lim (e=¢/MHED-mle—/mVyny

n—oo

where convergence on the right-hand side is in strong sense. Rewrite these n operators
product by path integral on probability product measure v (T) - pz(B), then we have
(recall T(0)=T(to) =0, B(0)=B(T(to))=x),

(f, (e —(t/n)[H —m] e=(t/mV)g)

/ dz / dvo(T) / FBO)
e JDo([0,00)+R) Cal10,00)~RY)
E5es S AB@OAB@) = 52, VBTN E g B(t,)) dua(B).

We see, as n — oo, that LHS converges to (f, e“t[Hfte’)‘m]g), and the right-hand side
also converges to the goal formula as integral by the product measure dz - vo(T) - p5(B),
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through Lebesgue theorem. This shows the weak convergence. The strong convergence
will also be shown. |

§3.4. Summary of three path integral formulas

Finally, as summary, we will collect the three path integral representation formulas
in Theorems 3.1, 3.2, 3.3, below, so as to be able to easily see z-dependence. To do so,
make change of space, probability measure and paths by translation:

Dz— Dy, Az—o, X(S)—*X(S)-{—.’L‘, B(S)—*B(S)-}-SL‘, B(T(s))_’B(T(S))‘va then
85): 1Ol o) = [ =S Ng(X (1) +2) do(X),

Do([0,00)—R3)

t+
S(l)(t,X)=i/o /MZIA(X(s—)+w+ ¥)-y Nx (dsdy)
t+ -
; - ). o
+i [ /0<|y|<1A(X(8 )+ + ¥)-y Nx (dsdy)
t t
+i/0 d.svp.v./0<|y'<1 A(X(s) +x+ %)-yn(dy) +/0 V(X(s) + z)ds;

(3'12):(e_t[H(z)—m]g)(m)=/f_) (©.00) R e—S(z)(t'X)g(X(t)+.’c)d)\o(X),
0([0,00)—

S@t, x) = i/ot+/| - (/01 A(X(s—)+w+9y)-yd€) Nx (dsdy)
vz
t+ 1 -
+i/(; /0<M<1 (/0 A(X(s=)+z+0y)-y dO) Nx (dsdy)
t 1 t
+z/0 dsp.v./0<|y|<1(/(; A(X(s)+z+0y)-y dG)n(dy)+/0 V(X (s)+=z)ds;
(317)s (7 =mlg)@) = [ [ 0 ey ey €57 CBDg(BT(E)+2) duo(B)dvo(T),

X Dg([0,00)—R)

S® 4, B,T) =1 /0 TAB(s)+0)-dB(s) + /0 v A(B(s) +2)ds+ /0 V(B(T(s))+a)ds,

= /0 ™ 4(B(s) +2) 0 dB(s) + /O " V(B(T(s)) + o)ds.

§3.5. Path integral formulas (3.5), (3.12) and (3.15) as time-sliced
approximation

In the proof of path integral formula (3.5) in Theorem 3.1, we have used Chernoff’s
theorem to show Lemma A, i.e. that F(t/n)"g, the left-hand side of equality (3.10)
converges to e~tH g, the left-hand side of (3.5). We are now going to see how F'(¢) in
(3.6)/(3.11) comes out heuristically for L being the relativistic Schrédinger operators
HO = HP +v, HO = HP 4V, but there is a different situation for H® = H® 4+ V.
For the details, we refer to [I-13, §4.2].
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We use in what follows the time-sliced approximation, with partition of the interval
[0,t] into n small subintervals: 0 = ¢ty < t; < .-+ < t, = t, only with equal width
t/n, tj —-tj_l =t/n, 1 SJ <n.

(1) For L = HY = Hf{l) + V. The second member of (3.10) can be heuristically
rewritten by the imaginary-time phase space path integral ([G-66], [M-78]) through time-
sliced approximation, i.e. as the n— oo limit of the integral

n times

USSR NE—
/ / S (X0 -X(0-1)) E(X (40))
R2d R2d

iy, [\/(E(tl-—l)_A(gg'('t'l—:%M))2+m2'—m+v(x(tl—1))]

