KB ITTE TR e
%5 1959 & 2015 4 55-73

Oscillation constants for second-order nonlinear differential
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1 Introduction

Consider the nonlinear differential equation

Goe)) + @) =0, 130, =2 (1)

where ¢, (z) is the real-valued function defined by ¢,(z) = |z[P~2z with p > 1, and f(z)
is a continuous function on R satisfying

zf(x) >0 if xz#0, (L.2)

and a suitable smoothness condition to ensure the uniqueness of solutions of equation (1.1)
to the initial value problem. Then each solution of equatibn (1.1) and its derivative exist
in the future, for the proof, see [21, Theorem C]. Hence we can discuss the asymptotic
behavior of all solutions of equation (1.1) as t — oo.

In this paper, we focus on oscillatory behavior of solutions of equation (1.1) as t — oo.
Here a nontrivial solution of equation (1.1) is said to be oscillatory if it has arbitrarily large
zeros. Otherwise, it is said to be nonoscillatory.

The research for the oscillatory behavior of equation (1.1) was started by Sugie and
Hara [15] two decades ago. They considered equation (1.1) with p = 2 and gave a pair of
oscillation and nonoscillation theorems. After that, their results were improved by many
authors (we referto [1, 2, 14, 16, 17, 18, 19, 20, 21, 23, 24]). As for the general case p > 1,
the following oscillation criteria for equation (1.1) were given by Sugie et al. [18, 21].

Theorem A ([21, Theorem 1.1]). Assume (1.2) and suppose that there exists A with X > p,
such that
f(=z) A

>
Bo() = 7 " log? ([ p/oD)
Jor |z| sufficiently large, where

; -1
) e ()
= ~— and =—|— :
Tp ( D .Up. 9 D

Then all nontrivial solutions of equation (1.1) are oscillatory.
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Theorem B ([18, Theorem 1.1]). Assume (1.2) and suppose that
f(z) Hp
<t —5
&o(@) = " log2([zl?/e-D)
forz > 0 orxz < 0, and |z| sufficiently large. Then all nontrivial solutions of equation
(1.1) are nonoscillatory.

To prove these results, they used the fact that the constant y, is the critical value for
the oscillation of the Riemann-Weber version of the half-linear differential equation

@) + 3 (2 + ;) #l) =0 13

that is, all nontrivial solutions of equation (1.3) are oscillatory if and only if A > p,. Such
a number is generally called the oscillation constant. We note that there are numerous
papers concerning the oscillation constant u, for equation (1.3) (e.g., we can refer to [3, 4,
5,6,7,8,9,10, 11)).

Let us consider the case that p = 2. Then equation (1.3) with p = 2 is the Riemann-
Weber version of the Euler differential equation. It is known that equation (1.3) withp = 2
is equivalent to the linear differential equation

n—1 Y
{ + Z 4 Logk Logi(t) } z=0, 19

=1

where
k
Log(t) = [Jlog;(t),  log(t) = log(logs—, (1)), logy(t) = logt

for ¢ sufficiently large, see [12, p. 325], [13] and [22, Theorem 2.42]. Hence all nontrivial
solutions of equation (1.4) are oscillatory if and only if A > pp = 1/4.

Remark 1.1. The number 1/4 is the oscillation constant for equation (1.4).

The oscillation constant for equation (1.4) also plays an essential role in deciding
whether or not all nontrivial solutions of equation (1.1) with p = 2 are oscillatory or
not. In fact, using the oscillation constant for equation (1.4), Sugie and Yamaoka gave the
following results.

Theorem C ([20, Lemma 2.3]). Assume (1.2) and suppose that there exist A with A > 1 /4
and n € N such that

n-1

flz) 1 1 A
5 i ; 4 Log (x2) * Log? (z2) (1.3)

for |z| sufficiently large. Then all nontrivial solutions of equation (1.1) with p = 2 are
oscillatory.



