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Abstract: This is a report on some recent joint work with Radu Stancu, to appear
in [4]. It is an expanded version of a talk given at the RIMS workshop Cohomology of
finite groups and related topics, February 18-20, 2015.

1. Cohomological Mackey functors

1.1. Let $G$ be a finite group, and $k$ be a commutative ring. There are many
equivalent definitions of Mackey functors for $G$ over $k$ . For the “naive one,
this is an assignment $H\mapsto M(H)$ of a $k$-module $M(H)$ to any subgroup $H$

of $G$ , together with $k$-linear maps

$M(H)arrow^{t_{H}^{K}}M(K)arrow M(H)r_{H}^{K}, M(H)arrow^{H}M(^{x}H)c_{x},$

whenever $H\leq K\leq G$ and $x\in G$ , subject to a list of compatibility condi-
tions, e.g. transitivity of transfers and restrictions, or the Mackey formula
(see [6] for details).

A Mackey functor $M$ is called cohomological if

$\forall H\leq K\leq G,$ $t_{H}^{K}\circ r_{H}^{K}=|K$ : $H|Id_{M(K)}$

The cohomological Mackey functors for $G$ over $k$ form a category $M_{k}^{c}(G)$ .

1.2. Examples:

$\bullet$ Let $V$ be a $kG$-module. The fixed points functor $FP_{V}$ is defined by
$M(H)=V^{H}$ , for any $H\leq G$ , and by

$\forall H\leq K\leq G, r_{H}^{K}:V^{K}\mapsto V^{H}, t_{H}^{K}=Tr_{H}^{K}:V^{H}arrow V^{K}$

and by $c_{x,H}(v)=x\cdot v$ , for $x\in G.$

More generally, for $n\in \mathbb{N}$ , the cohomology functor $H^{n}$ $V$ ) is a co-
homological Mackey functor.

$\bullet$ Let $k$ be a field of characteristic $p$ , let $G$ be a finite $p$-group. The $\mathcal{S}imple$

cohomological Mackey functors for $G$ over $k$ are the functors $S_{X}=S_{X}^{G},$

where $X\leq G$ (up to $G$-conjugation), defined by

$\forall H\leq G,$ $S_{X}(H)=\{\begin{array}{ll}k if H=GX,\{O\} otherwise.\end{array}$
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1.3. Yoshida’s Theorem

$\bullet$ Let $perm_{k}(G)$ denote the full subcategory of $kG$-Mod consisting of
finitely generated permutation $kG$-modules.

$\bullet$ Let $ffin_{k}(G)$ denote the category of (contravariant) $k$-linear functors
from $perm_{k}(G)$ to $k$-Mod.

$\bullet$ If $M\in M_{k}^{c}(G)$ , the functor $\tilde{M}$ : $V\mapsto Hom_{M_{k}^{c}(G)}(FP_{V}, M)$ is an object
of $Fun_{k}(G)$ .

$\ovalbox{\tt\small REJECT}_{categoriesfromM_{k}^{c}(G)toffin_{k}(G)}^{1.4.Theorem[Yoshida[7]]:T.he}$
functor $M\mapsto\tilde{M}$ is an equivalence of

1.5. The (cohomological) Mackey algebra

$\bullet$ [Th\’evenaz-Webb [6]] The (cohomological) Mackey functors for $G$ over
$k$ are exactly the modules over the (cohomological) Mackey algebra.

$\bullet$ Consider the Hecke algebra $Y_{k}(G)=End_{kG}(kG/H)$ . This k-

algebra is called the Yoshida algebra of $G$ over $k$ . It is isomorphic to the
cohomological Mackey algebra. In other words, the category $M_{k}^{c}(G)$ is
equivalent to $Y_{k}(G)$ -Mod.

$\bullet$ The algebra $Y_{k}(G)$ is a free $k$-module of rank
$\sum_{H,K\leq G}|H\backslash G/K|$

. In

particular, when $k$ is a field, the algebra $Y_{k}(G)$ is a finite dimensional
$k$-algebra.

2. Complexity

Let $k$ be a field, and $A$ be a finite dimensional $k$-algebra. Then every finitely
generated $A$-module $M$ admits a resolution

. . . $arrow P_{n}arrow P_{n-1}arrow\cdotsarrow P_{1}arrow P_{0}arrow Marrow 0$

by finitely generated projective $A$-modules.