xXe ™
n
xg(X(0) [ ] Htiggate=
j=1

n times

e \n—
_ / / o i (X (t) =X (ti-2)- (B +a (KL= X))
R2d R2d

n
xe—% T [VEG D AmE-mAV (X (ti-1))] 9(X(0)) H dE t-_12:X(t-—1
j=1

n times

e N,
_ / = {imm (ot a (K=Yt e v}
R2¢ R24

n
(3.19) xg(o) | | Zirps=2,
j=1

where, in the first equality, we made change of variables: Z'(-) := E(-)+ A(X (-), X'() :=
X (-) on the space of phase space paths, and then written Z(-), X (-) again for Z/(-), X’(-).
In the second equality, we put §; = E(¢;), z; = X(¢;), 7=0,1,...,n—1l,and z =z, =
X(t,) = X(t). Notice that here the assignment t; — (Z(t;), X(t;)) differs from the
one used for (3.8). This is chronological, while that was anti-chronological. Equation
(3.19) is suggesting us how that functional of the path X (-), which is to be created as
e=SP ) in (3.5) by the approximation F'(t/n)", does look.
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Then the last member of (3.19) can be rewritten as

n times
/—_ n
/ / H{[ei(xt-mz—1)'£z—1e—%[\/ﬁzﬁ_l'l"mz*m]]
R2d R2d I=1
) —1+ +z n
x4 (F55) i v (355) 2] g ) [ stz
Jj=1
n times
n t
=/ / [T{[e="=" =" @1 - 1)
Rd Rd =1
[ Tl—1FT Ty +rcz t
(3.20) Xe[zA( 3 ’).(z,—z;_1)~V( ? H }g(wo) dzodzy - - dzp-1,

with z = z,,, where we have performed all the df; integrations. The result is nothing
but F(t/n)"g in (3.10) with F(t) in (3.7).

(2) For L = H® = Hff) + V. Similar treatment is valid for L = H® = Hff) +V,
where we may consider for H(® with

/1 A((l - Q)X(tl_l) + 9X(tl))d9
0

in place of

A(thz—122+X(tt))

for HY) on each subinterval [ti—1,t;]. The same arguments as for L = H() above
above will show the expression (3.12) is also obtained heuristically through time-sliced
approximation with F(¢) in (3.14).

(3) For H® = Hf) +V. In this case, formula (3.17) does not seem to be one which can
be heuristically obtained, probably because H‘g) cannot be so explicitly well expressed
by a pseudo-differential operator defined through a certain tractable symbol as Hy, @)
and HY.
Indeed, for the semigroups e”‘*[HA1 +V] and e~ tHL +V], take (3.7)/(3.11) as F(t), we
could show that F(t/n)" — e~ tHD+V] strongly for j = 1,2. But for the semigroup
e~tHL+V] such an interpretation does not seem possible.

§4. Some observation on Chernoff’s theorem and path integral by
time-sliced approximation

It is well-known [Nel-64] that, for the solution of Schrédinger equation, the Trotter—
Kato product formula can simply and plainly give a, though naive, meaning to its path
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integral representation by time-sliced approzimation, if the Schrédinger operator has no
magnetic vector potential but only electric scalar potential V(z). However, if it has also
magnetic vector potential A(z), it does not seem to go well, and then we need Chernoff’s
theorem. Our aim is to observe how useful and effective a tool Chernoft’s theorem is
to give a meaning to path integral formulas by time-sliced approrimation, guaranteeing
its convergence. For this aspect, we also refer to [BoBuScSm-11].

For our convenience, we begin this section with restating the Chernoff’s theorem,
though already done in §3.1. Notice that Trotter-Kato product formula follows from
Chernoff’s theorem, but the converse is not valid.

Chernoff’s Theorem ([Ch-74]). Let F be a strongly continuous function on [0, 00)
with values in the Banach space L(X) of bounded linear operators on a Banach space
X. Assume that F further satisfies the following conditions: (i) F(0) = I (I: identity
operator on X), and there ezists a real a such that |[F(t)|| < e* for allt > 0;

(i) The linear operator F'(0) I p(r+ (o) is closable, and the closure F'(0) := L generates
a strongly continuous semigroup e™tL.
Then F(t/n)" converges to e~*L strongly, as n — oo, uniformly on each finite in-

terval int > 0.

The content of this section is almost independent of the three relativistic Schrodinger
operators H(), H® and H® and their path integral representation formulas, about
which we have already discussed enough up to the previous section §3. In this section,
we will study further this wisdom with several other evolution equations in quantum
mechanics to watch their corresponding path integral representation formulas. We first
treat the case of strong convergence and next the case of convergence in norm and/or
pointwise for the integral kernels.