Theorem D ([19, Theorem 1.1]). Assume (1.2) and suppose that there exists n € N such
that

flz) 1 1
o it g 16

Jor x > 0orx < 0, and |z| sufficiently large. Then all nontrivial solutions of equation
(1.1) with p = 2 are nonoscillatory.

Here a natural question now arises: what is a pair of oscillation and nonoscillation the-
orems which extend Theorems A-D? The purpose of this paper is to answer the question.
Our results are stated as follows.

Theorem 1.1. Assume (1.2) and suppose that there exist X with \ > tp and n € N such
that

/() S A
> 1.7
Po() ~ w ; LogZ([zP/o-1) * Log2(jop/@-D) (1.7)

Jor |z| sufficiently large. Then all nontrivial solutions of equation(1.1) are oscillatory.

Th_eorem 1.2. Assume (1>.2) and suppose that there exists n € N such that

f(=z) . L
¢p(2) =%t ; Log?(|z|p/(P-1)) (1.8)

for x > 0 or z < 0, and |x| sufficiently large. Then all nontrivial solutions of equation
(1.1) are nonoscillatory.

Remark 1.2. When n = 1 (resp., p = 2), Theorems 1.1 and 1.2 become Theorems A and
B (resp., Theorems C and D).
2 Preliminaries

In this section, we prepare some lemmas which is useful for proving our main theorems.
To this end, we consider the half-linear differential equation

(o)) + 55 {3+ 6(0)} Bp(a) = 0 @)

and the Riccati inequality

: . ) p—1\""! . d
§+(p—l)H(§,Fp)+(5(e)§O, Fp:2ﬂp:<7) ) :"g (2.2)

where 4(¢) is a positive continuous function and H (¢, G) is defined by

H({G) =6+ Gl — qd(G)E - |G,  g= E)f—l"
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Remark 2.1. For any £, G € R, the function H (¢, G) is nonnegative. In fact, we see that
H(0,G) =0and

%H(a G) = abul€ + C) — 44(G),

which is zero if and only if £¢ = 0. Then we have H(£,G) > 0 for £ # 0. We also see
that, for each fixed G, H(¢,G) is increasing (resp., decreasing) if £ > 0 (resp., £ < 0).
Moreover, from the Taylor expansion of the function H (¢, G), we see that, for each fixed
G # 0,

e, 6) = 20709 o

as £ — 0. Here we use the standard Landau “O” symbol which is defined as follows:
g(t) = O(h(t)) as t — tg if limsup,_,,, |g(t)/h(t)| < oo.

To begin with, we show that half-linear differential equation (2.1) have a close relation
with differential inequalities of the first order.

Lemma 2.1. Let s = logt. Suppose that differential inequality (2.2) has a solution defined
in a neighborhood of co. Then all nontrivial solutions of equation (2.1) are nonoscillatory.

Proof. Let £(s) be a solution of (2.2) on [sg, 00) and define

ofs) = —€(s) = (p — 1) H(&(s), Ty)
for s > s, where sy is a large number. Then we have

c(s) > 6(e%) (2.3)

for s > sy. Let

u(s) = exp (/ ®q(€(0) + I‘p)da) .

50
Then we can check that u(s) is a nonoscillatory solution of the equation
(9p(2) ~ (p = )p() + (7 + c(s)) d’p(u) = 0.

Letting t = e® and z(t) = u(s), we see that z(t) is a nonoscillatory solution of the equation

(8p(&)) + 5 12 + cllog 1)} gy(e) = 0

for t > e®. It follows from (2.3) and Sturm’s comparison theorem for half-linear differ-
ential equations that all nontrivial solutions of equation (2.1) are nonoscillatory. O

Lemma 2.2. Suppose that the differential inequality
§+(p—1DH(ET,) <0 (2.4)

has a solution defined in a neighborhood of co. Then this solution is nonincreasing and
tends to zero as s — oo.



Proof. Let £(s) be a solution of (2.4) for s sufficiently large. Then we see that £(s) is
nonincreasing for s sufficiently large because of Remark 2.1. Hence &(s) tends to either
—00 or a number as s — 0.

