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Pattern dynamics of a
reaction-diffusion-advection system with
bistable growth *
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1 Introduction

From a viewpoint of the pattern formation in Biology, reaction diffusion systems are
treated. In this paper we consider the following chemotaxis-growth model ( e. g. [2], [8],

[20]).
up = D {u, — auvg}, + f(u), in I xR,,
[ =dvxm+u—v, in I ><R+, (1)
ug(z,t) =0, vy(z,t) =0, on 0l xR,

u(-,0) =4 >0, v(-,00=v92>0, in [

where D, d, o are positive constants and [ = (0,1). In the absence of growth term f(u),
this system becomes Keller-Segel type and many people study about steady states, blow
up etc.. On the other hand, for (1) it is known several spatio-témporal patterns due to the
Turing and Hopf instability induced by the chemotaxis effect (e. g. [7], [12}, [3]). In order
to understand mechanism of these pattern formations, we show the existence of global
solutions and an exponential attractor with finite dimension of (1) (e. g. [1], [9], [11],
[17]) . Moreover, the existence and stability of stationary solutions of (1) is discussed
for several growth terms [4, 5, 6, 7]. By using Degree theory, bifurcation method and
etc., the existence of the stationary solution is locally shown with respect to parameters
D, d,a (e. g [17], [19], [5] ). But it is difficult to show the global structure of stationary
solutions with respect to parameters. In this paper, we treat the bistable growth term
f(u) =u(l —u)(u—a) (0 <a<1)and study the global structure of stationary solutions
of (1) as large D. To do so, we assume that (u,v) is uniformly bounded as D tends to
0o. Formally, it holds that {u, — auv,}, = 0. It follows from the boundary conditions of
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u, v that u is represented by u = Fe® with any positive constant E. By integrating the
first equation of (1) on I, (1) deduces to the following system:

1 1
(/ Ee™ dm) =/ f(Ee*) dx, t>0
0 t 0

Ut = dvge + g(v, E), z€I, t>0 (2)
vz(0,t) = v,(1,t) =0, t>0
u>0, v>0, xel, t>0,

where g(v, /) = Fe* — v. Here we call (2) a shadow system of (1). We remark that a
stationary solution of (1) converges to the corresponding solution of (2) in following sense.

Remark 1.1. (18] Let {D,} and (un, v,) be a positive sequence with lim,_,o D, = 00
and a stationary solution of (1) with D = D,. Then there exists a subsequence {Dy} of
{Dn} and a stationary solution (ue, V) of (2) such that
m (U, V) = (oo, Vo) i CHQ) x CHQY). (3)
n’/—oo
Therefore, it is important to treat (2) for understanding stationary solutions of (1) for

large D. But we have not any similar result with respect to the evolution problem of (1).
In this paper we consider the stationary problem of (2) as follows:

dvgz + 9(v, E) =0, z€l,

uz(z) = v,(x) =0, =z €dl (4)
>0, v>0, xel
and
/ f(Ee*) dz = 0. (5)
o

The organization of this paper is as follows: In Section 2, we summarize known results
of the existence of solutions of (4) and our main results for the stability of theses solution
is given in Section 3. In Section 4, we demonstrate the global structure of stationary
solutions and periodic solution of (2). Finally, introducing a new small parameter, we
show the onset of the periodic solution is an infinite-dimensional relaxation oscillation
which is governed by slow and fast dynamics.

2 Existence of the stationary solution of Shadow Sy-
stem

We summarize known results of the existence of solutions with respect to (4), (5). Here-
after we describe a solution of (4), (5) by (v(x, d, E), d, E). All solution is represented
by the scaling, repetition and reflection of monotone solutions. Then we only consider
monotone increasing solutions.

First, we treat the boundary value problem (4) without the integral constraint (5).
By a simple calculation, we have the following Lemmas.
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Lemma 1. [6] There exists a positive constant E. Then, (4) has two positive constant
solution v.(E), v*(E) for any 0 < E < E which satisfy v.(E) < v*(E), v.(E) = v*(E)
and are monotone increasing and decreasing function of E, respectively.