Throughout this section again, the time-sliced approximation, with partition of the
interval [0,t] into n small subintervals: 0 =ty < t; < -+ < t, = t, is used only with
equal width t/n, t; —tj_1 =t/n,1<j<n.

§4.1. Time-sliced approximation in strong topology

We consider, first, the time-sliced approximation for the solution of Schrédinger
equation in real and/or imaginary time, only with scalar potential, that is, without
magnetic vector potential, and see it strongly converge by Trotter-Kato product formula
as well as Chernoff’s theorem. Next, we come to consider the Schrédinger equation and
Dirac equation in presence of magnetic vector potential and realize in turn to need to
use Chernoff’s theorem.
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4.1.1. Schrédinger operator with scalar potential V(z)
The operator concerned is Hy := —%A +V in L?(R3). Put

@) (FRo)e) = TV ) o) = [ )@ - eV W)y,

(42) (G()9)(@) = (e TV g)(z) = / [Tz — etV ) g(y)dy,

o1 1
where [e™"*(=2%))(z — y) and [e"*~2%))(z — ) stand for the the integral kernels of the

Schrédinger unitary group e —it(- % A) and Schrédinger semigroup e —t- 2 ), respectively.

Under certain reasonable conditions on V(x), it holds in strong resolvent sense in
L*(R3) as t | O that %(—Q converges to iHy, while I—_—fﬂ converges to Hy. Then
by Chernoff’s theorem or in this case by Trotter—Kato product formula, we have, for
g € L*(R?),

1
(4.3) F(t/n)"g — e -3AtV]g strongly,
1
(4.4) G(t/n)"g — e~t-2AtV]g strongly,
o1
as n — 0o0. On the other hand, e~ it-gA+V] g should be given by the configuration space

path integral through time-sliced approximation as the n— oo limit of the integral

n times
e e
R 1 X()—X(ti—1 n
(45) C'n, Rd... Rde"21=1 [2( t/n ) -V(X(ti- 1)) n (X(O) H X(t]—l))
=1
ntlmes

il o B —1)2. .t
=C / / e 'n 2 t n e“‘an(mj—l)]g(mo)dxodwl cordp_1,
Rd Rd

with some renormalization constant Cp, depending on ¢, where we put z; = X(¢;), j =
0,1,...,n—1,and ¢ = z, = X(t,) = X(t). Taking C,, = (—2;:57—5)3"/2, this is what is
meant by F(t/n)"g.

Similarly, e —t-3 g should be given by the configuration space imaginary-time
path integral through time-sliced approximation as the n— oo limit of the integral

La+v)

n tlmes
_1_ thz) Xﬁtz 1))?2 t n
(4 6) Cl/ / El_ 2 ) +V(X(tl—-1))] "g(X(O)) Hd(X(tJ-—l))
n times

prommmamne —————— n __il(w‘_w'—‘l)z ___t_V -
= 01/1/ .o / H [e n2 t/n e n (x1—1)]g(m0)d$0dxl oo dTp_q,
Rd R
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with some renormalization constant C,, depending on t, where put z; = X(¢;), j =
0,1,...,n—1, and z = z, = X(t,) = X(t). Taking C/, = (2—7;77-1-)371/2. This is what is
meant by G(t/n)"g.

4.1.2. Schrédinger operator with vector and scalar potentials A(z) and V(z)
The operator concerned is Ha,v := 4(—iV — A(z))? + V in L2(R3). Put

@) FO9E = [ - TV E gy,
48) (GO0 = [l Y@ -y ATV EDIG )y

Then, under certain reasonable conditions on A(z) and V(z), though one cannot use
Trotter-Kato product formula because of presence of the vector potential A(x), we have
by Chernoff’s theorem in stead that as n — oo,

1
(4.9) F(t/n)"g — ez (—iV-AE)*+V], strongly,

1, .
(4.10) G(t/n)"g — e Uz (-iV-A@)*+V], strongly.
o1

On the other hand, e‘“[_ﬁ(_’v"‘l(”))z’w]g should be given by the phase space path
integral ([G-66], [M-78]) through time-sliced approximation. We make the same argu-
ment for H, v as used in (3.19) through (3.20) for the relativistic Schrédinger operator

HD = Hil) +V, but here (and also below in §4.2.3), for simplicity, by skipping the step
of performing the change of variables (on the space of phase space paths) inside (3.19).