Suppose that {(s) — —oo as s — co. Since H(£,T,) > |£]9/2 for |¢] sufficiently

large because H(£,I'p)/|€]7 — 1 as || — oo, there exists 5o > 0 such that

€(s) < -2 (~(s)"

for s > s¢. Dividing by (—£(s))? > 0 and integrating from s, to s, we obtain

(~€())' < ~5 (s = 50) + (~(s0))'

for s > sp. Thus thére exists s; > o such that £(s) — —oo as s — s; from the left, which
is a contradiction.

Suppose that there exists a number &, # 0 such that £(s) — & as s — 0o0. Then we
have ‘

§(s) < —(p— 1) H(&(s),Ip) < —(p— 1) H(/2,Tp) <0
for s sufficiently large. This means that £(s) — —oc as s — oo, which is also contradic-
tion. The proof is now complete. 0

Lemma 2.3. Suppose that £ (s) satisfies the differential inequality

: A
(5) + (p— DH(E(S),Ty) + 25 <0 23)
Jor s sufficiently large, where ) is a positive constant. Then there exists M > 0 such that
2r, M
< 2P 7
<=2+
Jor s sufficiently large.
Proof. Let
2 p-1
A =Ty (14 =2) U =T, 400, ) = (s) - Ule)

Then we see that

Pl
U(s):—Fp32+Fps2<1+ 2 )

(p—1)s
—-rten {2 258 o (1))

{22220 (1))
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as s — o0o. Therefore, by a direct computation, we get

1i(s) =s2¢(s) + 2s&(s) — U(s)

<5 [~ - DH(E). 1) - 5] + LT -

—-p-ven (T ) - 2o+ (S0 - 0

n(s) + U(s) s+ U(s) vp}

s2 52

+1,

=—@—Uf{

2 2 P2
—A+gm@+2n<1+@_lﬁ>
=—(p—1)s?19 n(s) + Qs)|" + (p — Un(s) + (p — DU(s) + (p — D)yps’

— A+ %77(3) +2I,+ 0 (%)
2(1—q q — ————?————— S
=— (- 1) n(s) + Q) + (p U(LF@_I”)M)

*4p—lﬂ}{2&+gg:%9}+%p—1hw2—A+2nf+O(%)

=—(p— 1)8‘2(1—q){ In(s) + Q(s)|?

- (14 2t~ 9l + s

+n%%p—ns+ap—m+2}+@—1hw”—A+o<§>
=—(p— 1)32(1—4)H(n(s), Qs)) - (p— 1)52(1_‘1)](2(8)]‘1

+2p - Dp(s+ D)+ (p—Dyps* = A+ 0 (%)

=~ (p— 1) H(n(s), 2s)) = (p — s’ (1 i = 1)s>

1

+ 2py(s+ 1)+ (p— 1)7,,32 -2+ 0 (—s-)

2p 2p }

=—(p—1)""PH(n(s),Q(s)) — (p — 1)7,s° {1 + (p—1)s * (p—1)s?

+2pv(s+ 1)+ (p— 1)7,[,32 -2+0 (%)
=—(p—1)s?DH(n(s),Q(s)) = A+ O <§)

as s — oo. It follows from Remark 2.1 and positivity of the constant A that #(s) < 0 for s
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sufficiently large, and therefore, there exists sq such that 77(s) < n(sp) for s > so. Since

o =206, [2, 200 o (1)), 00

s? s (p—1)s?
“Zr, i’g—) +0 (8—12)
as s — oo, we can find M; > 0 and s; > sg such that
2r

fs) <=2+ My 1(s0) ;’7(30)

for s > s;. d

Remark 2.2. Suppose that £(s) satisfies (2.5) for s sufficiently large. Then, from Lemma
2.2, we see that {(s) > 0 for s sufficiently large. Hence, together with Lemma 2.3, we can
show that £(s) = O(1/s) as s — oo.