By using Lemma 1 and the bifurcation theory (e. g. [13], [14], [15]), we have

Lemma 2. Forany0 < E < E, there ezists a monotone decreasing function d*(E) which
satisfies limg_,0 d*(E) = oo, limg_, pd*(E) = 0. Then there is a solution v(z, d, E) of
(4) forany 0 < E < E, 0 < d < d*(E) and it holds

w(F) 0<z<1

. _ * . — B —
dibr‘r(lE)v(:c, d, E) =v*(E), gl_r’r(l)v(a:, d, F) =v°(z, E) { 3(E) .1 (6)
%(E)
where U(E) is a constant satisfying / g(v, E) dv=0.
vu(E)

Thanks to the result of Schaaf [13], we show

Lemma 3. Let A := {(d, E) |0 < E < E, 0 < d < d*(E)}. There is not any nonconstant
solution of (4) for (d, E) € R2 \ A.

Next, we obtain the existence of solutions of (4) which satisfies the integral constraint.
Let h(d, E) be a function of d and F defined by

1
h(d, E):= /0 f(Be*® 4 B)y 4 (7)

where v(z, d, F) is a solution given in Lemma 2. Therefore, the integral constraint (5)

is represented by
h(d, E) = 0. (8)

Then it holds that

Lemma 4. Let A~ := {(d, E)] 0<d< d*(E),0< E< E} and A= {(d, E)| 0<d <
d*(F),0 < E < E}. Then, h(d, E) satisfies h(d, E) € C(A~) N C*(A°) and

lim h(d, E) = f(Ee*+E)), (9)

Setting
I':={(v(z, d, E), d, E) | v(z, d, E) is a solution of (4), (5) for any (d, E) € A}
we can show the existence of stationary solutions as follows:

Theorem 5. [6] There are two positive constants E,, E; < E depending on a, 1 and
following three statements hold

(i) If1/a < a, 1, E,, E; satisfy By < E, and there ezists a function d(E) defined on
the interval (Ey, E,) and (v*(z, d(E), E), d(E), E) € T. Moreover,

EIB%I v¥(z, d(E), E)=v"(Ey), El—l-)HEla v¥(z, d(E), F)=v*(E,). (10)



(i) Ifa < 1/a < 1, there exists a function d(E) defined on (E;, E,) or (E,, E) and
(v*(z, d(E), E), d(E), E) €T, which satisfies

}311_5%1 v¥(z, d(E), E)=v*(E,), Elg%a v!(z, d(E), E) =1%(z, E,). (11)

(iii) If 1/a > a, 1, then E,, E; satisfy E, < E; and there exists a function d(F)
defined on (E,, Ei) and (v*(z, d(F), E), d(E), E) €T, which satisfies

: s __.B : s __..B
EIB%IU (z, d(E), E) =v"(z, E), Eli)rrElav (z, d(E), E) =v°(z, E,). (12)

We call vZ(z, E) a singular solution with a boundary layer. In the next section, we
discuss the stability of these singular solutions.

3 Stability of stationary solution of Shadow System

In this section we show the stability of stationary solutions of (2), which are given in
Theorem 5. First we discuss a stability of the singular stationary solution with a boundary
layer obtained in Theorem 5 as d is small. Let (v*(z,d, E), d, E) be a solution of (4), (5) for
(d, E) € A in the neighborhood of (0, E,), which satisfies limgo v*(z, d, E) = vB(z, E,).
In order to study a stability, we consider the following linearized eigenvalue problem
around the solution (v*(z,d, F),d, E) of (2):
1 1
)\/ (n+ Eaw)e™” dr = / fu(Ee®")(n + Eow)e® dx

0 0
A = dwgg + go(v°, E)w+ gg(vs, E)n, z € (0, 1)
wz(0) = w,(1) =0,

(13)

where g,(v, E) = Eae® — v, gg(v, E) = e*'. Here, (1, w(r)) means an eigenfunction
of the eigenvalue \ and 7 is a positive constant.