L.
Then =¥~ 2(-iV-4@)*+V] g should be reached as the n— oo limit of the integral

n times

e — 2
(4.11) / / o i (X -X (o) 20— £ Z5) ]
R2d R2d

et Sy [A(ZEIXE=1Y. 3 (0)) X (011)) - £V (X (i) g(X(O))Hd;(tﬁlz)_:y)!(lb__ﬂ
n times

et e— < x; +1:
/ / H{e (x5 —2j—1)-&— 1—’_ J_ ] [A( =5 1) (Z5—z5-1)~ V(m, 1)] }9(5'70)
R2d R2d
= / / [T {5 e[ (BH52) @a-EvEn] y g ay)
d Rd -

xdzrodzry - dTp_1,
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where put §; = E(¢;), z; = X(¢), 5 =0,1,...,n—1, and z = z, = X(tn) = X(t).
This is what is meant by G(t/n)"g

[~ 3 (~iV-A(@)*+V]

Similarly, e g should be given by the imaginary-time phase space

path integral through time-sliced approximation as the n— oo limit of the integral

n times

e —
(412) / T [ -X o)) E )~ £ §E(-1)?]
R2d R2d

oo [ia(FEEEO=1) (x () -xX (uo0)- £ V(X -] 4 X (0)) H ()X (t51)
j=1

n tlmes

/ . H{e iy -a-0) €1 — £ § el [1a (2. <wf-mf-1>-%”xf-l>]}g(wo>
R2d R2d

dz d$1 d€n-1dzn.~1

X (2n 27

n tunes

/Rd / H{[e "2](:133-% De [sa(

Ti+Tij—1 _1) (mj_zj_l)—%V(mj—l)] }g(wo)

Xdivodl‘l v dxn_1,

where put &; = E(t;), z; = X(¢;), 7 =0,1,...,n—1, and ¢ = z, = X(t,) = X(t). This
is what is meant by G(t/n)"g. Equation (4.12) is suggesting us how that functional
of the (Brownian) path B(-), which is to be created as the integrand of the Feynman—
Kac-It6 formula (3.18) by the approximation G(t/n)", does look (See [S-05, (15.1-2),
p.159]).

4.1.3. Dirac operator with vector and scalar potentials A(z) and V(z)
The operator concerned is a - (—iV — A) + mB + V in L%(R3;C*) where a :=
(01,2, 3) and 3 are Dirac four matrices. Put

. S ACEEY ) oyt
(F(t)f)(x)zAa KD““(t,x—y)e [A( D) Yz-y)—V( 2 )t]f(y)dy

) ) ) + z+y
(413) = | [ ) ATV )y

for f € L2(R3;C%), where KPirac(t, g — ) := [e~(*(=V)+mB)](z — y) is the integral
kernel of the unitary group of free Dirac operator o - (—iV) + mf. Then, under certain
reasonable conditions on A(z) and V(z), we have by Chernoff’s theorem that as n — oo,

(4.14)  F(t/n)"f — et (miV-A)rmB+V] g strongly.
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On the other hand, e~itle(=iV-A)+mB+VIf should be given by the phase space path
integral through time-sliced approximation as the n— oo limit of the integral

n times

e N
(4.15) / / ot Sir [(X (@) =X (61-1)) E(t1-1)~ £ (@B (01-1)+m)
RS RS

. n
el T [A(w:-_ﬂ).(x(u)—x(tl_m-%v(x(n_l)) F(X(0)) H _(t_,__zl_ygm__g
Jj=1

n times

i L Zj+Tj-1 ¢
=/ / H{e[i(xj_z"—l)'e"'l“iﬁ(a'fj—1+mﬁ)] ei[A( 2 )-(zj—zj—l)—;V(a:j-l)]}
RS R8j=1
n times
”

Ti+Ti—1

B —itio(— [A(BEEELY (o2 _1)- £V (zy0)]
=/ / H{[e i (ol V)+mﬂ)](.’1:j—-xj_1)[el[‘4( 2 (@j—zj-1)—- 5 V(zj-1) }
R® JR3

X f(zo)dzodxy - - - dTp—1

n times

e \e—
:/3' : / SKDimc(%axn - xn—-l)KDimc(%amn—l —Zp_2): e KDimc(%,xl - o)
R R
n +a;_
><{t3z Y= [ (E‘L‘E‘L}') (za—ma—l)——V(-’Ba 1)] }f(wo) dzodry - dzn_1.