We next show that the oscillation constant for the half-linear differential equation

(8(&)) + 5 O+ 6nl0)} Bp(a) = 0 .6

is p,, where

:

-1
=3 ok * o
=1 Logk Logn< )

Lemma 2.4. Let n € N. Then all nontrivial solutions of equation (2.6) are oscillatory if
and only if X > p,.

Proof. We first prove if” part. Let A > p,,. Then there exists ¢ > 0 such that
A—¢gyp > Mp- 2.7

By way of contradiction, we suppose that equation (2.6) has a nonoscillatory solution z(t).
Let s = logt and u(s) = z(t). Then equation (2.6) becomes the equation

(35(8)) = (b = )6p(a) + {1 + 8u(e")} d(u) = 0. @8
Define 40(0(5))
=G

Then £(s) satisfies

(@5(4(5))) bp(u(s)) — (p = 1)dp(u(s))|u(s)P~u(s)
dp(u(s))?

£(s) =
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_Glie)) |l
Gp(us) )
oy elEs) _ [ e
(o 606) +T) 1 e~ DIES) T
~ =1 {le(e) + Tyl = 666) + )+ 287}~ e

~ (p— 1) {I£(s) + Tpl* — &(5) = 1} — dn(€’)
— (p = 1) {|(8) + Tp|? — a¢4(Tp)&(s) — ITpl"} — dn(e®)
(p )H(£(3)> Fp) - 6n(es)
for s sufficiently large, and therefore, from Lemma 2.3 and Remark 2.2, we see that {(s) =

(s)
O (1/s) as s — co. Hence, together with the Taylor expansion of the function H(§, ;)
(see Remark 2.1) and the relation (p — 1)(g — 1) = 1, we have

{0 =1 {q(" B2+ 06 (s) - (e

= - AL e2(s) — gu(er) + O(E(s)

_ Q¢q( p) c2 = Hp A , __1._
=~ o, C@- (Z Togl(e) Logioes)) +0(3)

n—1
1 Up A — €p
< - —&(s) - E +
1" ® ( — Logy(e*) Logi(es))

for s sufficiently large. Let

Then & (s) satisfies

n—1 1

. )\—80 1
A(5) < ~€2(5) - S 2
Gle) < ~ile) (,; iLogi(e) | 4 Logn(eﬂ)

for s sufficiently large. We note that H(¢,T,,) = ¢% and , = 1/4 when p = 2. Hence, it
follows from Lemma 2.1 with p = 2 that all nontrivial solutions of the linear equation

n—1 —e 1
A B 0 z=0
v { 1 Log;c 4up Loga(t)

are nonoscillatory. On the other hand, from Remark 1.1, we get

HM

A— €o <
4pp

e



which is a contradiction to (2.7). Thus all nontrivial solutions of equation (2.6) are oscil-
latory if A > p,.

We next show ‘only-if” part. Using Remark 1.1 again, we see that all nontrivial solu-
tions of the linear equation

1 (1 ™
yll + = el + . — y — O
t? {4 g 4 Logi(t) }

are nonoscillatory. Let y(¢) be a nontrivial solution of this equation. Put s = log¢ and
v(s) = y(t). Then v(s) satisfies

n+1
. — 0,
v v+{ +Z4Logk(e5 }

and therefore, by putting

we see that 7(s) satisfies

n+1
1

n(s) = —n’(s) = Y 1o (e

for s sufficiently large. Hence, using Lemma 2.3 with p = 2 and Remark 2.2, we get
n(s) = O(1/s) as s — oo. Let m1(s) = 4pu,n(s). Then, together with Remark 2.1, we see
that 7, (s) satisfies

1 n+1 ’u
in(s) = = 1) = Y R
441, 1 ,CZ.__; Logg ()
n+1

— g(g = DIT|2 , §) — Hp
=—(p-1) 5 () ;Logi(es)

n+1

=—(p—1)H(m(s),T,) — Z E&S%E(‘;SS +0 (77?(5))

=—(p—-1)H(m(s), F)_,nzﬂw%&—+o(—l—)

