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1 Introduction

We provide a brief tutorial how to apply the Laplace-Carson transform (LCT) to option pricing.
The LCT is a variant of the Laplace transform (LT), and it is named after John Renshaw Carson
(1886-1940), a telecommunication engineer at AT&T Bell Labs. The LCT has been applied
particularly in the fields of physics and railway engineering. Integral transforms such as Fourier,
Fourier-Bessel, Mellin, Hilbert and Laplace are powerful tools for analyzing dynamical systems
formulated by ordinary/partial differential equations. Option pricing problem formulated by a
partial differential equation (PDE) is a natural application of the integral transforms.

Among those integral transforms, we primarily focus on the LCT and its applications to
pricing various American options in this tutorial, because the LCT is equivalent to the price
of an American option with random maturity; see Carr [7]. Carr’s procedure is referred to as
the randomization approach, which is a special case in the general framework of randomization
of Feller [14, Chapter II]. From the view point of a tutorial, we particularly emphasize the
importance of an elementary European vanilla option in pricing more complex options.

This tutorial is organized as follows: In Section 2, we define the LCT formally and summarize
its basic properties. In Section 3, we introduce a basic stochastic framework of the underlying
asset process. In Section 4, the main section of this tutorial, we describe the LCT approach,
starting from European vanilla options and going to American vanilla options, exchange options,
Russian options, and continuous-installment options. Further extensions to barrier options
(Avram et al. [5], Petrella and Kou [38]), lookback options (Kimura [26]), Asian options (Geman
and Yor [17]) and other derivatives (Hayashi et al. [19]) are possible, but they are omitted due
to the page restriction. Finally, in Section 5, we give issues on deck for the LCT approach to
option pricing.

2 Laplace-Carson transform

Let f(x) be a continuous real-valued function for z € R, = [0, 00), and assume that |f(z)| <
AeP® (x > 0) for constants A and B. Then, for A € C (Re()\) > B), define the LT of f as

LI @) = / e f(z)de. 1)

0
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For f(z) specified above, define its LCT as

LC[F@))(N) = AL (@) (V) = /0 e f(z)da. (2)

Denote LC[f(x)](A\) = f*(\) for simplicity. For a random variable X ~ Ezp()), the LCT
can be interpreted as f*(A) = E[f(X)]. For a constant A, the LCT is an identity map, i.e.,

LCIAJ(A) = A, whereas L[A](A\) = A/X. This invariant property of the LCT is important to
» generate much simpler formulas for option prices than the LT.

From the definition (2), we can derive some useful identities of the LCT, in the same manner
as for the LT case; check the differences between the LT and LCT.

Proposition 2.1 (Useful Identities)

1 2¢ [ 1(2)| () = M) - 7(0+)
2. LC Ff(")(:n)]( = N () — Z,\" k k) n>1

5. LC / fy)dy] %f*w

4. LC J / f*

5. LC [ Fl@ = a)lgsay(@)] (N) =" f*(\), a>0

6. £C[e" ()] () = T2 (A~ )
7. LC [f (g)] () = f*@)), a>0

s ce| [ e -na] 0 = 1r0EN

Proposition 2.2 (Bromwich Integral)

f(z) = LCF OV)(2) = —— / e e*w,f—*ii)dx s [L§A—)] (), >0, (3)

2mi —ioo

where a is a real number such that the contour path of integration is in the region of convergence

of f*(A).

Proposition 2.3 (Abelian Theorem)
lim f(z) = lim f*(%), )
Jim £(z) = lim () )
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3 Basic Framework

For an economy with finite time period [0, T, consider an underlying asset with price process
(St)t>0. For given Sp, assume that (S;);>0 is a risk-neutralized diffusion process with the Black-
Scholes-Merton dynamics

% = (r — 8)dt + ocdW;, t€ (0,7, ©)
t

where r > 0 is the risk-free rate of interest, § > 0 is the continuous dividend rate, and o > 0 is the
volatility coefficient of (S;);>0. Assume that all of these coefficients (7, 4, o) are constant. (W;)¢>0
denotes a one-dimensional standard Brownian motion process defined on a filtered probability
space (£, (Ft)t>0,F,P), where (F;)i>o is the natural filtration corresponding to (Wi):>o, the
probability measure P is chosen so that each of assets has mean rate of return r, and the
conditional expectation E;[-] = E[- |F] is calculated under the risk-neutral probability measure
P.