Here we have put §; = E(t;), z; = X(¢;), 7 =0,1,...,n—1, z =z, = X(t,) = X(2),
and in the last equality, we have performed all the d§; integrations. The last member of
(4.15) is nothing but what is meant by F(t/n)"f, and is suggesting us what a kind of
functional of the path X (-) the expected path integral formula should turn out to have
in its integrand. For instance, since n — oo,

> (A=) - (5 = a3m1) = $Vims0)] = [ [ACX(s) - dX(6) - V(X (e))ds]
j=1
we should have an expression

<f1 e—it[a-(—iV—A)+mﬂ+V]f2>
/ / dedy { fo(c), dvPITSE (X) & SAX () dX(O-V(X(aNdsl £, 1)),
R3xR3

for all functions fi, f5, say, in the Schwartz space S(R3;C*), if there should exist a
3 x 3-matrix-valued (countable additive) measure vPi8¢ (X) on the space of Lipschitz-
continuous paths [0,%] 3 s — X(s) € R3 with X(0) = y, X(¢t) = z. However, no such

measure vpaac, (X) can exist for this 3-dimensional Dirac operator a-(—iV—A)+mB+V,
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although it can for 1-dimensional Dirac operator instead (cf. [I-82, 84], [ITa-84, 87], [I-
93}).

§4.2. Time-sliced approximation in norm and pointwise

4.2.1. Trotter—-Kato product formula and Chernoff’s theorem in norm

In [IT-01, ITTZ-01], we proved the selfadjoint Trotter-Kato product formula in
norm, i.e. in operator norm:

If A and B are nonnegative selfadjoint operators in a Hilbert space such that their
operator sum C := A+ B is also selfadjoint with domain D|C] := D[A]N D[B], then as
n — 00, (e_%Ae_?t?B)" as well as (e"ftﬁBe_%A tC '
norm, with optimal error estimate O(n=1). This means nothing but that F(t/n)" —

e~tC in operator norm, with F(t) := e~*4e™*B or F(t) := e~tB/2¢~t4¢tB/2,

e 2B )* converges to e”*~ in operator

Applying this result to the Schrédinger semigroup with Hy := —%A + V, where
V(z) > 0 and Hy becomes a selfadjoint operator in L?(R¢) with domain D[Hy] =
D[A] N D[V], we have

t1 t
(e™n 2(‘A)e“nv)" — etHv, in operator norm,
t

1 ¢
e nz("Aem 2V )r o TtV in operator norm,

t

(5"

as n — oo, with error estimate O(n1!).

The proof of this operator-norm version of Trotter-Kato product formula is thanks
to an operator-norm version of Chernoff’s theorem, even with error estimate, established
also in [IT-01] (cf. [NeZ-99]). Only part of it without error estimate is given here.

Chernoff’s Theorem in operator norm. Let {F(t)};>0 be a family of selfadjoint
operators in a Hilbert space with 0 < F(t) < 1. Then if

I+t I =F@)) ™~ —@+C)H =0, tlo,
with C some nonnegative selfadjoint operator, then
|F@t/n)™ — e *¢|| -0, n— cc.
As for the unitary Trotter product formula in operator norm, it does not in general
hold. For some counterexamples, see [I-03, pp.88-90]. However, there are some special

cases where it holds for the unitary groups for the Dirac operator and the relativistic
Schrédinger operator with suitable potentials. For the details, see [IT-04a).
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4.2.2. Time-sliced approximation for Schrédinger equation in real and imag-
inary time — convergence in norm and pointwise

As touched on only briefly at the end of §4.2.1 just above, the unitary Trotter product
formula in norm, i.e. in operator norm does not hold for the nonrelativistic Schrédinger
operator Hy = -—%A + V considered in §4.1.1.

However, we want to discuss a little more how about the convergence in operator
norm and/or pointwise for the integral kernels by time-sliced approximation and to
observe some remarkable fact on the error estimate of this approximation comparing
the cases for the real-time and imaginary-time nonrelativistic Schrédinger equations.