<~ Logj(e?) 53

as s — 0o. Hence we have

n

m(s) < — (p— )H(m(s), T,) - Zfﬁ’(‘i

k=1 n

63
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= — (p - l)H(nl(S), Fp) - 5n(es)

for s sufficiently large if A < p,. Thus, from Lemma 2.1, we see that all nontrivial
solutions of equation (2.6) are nonoscillatory when A < p,. This completes the proof. [l

Remark 2.3. If £(s) satisfies the differential inequality

k=1

£(s) < —(p— 1) H(&(s),Tp) — {i Loglj{(eS) + Logi(es)}

for s sufficiently large, then from Lemma 2.1 all nontrivial solutions of equation (2.6) are
nonoscillatory. Hence, in view of Lemma 2.4, we have X < p,.

In the next lemma, we estimate the asymptotic behavior of nonoscillatory solutions of
equation (2.6). This asymptotic behavior will be useful to prove Theorem 1.2.
Lemma 2.5. Suppose that equation (2.6) has a nonoscillatory solution. Then there exists
the solution yg (t) of equation (2.6) such that
-1
ualt) 2 €77V and 1yl () > ——yu(®) 29)

for t sufficiently large.

Proof. Let y(t) be a nonoscillatory solution of equation (2.6). Then, without loss of gener-
ality, we may assume that y(t) is positive for ¢ sufficiently large. Put s = logt, u(s) = y(%)
and £(s) = ¢,(u(s))/Pp(u(s)) — I'p. Then we have

£(s) + (p— DH(E(s),Tp) + 6 (e°) = 0. (2.10)

Hence, from Lemma 2.2 and positivity of the function §, (e®), we see that {(s) is decreasing
and tends to zero as s — 00, and therefore, we have
' -1
ils) jp—1 @.11)
u(s) P

for s sufficiently large. Hence there exists a positive constant M such that

-1
logu(s)zp s—M,

and therefore, we obtain
y(t) = u(s) > e Melr=De/P = e~ Myp-1)/p

for t sufficiently large. Here we put yx(t) = y(t)/e™™. Since equation (2.6) is a half-
linear differential equation, y(t) is also a solution of equation (2.6) satisfying yx(t) >
tP=1/? for ¢ sufficiently large. We also see that tyy (t) > (p — 1)yw(t)/p for t sufficiently
large because of (2.11). O



3 Proof of the main theorems

In this section, we give the proofs of oscillation criteria for equation (1.1). Using the
following lemma, we first prove the oscillation theorem, Theorem 1.1.

Lemma 3.1 ([21, Lemma 3.1]). Assume (1.2) and suppose that equation (1.1) has a posi-
tive solution. Then it is increasing for t sufficiently large and it tends to 0o as t — oo.

Proof of Theorem 1.1. The proof is by contradiction. Suppose that equation (1.1) has a
nonoScillatory solution z(t). Then, without loss of generality, we may assume that z(¢) is
positive for ¢ sufficiently large. Let L be so large number that (1.7) is satisfied for |z| > L.
By Lemma 3.1, we have z(t) > L and z/(t) > 0 for ¢ sufficiently large.

Let s = logt and u(s) = x(t). Then equation (1.1) is transformed into the equation

(¢p(w)) — (p — 1)gp() + f(u) = 0.

Moreover, we see that u(s) > L and 4(s) = tz/(t) > 0 for s sufficiently large. Define

) = ¢p(u(s)) _
g T G-
Differentiating £(s) and using (1.7), we have
: CGe((s)  fluls)) s
=V ) ) PV G !
<(p—1)(&(s) + p) Yp — On (“ S)p/(p Y ) - 1) lg s) + Fplq
= (p = 1) H(§(5),Tp) = b (u(s)” ") (3.2)

for s sufficiently large, where §,,(¢) is the same function as in equation (2.6). Hence, from
Lemma 2.2, we see that £(s) Y\, 0 as s — 00, and therefore, using (3.1), we have

u(s) o p—1
"—“_(;5\7 as s — 00. (33)