4 Vanilla Options [24]

4.1 European options

Consider a European call option written on (S;);>0. Let
c(t, St) = c(t, Si; K, 1, 8)

denote the value of the European call option at time ¢t € [0,7], which has strike price K and
maturity date 7. Then, it has been well known that

c(t, St) = Bele™T~9(Sr — K)*]
= S ®(d; (S, K, 7)) — Ke " ®(d_(S}, K, 7)),
where 7 =T — t, ®(-) is the standard normal cdf, and

de(z,y,7) = log(z/y) +CE:-/; 5+ %02)7_.

Let D = [0,T] x Ry and S = S; for abbreviation. Then, the call value c(t, S) satisfies the
Black-Scholes-Merton PDE

Oc | 9.0 0% dc _
5 T30 g + (T 8)Sc —re=0, (t.5)€D, (7)
with the boundary conditions
lim ¢(t,S) =0 and lim o < o0 (8)
s—0 70T S—00 08 ’

and the terminal condition
e(T,S) =(S—-K)*.
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For the remaining time to maturity 7 = T — ¢, define the time-reversed value
c(r,S) =¢(T - 1,8) =c(t,5),
and its LCT with respect to 7 as
(N, S) = LCE(r, S)(A) = /0 ~ AeNE(r, S)dr.

Then, the LCT c*(A, S) satisfies the ordinary differential equation (ODE)

dc*

o262 A =0, 9
Sd52+( J)Sds A+7r)c*+ A(S - K) 9)
together with the boundary conditions
dc*
hm c*(A,8) =0 and hm — < oo. (10)
S—o0 dS

Solving the ODE (9) with (10) and simplifying the terms, we have

Theorem 4.1 The LCT c*()\, S) for the European vanilla call option value is given by

&1(8), S< K
c*(\,8) = { AS AK

>
€(8) + xts axr Sz

where fori=1,2

2 A\K s\%
i S = — T )
5( ) o2 91(31—1)(91—92) (K)
and 0; = 0;(X;1,8,02) (61 > 1 and 6, < 0) are two real Toots of the quadratic equation
102>+ (r—6 - 2620 — (A +7) =0.
Proof. See Kimura [24, Theorem 3.2]. The expression for &(S) given here is actually simpler
than [24], using the relations A +r = —%—020192 and r — § = —%02 (61 + 62 —1). O

Let p(t,S) denote the European put option value associated with c(t,S), and denote its

time-reversed value by p(7,S). Then, we obtain

Theorem 4.2 The LCT p*(A,S) = LC[p(7,S)|(A\) for the European vanilla put option value is
given by

AK AS
s -2
s = ST TS

S< K

Corollary 4.3 Between c*(\,S) and p*(\,S), there exists a relation such that

AS MK
A+d6 AN+r

for S >0, which is the LCT version of the put-call parity relation

'\ 8) —p*(A, S) = (11)

c(t,S) — p(t,S) = Se 9Tt — ge=n(T-1), (12)
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4.2 American options

Consider the associated American call option written on (S;);>0. Let
Ol 5) = C(t, 5t Ky, 9)

denote the value of the American call option at time ¢ € [0,7]. Then, the value C(¢, S;) is given
by solving an optimal stopping problem

C(t,S;) = esssupE; [e“"(Te“t)(STE - K)+] ,
Te€[t, T

where 7, is a stopping time of the filtration (F;);>0 and the random variable 77 € [t, T is called
an optimal stopping time if it gives the supremum value of C(t, S;).

Solving the optimal stopping problem is equivalent to finding the points (¢, S¢) for which early
exercise is optimal. Let £ and C denote the ezercise region and continuation region, respectively.
The exercise region £ is defined by

€= {(t,S) € D|C(t,5) = (S — K)*}.