As d — 0, we show the asymptotic behavior of critical eigenvalue which determines
the stability by using the SLEP method ( see {10]).

Theorem 6. [6] Set 1/a > a. Let (v*(z,d, E),d, E) be a stationary solution of (2) for
(d, E) € A in the neighborhood of (0, E,), which satisfies limgov®(z,d, E) = vB E,).
Then, there are two eigenvalues Ay (d), Ao(d) with positive real part such that

lim A(d) = fu(a) >0, limAy(d) =6* >0 (8" is given in Lemma 7).
d—0 d—0

Moreover, other eigenvalues have negative real part and uniformly away from imaginary
axis.

We discuss about this result by intuition. If w(x) has not any singularity in the
neighborhood of z = 1, we have formally limy 0 A = f,(a) because of

limg o fu(Fe®") = fy(a) compact uniformly in [0, 1)

1
/ (X = fu(Ee™))(n + Eaw)e* dz = 0.
0
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On the other hand, if w(z) has a singularity in the neighborhood of z = 1, then n =
0 becomes an approximate eigenfunction. Therefore, we treat the following linearized
eigenvalue problem corresponding to (4), (5) around v*(z, d, E):

Mo = dwgs + gu(0%, E)w, z€(0, 1),
{ w;(0) = w,(1) = 0. (14)

Then, we show the following Lemma.

Lemma 7. There is only one eigenvalue /\(d) with positive real part of the linearized
eigenvalue problem (14), which satisfies limg,o A(d) = * > 0.

By using a similar argument, we have

Theorem 8. [6] Set 1/a > 1. Let (v*(z,d, E),d, E) be a stationary solution of (2) for
(d, E) € A in the neighborhood of (0, E1), which satisfies limgjov®(z,d, E) = vB(z, Ey).
Then, there is only one eigenvalue N*(d) with positive real part such that

lim \*(d) = 6* > 0.
d—0

Moreover, other eigenvalues have negative real part and uniformly away from imaginary
axis. Here 08 is a constant depending on E = FEy given in Lemma 7.

Next, we show the stability of the nonconstant bifurcating solutions from the constant
solution in the neighborhood of the bifurcation point.

Theorem 9. [6] If 1/a < a, 1, the following statements hold.

(1) Let (v¥(z,d, E),d, E) be a solution of (2) for (d, E) € A in the neighborhood of
(d*(E.), E.), which satisfies limg_,q4-(g,) v*(2,d, E) = v*(E,). Then, there exists
only one eigenvalue \*(d) with positive real part such that

lim X*(d) = fu(a) > 0.

Moreover, other eigenvalues have negative real part and uniformly away from ima-
ginary axis.

(2) Let (v’(z,d, E),d, E) be a solution of (2) for (d, E) € A in the neighborhood of
(d*(E©), Ev), which satisfies limg_,qs(g,) v*(z,d, E) = v*(E1). Then, all eigenvalues
have negative real part and uniformly away from imaginary axis.

4 Numerical results

In this section, we discuss the existence and stability of stationary solutions of (2) by
the numerical approach. When a = 2.0 and a = 0.25, that is, the case (ii) of The-
orem 5, there is a singular solution v(z,d(E), F) with a boundary layer, which satisfies
limg_, g, (v¥(z,d(E), E),d(E)) = (v(z,z),0). Moreover, there is a solution v*(z,d(E), E)