~ Since A > pp, we can choose gy > 0 so small that
}\ — €9 > Up. (3.4

By (3.3), we see that .
gg < ?—%—1- (1+2)

for s sufficiently large, and therefore, we obtain

-1
log u(s) < %(1 +&0)s
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for s sufficiently large. From this inequality and (3.2), we get

£(s) £ — (p— 1) H(&(s),Tp) — 65 (u(s)?/®V)

< - (p - 1) H(g(s)vrp) - 10g2(u(/;§p/(p_1))
<—(p-1)H((s), Tp) — Are) s

for s sufficiently large. It follows from Lemma 2.3 that there exists M > 0 such that

u(s 2r, MT 2 M
¢p(‘(—)'>=rp+€(5)§Fp+'"S£+ p=Fp<1+g+;5>’

u(s) s?

and therefore, we can find M; > 0 such that

' ~1 2 MV p,1 2 M
3LLS—><Z'1——<1+—+ ) <P -4

u(s) - p s | s P ps  s?
for s sufficiently large. Thus there exists M, > 0 such that
p—1
logu(s) < (s + M;log s)

for s sufficiently large. Hence we get

M1
log, (u(s)/*~) < (log;(e")) (1 4 Malog "’) (3.5)
for j = 1,2,...,n. In fact, we can easily check (3.5) by using mathematical induction on

J. Itis clear that (3.5) is true for j = 1. Assume that (3.5) with j = i holds. Then

log;,; (u(s)P/®™) = log (log; (u(s)?®~1))
< tog ((tore) 1+ 2757 )
M, logs>

= log, {(¢°) + log (1 +

M;log s

< 10gi+1(es) + S

<(l0g;11(¢")) (1 n

M;log s
s
for s sufficiently large. Thus, (3.5) with j = i + 1 is true. Hence we get the equality
k
Log, (u(s)p/(p_l)) = Hbg;‘ (u(s)p/(p—l))
j=1

k

< T {togy(e (1+ 2222

j=1




- Lo ) (1 + 22 1g)

= (Logy (%)) {1 + ~——————kM2slogS +0 ((19—5—5)2) }
< (Log,(¢")) ( (n+ 1)M;log s)

s
fork=1,2,...,n. Using (3.2), we have

‘ n—1 . A '
§(s) < = (p—1) H(E(s),Ty) - {Z Log2(u (” i)+ Logi(u(s)p/@—l))}

1+

L
o) {E ol ) (0

= —(p—1) H((s),Tp) - { Logk () Logg(es)} (1 o (%ﬁ))

A log s
= —(p—1)H(&(s),T,) o)
P = D HE) { Log;c (e?) Logi(es)} " ( s? )

as s — oo. Hence we get

n—1
§(s) < —(p—1)H(&(s),Ty) - +
D\ Tl " Togdle)
for s sufficiently large. By Remark 2.3, we have A — ¢y < p,, which is a contradiction to
(3.4). The proof of Theorem 1.1 is now complete. O

We next prove the nonoscillation theorem, Theorem 1.2. To this end, we prepare some

useful lemmas. Let s = logt and u(s) = z(t). Then equation (1.1) is equivalent to the

system

. . p

u=¢q(v), v=(p— v - f(u), q:;—v:_l' | (3.6)
Here we call the projection of a positive semitrajectory of system (3.6) onto the phase

plane a positive orbit. For convenience, we write the positive orbit of system (3.6) starting

atapoint P € R? as [';3.6(P).

Lemma 3.2. Assume (1.2) and suppose that equation (1.1) has a nontrivial oscillatory
solution. Then the positive orbit of system (3.6) corresponding to this solution rotates
around the origin in the clockwise direction as s increases.