$\ovalbox{\tt\small REJECT} e_{ThemoduleMhexponentia1growthifforanysuchresolution,there}ThemoduleMhasi$

ntermediate growth i

$nallothercase\mathcal{S}er\mathcal{S}a\mathcal{S}^{\cdot}.\cdot$
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$\ovalbox{\tt\small REJECT} If_{arrow P_{n}arrow P_{n-1}\cdot\cdotarrow P_{0}arrow Marrow 0}S\in rr(A)gessod_{oe}sthethirdA_{-mo}dule\mathcal{S},andP_{S}$

denotes aprojective c
$overofSsuch^{ar}hat\forall n\in \mathbb{N},\dim_{k}Ext_{A}^{n}(M,S)\leq cn^{d}+$ewhere

I$rr(A)isasetofr$epresentatives o$fi$somorphism classes o$fs$
impleis

a

$\min_{l}imalpro.$

jective r$e\mathcal{S}$olution o

$fM,’ thenP_{n} \cong\bigoplus_{I}^{1}P_{S}^{\dim_{k}Ext_{A}^{n}(MS)/\dim_{k}End_{A}(S)},$

$\ovalbox{\tt\small REJECT}_{cohomologicalMackeyfunctorforGoverkhaspolynomialgrowth}^{2.3.Definition[Pocogroups]:Letkbeafieldofpositivecharacteris-}ticp.AfinitegroupGiscalleda$poco group o$verkifanyf$initely generated

$\ovalbox{\tt\small REJECT} Ca_{1.ThegroupGisapocogroupover.k}\bullet Ifp>2,thegroupSiscyclic2.LetSbeaSylowp-$subgroup o

$fG.Then\bullet Ifp=2,thegroupShass$

ectional r

$ankatmost2^{\cdot}$

.
be a field of

2.5. Remark : A2-group has sectional rank at most 2 if and only if it is
cyclic or metacyclic (Blackburn [2], Andersen-Oliver-Ventura [1]).

3. Construction of functors

3.1. Let $k$ be a field of characteristic $p>0$ , and $G$ be a finite group. By
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Yoshida’s equivalence $M_{k}^{c}(G)\cong Kn_{k}(G)$ , cohomological Mackey functors
for $G$ over $k$ can be viewed as functors

$perm_{k}(G)arrow k$-Mod

When $H$ is another finite group, any $k$-linear functor

$F:perm_{k}(H)arrow perm_{k}(G)$

induces a functor

$M_{k}^{c}(G)\cong Fun_{k}(G)arrow Kn_{k}(H)\cong M_{k}^{c}(H)$

3.2. In particular, when $U$ is $a$ (finite) $(G, H)$-biset, the functor

$t_{U}:W\in perm_{k}(H)\mapsto kU\otimes_{kH}W\in perm_{k}(G)$

induces a functor $L_{U}$ : $M_{k}^{c}(G)arrow M_{k}^{c}(H)$ . Similarly, the functor

$h_{U}$ : $W’\in perm_{k}(G)\mapsto Hom_{kG}(kU, W’)\in perm_{k}(H)$

induces a functor $R_{U}$ : $M_{k}^{c}(H)arrow M_{k}^{c}(G)$ .

3.3. Properties

$\bullet$ The functors $L_{U}$ and $R_{U}$ are exact.
$\bullet$ As $t_{U}$ is left adjoint to $h_{U}$ , the functor $L_{U}$ is left adjoint to $R_{U}.$

$\bullet$ Let $U’$ be another finite $(G, H)$-biset. Then

$L_{UuU’}\cong L_{U}\oplus L_{U’}, R_{UuU’}\cong R_{U}\oplus R_{U’}$

$\bullet$ Let $Id_{G}$ denote the identity $(G, G)$-biset. Then $L_{Id_{G}}$ and $R_{Id_{G}}$ are
isomorphic to the identity functor.