which satisfies limg_, g, (v°*(z, d(E), E),d(E)) = (v*(E1),d*(E;)). We show the global bi-
furcation branch connecting these two solutions v2(z, E,) and v*(E;) in Figure 1 (a),
which is numerically obtained by the AUTO package [1]. Here each point (d, E) on the
curve of this figure (a) corresponds to a monotone increasing solution of (4), (5). From
this result, there is not ( static ) secondary bifurcation phenomena from nonconstant so-
lution on the bifurcation branch. But, the solution is unstable for small d, that is, there
are two eigenvalues with a positive real part from Theorem 9. On the other hand, the
solutions for (d, E) in the neighborhood of (d*(E;), F) are stable from Theorem 9 (2).
The number of eigenvalues with respect to stationary solutions on the bifurcation curve
changes depending on the parameter d.
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Figure 1: The global solution structure for o = 2.0, where the symbol > means a bifur-
cation point. (a) Vertical and horizontal axis mean parameters d and E, respectively. (b)
Vertical and horizontal axis mean the value of v at = = 1 and d, respectively.

For the original reaction diffusion system (1), the global bifurcation from the constant
solution is obtained by the numerical simulation ( see Figure 2). From Figure 2 implies
the existence of the Hopf bifurcation from the nonconstant solution in the neighborhood
at d = 0.008. Moreover, these periodic solutions are stable from Figure 3. Therefore, we
suggest that there is a Hopf bifurcation phenomena for the shadow system (2). Therefore,
we guess the change of the number of eigenvalues with a positive real part.

v(1) v(1)

1.50 . 1.5

0,27 LT T
.0

0.0 LS St e Swpes e Sves S sy 2
. T - r v T 0.0000  0.0026  0.0040.  0.0060 0.0080 0.0100
0.000  0.025  0.050  0.07S 0,100  0.125  0.150 0.0010  0.0030 0.0056  0.0070 0.0090

Figure 2: Vertical and horizontal axises mean the maximal value of v(z) (v(1)) and d.
D=100, a=2., a=0.25.
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Figure 3: Vertical and horizontal axises mean a maximal value of ||u(-,?)|;: and d.
D=100., a=2.0, a =0.25.

5 Relaxation oscillation

In Section 4, we show that the periodic solution of (1) exists due to the secondary bi-
furcation phenomena from the monotone solution as large D and is stable by numerical
computations ( see Figures 2 - 3). It is difficult to show the Hopf bifurcation from the
nonconstant solution for our limiting system (2). But we suggest the appearance of the
periodic pattern from the lose of stability in Section 3. Therefore, we discuss about the
appearance of this phenomena from the other viewpoint. To do so, we demonstrate the
infinite dimensional relaxation oscillation as the onset of these spatio-temporal pheno-
mena ( see [3, 4]). In order to explain that, we introduce a new parameter § which mean
the rate of the growth. Then, we have the following system with respect to (2):

1 1
(/ Ee™ daz) = 5/ f(Ee®)dx, t>0
0 t 0 (15)

vy = dvgg + g(v, E), ze€(0,1),t>0
v:(0,1) = v(1,8) =0, t>0

where F(t), v(z,t) are unknown functions.
Figure 4 implies the existence of periodic solution of (15) for small § by a numerical
simulation.

Figure 4: Periodic pattern with respect to v(z,t) of (15) for d = 0.04, a = 2.0, § =
0.0005, a = 0.25.



According to the argument in [3, 4], we show that the behavior of the solution is
described by the fast and slow dynamics derived from (15) as § is sufficiently small.

Fast dynamics

First, we consider the case of § = 0 as follows:

1
</ Ee™ dx) =0, t>0
0 t (16)

Ve =dug, +9(v, E), z€(0,1),t>0
vz(0,1) = v,(1,8) =0, ¢>0.

It follows from the first equation of (16) that

1
/ Ee™ dx =pu (17)
0

for any positive constant p.
We already discuss the constant solution of (16) in Lemma 1. On the other hand, the
stationary solution v(z) satisfies

/OlEe"‘“dx:/Olvdx (=uw) (18)

by integrating the first equation of (4) and using the boundary condition of v. Therefore,
a constant solution (E,v.) is represented by E. = pue~**, v, = u for any © > 0.