Proof. Let z(t) be a nontrivial oscillatory solution of equation (1.1). Then z(¢) has the
infinite number of zeros {t,} clustering at t = co. Let (u(s),v(s)) be the solution of
system (3.6) which corresponds to z(¢). Then we see that

(u(s), v(s)) = (z(e*), dp(e°a' ("))

(n+ 1)M, log s)“Q

67



68

Hence we have
u(sn) =0 (3.7

for n € N, where s,, = logt,. We also have u(s,) # 0 for n € N. In fact, if there exists
m € N such that u(s,;,) = 0, then we obtain v(s,,) = ¢p(U(sm)) = 0. Since the origin
is the unique equilibrium of system (3.6), we have (u(s), v(s)) = (0,0) for s > s,,. This
contradicts the fact that z(t) is a nontrivial solution of equation (1.1). Thus u(s) changes
its sign at s = s,.

We may assume without loss of generality that

u(s) <0 if sgp—1 < § < Sok, (3.9)
u(s) >0 if sgx < 8 < Sop41, (3.9)
U(sgk—1) <0 and u(sy) >0 (3.10)

for £ € N. By (3.10), we have
V(S2k—1) = Pp(U(525-1)) <0 and v(sz) = Pp(U(s2x)) > 0. 3.11)

From the continuity of v(s), we see that v(s) has at least one zero in the interval (sof_1, S2x)
for each k € N. Let 7 be a zero of v(s) belonging to (sgx_1, S2x). Then it follows from
(3.8) that u(7) < 0, and therefore, by (1.2), we have 0(7) = (p — L)v(r) — f(u(7)) > 0,
which means that v(s) has only one zero between sy;_; and sox because of (3.11). Simi-
larly v(s) also has only one zero between so, and so,;. Thus, for any k € N, there exist
Sok—1 and Sox With Sox_1 < Sop—1 < Sor < Sgp < Sok+1 such that

’U(§2k_1) = ’U(ggk) = 0. (312)

Consider the positive orbit of system (3.6) corresponding to (u(s), v(s)). Then, from
(3.7)-(3.12), we see that the positive orbit crosses axes in the following order: the negative
v-axis at § = spx_1; the negative u-axis at s = Sgx_1; the positive v-axis at s = sq; the
positive u-axis at s = 3g. In other words, the positive orbit rotates around the origin in
the clockwise direction as s increases. O

Lemma 3.3. Assume (1.2) and suppose that equation (1.1) has a nontrivial oscillatory
solution z(t). Let (u(s),v(s)) be the solution of system (3.6) corresponding to x(t). Then
(u(s),v(s)) is unbounded.

Proof. The proof is by contradiction. Suppose that (u(s),v(s)) is bounded, that is, there
exist K > 0 and sy > 0 such that u?(s) + v?(s) < K? for s > s.
Define the Lyapunov function

V(,v) = 13'— v " 00



Then we have

jsV( (5),0(s)) =¢q(v(s)){(p — Dv(s) = f(u(s)} + f(u(s))dg(v(s))

=(p = lv(s)|".
Since V' (u(s), v(s)) is nondecreasing for s > sg, we have
V(u(s),v(s)) 2 V(u(so), v(s0)) =: Vo

for s > so. On the other hand, there exists V,, > 0 such that V(u(s),v(s)) — Vi, as
s — oo because (u(s), v(s)) is bounded. Hence we have

0 < Vo < V(uls),v(s)) < Voo < 00, (3.13)

that is,

(u(s),v(s)) & {(u,v) €R* : V(u,v) < Vo} = Ry

for s > so. Note that Ry is the region which contains an open ball centered at the origin. -

Hence we can find €, so small that
{(u,v) : |u] <& and |v| < &9} C Ry.