$\bullet$ If $K$ is another finite group, and $V$ is an $(H, K)$-biset, then

$L_{V}oL_{U}\cong L_{U\cross V}H, R_{U}oR_{V}\cong R_{Ux_{H}V}$
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3.4. Examples

$\bullet$ Let $H$ be a subgroup of $G$ , and $U$ denote the set $G$ , as $a(G, H)$-biset.
Then $L_{U}\cong{\rm Res}_{H}^{G}$ , and $R_{U}\cong Ind_{H}^{G}.$

$\bullet$ Let $H$ be a subgroup of $G$ , and $U$ denote the set $G$ , as an $(H, G)$-biset.
Then $L_{U}\cong Ind_{H}^{G}$ , and $R_{U}\cong{\rm Res}_{H}^{G}.$

$\bullet$ Let $N\underline{\triangleleft}G$ , let $H=G/N$ , and let $U$ denote the set $H$ , as $a(G, H)-$

biset. Then $L_{U}=\rho_{G/N}^{G}$ , and $R_{U}=\gamma_{G/N}^{G}.$

$\bullet$ Let $N\underline{\triangleleft}G$ , let $H=G/N$ , and let $U$ denote the set $H$ , as an $(H, G)-$

biset. Then $L_{U}=v_{G/N}^{G}$ , and $R_{U}=\rho_{G/N}^{G}.$

$\bullet$ Let $f$ : $Garrow H$ be a group isomorphism, and $U$ denote the set $H$ , as a
$(G, H)$-biset. Then $L_{U}\cong Iso(f)$ and $R_{U}\cong Iso(f^{-1})$ .

3.5. Sketch of proof of Theorem 2.4

Recall that $k$ is a field of characteristic $p>0$ , that $G$ is a finite group,
and $S$ is a Sylow p–subgroup of $G.$

$\bullet$ Use the functors $Ind_{S}^{G}$ and ${\rm Res}_{S}^{G}$ to reduce to the case where $G=S$ is
a $p$-group.

$\bullet$ Let $(B, A)$ be a section of $G$ $(i.e. A\underline{\triangleleft}B\leq G)$ . The set $G/A$ is a
$(G, B/A)$-biset, and the set $A\backslash G$ is $a(B/A, G)$-biset. The correspond-
ing functors $L_{G/A},$ $R_{G/A},$ $L_{A\backslash G}$ and $R_{A\backslash G}$ allow for a reduction to the
case where $G$ is $elementar1/$ abelian.

$\bullet$ The case of cyclic groups and Klein four group was settled by M. Samy
Modeliar ([5]). In particular, these groups are poco groups.

$\bullet$ Describe the subfunctor structure of $Ind_{H}^{G}S_{1}^{H}$ , leading to long exact
sequences of $Ext$ groups. These sequences show that the functor $S_{1}^{G}$

has exponential growth if $G\cong(C_{p})^{m}$ , when $p>2$ and $m\geq 2$ , or $p=2$

and $m\geq 3.$

$\bullet$ Use induction on the order of a 2-group $G$ , to complete the case $p=2.$

4. Presentation of some $Ext$ algebras

Let $p$ be a prime number, and $G\cong(C_{p})^{n},$ $n\geq 1.$

$\bullet$ Let $X\leq G$ with $|X|=p$ . Then there exists a unique non split extension
$\alpha_{X}^{G}$ : $0arrow S_{1}^{G}arrow(_{S_{1}^{G}}^{S_{X}^{G}})arrow S_{X}^{G}arrow 0$ in $M_{\mathbb{F}_{p}}^{C}(G)$ .
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Let $\gamma_{X}^{G}\in Ext_{M_{p_{p}}^{c}(G)}^{2}(S_{1}^{G}, S_{1}^{G})$ denote the class of the splice

$\alpha_{X}^{G}(\alpha_{X}^{G})^{*}:0arrow S_{1}^{G}arrow(\begin{array}{l}S_{X}^{G}S_{1}^{G}\end{array})arrow(\begin{array}{l}S_{1}^{G}S_{X}^{G}\end{array})arrow S_{1}^{G}arrow 0$

$\bullet$ When $p>2$ and $\varphi$ : $Garrow \mathbb{F}_{p}$ is a group homomorphism, let $U_{\varphi}^{G}$ be the
vector space $\mathbb{F}_{p}\oplus \mathbb{F}_{p}$ , on which $g\in G$ acts by $g(x, y)=(x+\varphi(g)y, y)$ .
There is a unique (cohomological) Mackey functor $T_{\varphi}^{G}$ for $G$ over $\mathbb{F}_{p}$

such that $T_{\varphi}(H)=\{O\}$ if $1<H\leq G$ , and $T_{\varphi}^{G}(1)\cong U_{\varphi}^{G}$ . It fits in an
extension

$0arrow S_{1}^{G}arrow U_{\varphi}^{G}arrow S_{1}^{G}arrow 0$

in $M_{F_{p}}^{c}(G)$ . Let $\tau_{\varphi}^{G}\in Ext_{M_{p_{p}}^{c}(G)}^{1}(S_{1}^{G}, S_{1}^{G})$ denote the class of this exten-
sion.