First, for the real-time nonrelativistic Schrédinger equation z';%w(t, z) = Hyy(t, x),
we visit Fujiwara’s result [Fu-79, 80|, in particular, book [Fu-99, Theorems 4.22, 4.26,
5.4.1 (pp.79, 82, 105)] or survey [Fu-12, Theorems 3.3, 3.4 (p.105)], [FuKu-06, Theo-
rem 2(p.843)] (cf. [Ku-04], [FuKu-05]). He made use of a sophisticated way of time-
sliced approximation for Feynman path integral to construct the fundamental solution
e~®Hv (g y), i.e. the integral kernel of the Schrédinger unitary group e~ ##v. It is a
much more elaborate time-sliced approximation than the one naturally stemming from
the Trotter product formula.

For explanation, let V(z) be a smooth function satisfying |0*V(z)| < Ca(l +
x2)(2-12D+/2 for every multi-index o with constant C,, though V(z) need not be
bounded below. [For instance, this condition is satisfied by V(z) = %|z|?.] Put

(4.16) (B(t)¢)(z) = (2mit)™/2 /R L€ (y)dy

for p € C§°(RY), with action S(t,z,y) = [5[3(dX(s)/ds)? — V(X(s))|ds, where X(s)
is the classical trajectory starting at X (0) = y and ending at X (t) = z. Then Fujiwara
proved, among others, that, for sufficiently small ¢ > 0, the n— oo limit of the integral
kernel [E(t/n)"](z,y) of E(t/n)" exists pointwise and is equal to the integral kernel
e~ ®Hv (g, y) of the Schrédinger unitary group e~##Vv  ie. the fundamental solution for
the Schrodinger equation, and further that one has

(4.17) [E(t/n)"](z,y) — eV (z,y) = O(n~ )2 (2mt) =2,

as n — oo, uniformly in z, y, together with all the x, y—derivatives of the left-hand side,
where O(n™!) is independent of z, y and t. The proof also yields further that

(4.18) I1E(t/n)")(z,y) — eV [|L2z2 = O(n ™).

It turns out that this time-sliced approximation to the Schrodinger unitary group e~ *Hv

converges both pointwise for the integral kernels and in operator norm, with error
estimate O(n™1).
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Next, in the imaginary-time case, we will give a little more detailed account of
the related situation than what was briefly mentioned in §4.2.1. Assume that V{(z)
satisfies the condition that there exist constants p > 0 and 0 < § < 1 such that
V(z) > C(1 + |z|)?/? and |82V (z)| < Cu(l + |z|2)(P~%12D/2 for every multi-index o
with constant C,. Here the case § = 0 is allowed for p = 0. Therefore, in particular, it
is the case if V(z) is nonnegative and satisfies the same condition as Fujiwara’s. Then
the operator Hy = —3A+V becomes selfadjoint with domain D[Hv] = D[-3A]N[V].
As noted in [I-03], so we can obtain analogous results for the Schrédinger semigroup
e tHv with the same error estimate O(n™") in operator norm by the general abstract
theory in [IT-01, ITTZ-01] quoted in §4.2.1, and pointwise for the integral kernels as
briefly sketched in [I-03, p.86].

However, we have in fact proved much more in [IT-04b, 06] that, with F(t) :=
t 1 t
e~2Ve t2(-Ae=2V F(t/n)" converges to e *Hv with the error estimate O(n2),

sharper than the general optimal O(n™'), both in operator norm and pointwise for
the integral kernels:

(4.19) [|F(t/n)" — €™V || 1212 = O(n7?),
(4.20) [F(t/n)")(z,y) — e ¥V (z,y) = O(n~2)t3(2xt)~%2, uniformly on R? x R?,

locally uniformly in ¢ > 0. The error estimate O(n~2) here is also seen, in [AzI-08], to be
optimal from below in [AzI-08]. Notice also that this error estimate O(n~2) is sharper
than in the real-time case (4.17), (4.18) of the nonrelativistic Schrédinger equation,
though the two time-sliced approximations E(t/n)™ and F(t/n)™ are coming from quite
different thoughts and ideas.

Acknowledgment. I am most grateful to Professor Daisuke Fujiwara for illuminating
and fruitful discussion on the issue in §4.2.2 connected with his works.
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