Since the positive orbit of system (3.6) corresponding to (u(s), v(s)) rotates around the
- region Ry in the clockwise direction as s increases, there exist sequences {o,} and {7,}
with sg < 0, < T, < 041 and 0, — 00 as n — oo such that

u(on) =0, v(on) >e0, u(m)>eo, v(m)=¢p and

g0 < v(s) < (qV®)1/q =K for 0, <5<,
Hence we have
co < u(r) — u(on) = / " i(s)ds = / " Gu(0())ds < ¢4 (7 — 02),
and therefore, we obtain |

V(s), 0(5)) = Vo = V(uls),o(s)) = V(oo visn)) = [ 2V (u(o), v(o))do

a

- 1)2/ (5)|%ds > (p— D)2 S (1 = 02)

k=1
_ 1yeetl
> (p — 1)eg n
$q(K)
for s > 7,. From (3.13), we have
(p—1)eg"
Voo = Vo > -————-——n — 00
. ¢q( )

as n — 0o, which is a contradiction. Thus, the lemma is proved. 4
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From Lemmas 3.2 and 3.3, we have the following lemma.

Lemma 3.4. Assume (1.2) and suppose that equation (1.1) has a nontrivial oscillatory
solution. Then all nontrivial positive orbits of system (3.6) rotate around the origin in the

clockwise direction as s increases.

Proof. Let z(t) be a nontrivial oscillatory solution of equation (1.1). Then, it follows from
Lemmas 3.2 and 3.3 that the positive orbit of system (3.6) corresponding to z(t) rotates
around the origin in the clockwise direction, and runs to infinity as s — oo. Since system
(3.6) is autonomous, the positive orbit is not intersected-by any other positive orbits of
system (3.6). Hence all nontrivial positive orbits of system (3.6) rotate around the origin
in the clockwise direction as s increases. (I

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. We give only the proof of the case that (1.8) bolds for z > L,
where L is a large number. Because the other case is carried out in the same manner.

To begin with, we consider half-linear differential equation (2.6) with A = pup. Then,
from Lemmas 2.4 and 2.5, there exists the solution yy(t) of equation (2.6) with A = p,
such that yg(t) > t®~V/P and tyj(t) > (p — L)yn(t)/p for ¢ sufficiently large. Put

= logt and (ug(s),vu(s)) = (yu(t), dp(tyy(t))). Then (ug(s), vg(s)) satisfies the

system
= gifv), 9=(p- {w}:Logk - } (W

for s sufficiently large. We also see that there exists sy > 0 such that
up(s) > e® VP > L and  wg(s) > Tpdp(un(s)) (3.14)

for s > so. Now we put £x(8) = ve(s)/dp(un(s)) — Tp. Then &g (s) satisfies

o _(p— DH(ET,) - —— 3.15
§=—(p—1)H(ETy) ;Logi(eé‘) (3.15)

and g (s) > 0 for s > so.

Suppose that equation (1.1) has a nontrivial oscillatory solution. Then, from Lemma
3.4, all nontrivial positive orbits of system (3.6) rotate around the origin in the clockwise
direction as s increases. Let (u(s), v(s)) be a nontrivial solution of system (3.6) satisfying

(u(s0), v(s0)) = (st (s0), vz (50)) € {(w0) | 1> Lv > Tpdp(w)}y.  (3.16)

Then the positive orbit corresponding to (u(s), v(s)) also rotates around the origin in the
clockwise direction as s increases, and therefore, there exists s; > so such that

v(s) ST,

) v(s) _, '
$p(u(s)) =T, at s=s. (3.17)

¢p(u(s)) P

for sp<s<s and



Then we have u(s)/u(s) > (p — 1)/p for s < s < s;. Hence, together with (3.14) and
(3.16), we have

3

log u(s) > o Dwlp

(s - su) + logu(sn) = (P : 2

p-1)
p
for so < s < s1. We define £(s) = v(s)/dp(u(s)) — ;. Then, using (1.8), we have

s + log euH(SO)

)

v

S

n

{-'(3) >~ (p—-1)H((s),Tp) - Z Logi(ué:;p/(p_l))

k=1
- HE)T) - S P
2~ (= DHEELT) =3 o

for so < s < s1. Since {y(s) is a solution of (3.15) satisfying £ (sg) = £(so), we have
£(s) > €x(s) for s < s < s1. Hence, by (3.17), we conclude that

0 < &u(s1) < €(s1) =0,

which is a contradiction. The proof is now complete. O
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