4.1. The algebra $\mathcal{E}_{k}=Ext_{M_{k}^{c}(G)}^{*}(S_{1}^{G}, S_{1}^{G})$

$\ovalbox{\tt\small REJECT} 2_{\varphi.Garrow \mathbb{F}_{p}^{+}}^{algebras\mathcal{E}_{k}\cong k\otimes \mathcal{E}_{\mathbb{F}_{p}}}F_{p}with|X|=p,$

logether, $whenp>2,withthee$lements $\tau_{\varphi}^{G_{f}}where$

4.3. Presentation of $\mathcal{E}_{k}$ for $p=2$

$\ovalbox{\tt\small REJECT}^{tation_{degree2}}Thenthegradeda$

lgebra $\mathcal{E}_{k}=Ext_{M_{k}^{c}(G)}^{*}(S_{1}^{G},)$ admits t$hef$ollowing p

$resen-\bullet\tau_{2.IfxandyaredistinctelementsofG-\{0\},then}\bullet Theg$

enerators $\gamma_{x}arei$ndexed b$ythee$lements x

$ofG-\{0\}.Theyhaveher$
elations a$rethefo. \cdot llowing1.IfH<Gwith|GH|=2,then\sum_{x\not\in H}^{S_{1}^{G}}\gamma_{x}=0[\gamma_{x}+\gamma_{y},\gamma_{x+y}]=0^{\cdot}.$
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4.5. Presentation of $\mathcal{E}_{k}$ , for $p>2$

$\ovalbox{\tt\small REJECT}^{and.G\cong(C_{p})^{m}}fol\iota_{1_{|X|=p,and.theelements\tau_{\varphi}indegree1,for\varphi\in.Hom(G,\mathbb{F}_{p}^{+})}}0.w_{Thegeneratorsaretheelements\gamma_{X}indegree2,fx\leq Gsuch,.that}ingpresen\iota^{Then.\cdot thegradedalg.ebra\mathcal{E}_{k}=Ext_{M_{k}^{c}(G)}^{*}(S_{1}^{G},S_{1}^{G})admitsthe}ationx\not\leq Ker\varphi 4.6.The_{Hom(\mathbb{F}_{p}^{+})}$

orem [

$B.St.$

ancu [$4]]:Letkbeafieldofc$haracteristic p

$>22Therel,isarethefollowing(d)[ \gamma x_{1^{Y\leq Q}}\sum_{Y|=}^{=}\gamma_{Y}].=0,foranyQ\leq Gwith|Q|=p^{2}andany.X\leq Q(a)\tau=(c)_{|X|=p}^{\bullet Ifp3,then\tau_{\varphi}^{2}=-\sum_{X\not\leq Ker\varphi}^{or}}(b)\bullet Ifp\geq 5,then\tau_{\varphi}^{2}=0and[\tau_{\varphi},\sum^{\varphi+\psi}\gamma_{X}]=0,forany\varphi$

inwith$|X|^{p}=p[\gamma_{X},\tau_{\varphi}]=0,forany\varphi\in Hom(G,\mathbb{F}_{p}^{+}),foranyX\leq Ker\varphi with\tau_{\varphi}+\tau\psi,forany\varphi.,\psi inHom(G,\mathbb{F}_{p}^{+})G,\gamma_{X},forany\varphi\in Hom(G,\mathbb{F}_{p}^{+})$

’

$\ovalbox{\tt\small REJECT}_{whenpisodd}whenpdo\frac{Cor_{P(t)=\frac{TPnis.eualto1}{(1-t^{2})(1-3t^{2})(1-7t^{2})\cdot\cdot(.1-(2^{m-1}-1)t^{2})}}11areso=2,ant_{1}}{(1-t)(.1-t-(p-1)t^{2})(1-t-(p^{2}-1)t^{2})(1-t-(p^{rn-1}-1)t^{2})}$

$\ovalbox{\tt\small REJECT}^{4.8.Coro11ary:Letkbe}$

groups between a$nytwos$impleanelementary abelian p$-group,$

cohomological M$ackeyf$unctors f
$orGoverkafieldofcharacter\cdot isticp>0WhenGisonecanc$ompute explicitly a$llthee$xtension
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