In order to have nonconstant solutions by using the bifurcation method, we consider
the linearized eigenvalue problem around (E,, v.). By setting £ = F,+ M v = w+V and
substituting this into (16), the linearized eigenvalue problem is written by

M, = —Ea{Me"‘“%—(a,u—l/Vda:} t>0

Vi =dVye + Me®V + (au — 1)V, ze (0, 1), t>0
V2(0,t) = Vi(1,t) =0, t> 0.

(19)

Substituting M = ¢e™, V = ge* cosnrz into (19), we have ¢(\ + ap) = 0, Y(\ +
d(nm)®> — o — 1) = 0. When X = 0, it holds that ¢ = 0, au = d(nm)? — 1. Because
of d > 0, we get the condition au — 1 > 0. There are two constant solutions of (4 (4) in
Lemma 1. Then, v*(E) satisfies this condition. The curve in Figure 5 (a) corresponds to
A =0in u — a plane, which is the mode n perturbations. On the other hand , we show
the nonconstant solution subcritically bifurcating from the constant solution v *(E) and
subsequently turn the direction due to saddle-node bifurcation in Figure 5 (b). Therefore,
there appears a hysteresis phenomena. That is, the bifurcating solution from the constant
solution becomes unstable and recovers the stability after the saddle-node bifurcation. We
remark that the direction of bifurcating branch is different depending on a.
Therefore, an approximation (Ec(u), ve(z, i, d)) of stationary solutions of (15) satisfies

0 =dug +9g(v, E(n)), z€(0,1),t>0
v:(0,t) = v,(1,¢) = 0, t>0
1

(20)
Ec(u)/ e™ dx = p, t>0.
0
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Figure 5: f(u) = u(l — u)(u — 0.25), d = 0.04, (a) Vertical and horizontal axises mean
a and g, (b) Vertical and horizontal axises mean v(0) and u, a = 2.0. There is a first
bifurcation at x4 = 0.697 and saddle-node at u = 0.697.

Slow dynamics

Next, we assume that the solution of (15) tends to some monotone stationary solution
on the upper branch in Figure 5 (b). Then, the solution is governed by the dynamics
with the slow time scale T = 6t. Therefore, by using the new time variable 7' and setting
§ =0, (15) is rewritten as

1 1
(/ Ee® da:) = / f(Ee*)dz, T >0
0 T _ 70 (21)
0 = dvg, + g(v, E), ze€(0,1), T>0
v:(0,T) = v,(1,T) =0, T > 0.

Since the relation (17) from (16) is shown, u(t) satisfies

j—; - /O F(Ee™) da (22)

for a solution (Es(p), v*(x,p,d)) of (21). Therefore, the behavior of the solution is

expressed by (22).
1

Figure 6 (a) shows that / f(E(p)e*) dz = f(E(u)e*") is positive on the constant

0
solution brunch corresponding to the center line in Figure 6 (b). Therefor, v. is increasing
with respect to 7. But the solution is destabilized as it passes the bifurcation point and

eventually tends to the stable nonconstant solution. On the other hand, the value of
1

integration / f(E (p)e"‘“;F ) dz is negative on the upper branch in Figure 6 (b). There-

fore, the solu?:ion u(t) is decreasing with respect to T and tends to the constant solution
through the saddle-node bifurcation point. Thereafter these process is periodically repe-
ated. Therefore the appearance of the relaxation oscillation phenomena is heuristically
explained for small 4.



151

0.8 2.00

1,754
ol Tt ST
1.50] /
o g 1.24] / ]

1.004

<19 0.7 R

——

0.50]

-1 i e
0.23] &%

-2 0.0

T u T T T T T T 1 T
0.680 0.68S 0.690 0.695 0.700 0.705 0.710 0.680 0.685 0.690 0.695 0.700 0.705 0.710
(a) (b)

Figure 6: f(u) = u(1 — u)(u — 0.25), d = 0.04, = 2.0 (a) Vertical and horizontal axises
1
mean v(0) and 4, (b) Vertical and horizontal axises mean / f(Ee*)dz and p.
0
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