Of course, the continuation region C is the complement of £ in D. The boundary that separates
& from C is referred to as the early ezercise boundary (EEB), which is defined by

Bc(t) =sup{S; e Ry |C(¢,8) = (S; — K)*}, te€0,T]
Mckean [35] showed that C(t,S) and Bc(t) can be jointly obtained by solving a free boundary
problem, which is specified by the Black-Scholes-Merton PDE

aC 1 ,_,0°C oC _
S 30 s + (=085 —rC =0, (49)€C, (13)

lim C(t,8)=B.(t)-K
&ﬁm( ) (t)

(14)
. oC
s_l.lgi(t) a5 = b
and the terminal condition
C(T,S)=(S-K)*. (15)

Using (13) through (15), we can derive an ODE for the LCT C*(A,S) = £C[C(r, S)]()), from

which we obtain

Theorem 4.4 The LCT C*(),S) for the American vanilla call option value is given by

S-K, S > B

C*(\, S) =
(A 8) { (A, S) +7mE(N,S), S < B,



where

1( 6 s\* .
w8 = o s e} () ) s<B

c

and B = B*(\) = LC[B.(1)](A) (> K) is a unique positive solution of the functional equation

Bz\™ B¢ —

Corollary 4.5 For S < B
oF 1( 6 S\ %
A* = C _ B* —
. ﬁc[as]m S{Hd — 0ati( >}(B:) >0,

. _ o0 b—1f & s\*
F“CZEC[W](A) T{Hé 9252(3)}(B*> 70

C

o7, DN G . 5\
or = [“JQ) _E{TI#% @@@3%(30 <o.

[

For the put case, we also have

Theorem 4.6 The LCT P*(\,S) for the American vanilla put option value is given by

K-8, S < B
P*()\,S) =
*.5) p*(AS) + (A, S), S> B,

where
NYEAS ‘
p()\S {/\+5 p+91§1(B )} (—§§> s S>Bp,
and By = By(A) = £C[l§ (M)A (£ K) is a unique positive solution of the functional equation
*x\ 01 *
A (%) + (501 fp + 7‘(1 - 61) =0. (17)
Corollary 4.7 For S > B
. _ o[0T O 1f & . S\
Aw,,=ﬁc[g] (A) = S{A 5 By + 6:161(B, )}(Eg) <0,

e _ o [0F] 0 1= & S\
FﬂP:EC[aSQ](/\)—T{/\ s p+01§1(B )}(_BE) >0’

* 37~I'p _ )‘ 5 * * S o2
Qﬂ‘p =-LC [—B-T—J (/\) = é;{me + elfl(Bp)} (B_;> < 0.

McDonald [34] proved that a symmetric relation holds between the call and put values, i.e.,

C(t7 St;Ka Ty 5) = P(taKa Stv(sa T‘). (18)

Also, between the EEBs B.(t) = B.(t;r,d) and By(t) = B,(t;r,§), Carr and Chesney [6] proved
a symmetric relation
K2

Beltin,d) = g5y

€ 0,7 (19)
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For the LCTs of the option values and EEBs, there exist symmetric relations similar to (18) and
(19); see Kimura [29, Theorem 1] for the proof.

Theorem 4.8

1. Between the LCTs C*(A\,S) = C*(A\,S;K,r,6) and P*(\,S) = P*(\,S;K,r,0), there
exists a symmetric relation such that

C*(\, S;K,r,8) = P*(\,K; S,6,r). (20)

2. Between the LCTs B;(\) = By (A;r,6) and By(A\) = By(\;7,0), there exists a symmetric
relation such that
Bi (A1, 8) By (A 6,7) = K2 (21)

With the aid of Abelian theorem in Proposition 2.3, we can derive some asymptotic results
for the LCTs as follows:

Proposition 4.1 For the EEBs of the American call and put options, we have
B.(T) = max (g 1) K and B,(T) = min (g 1) K.
Proposition 4.2

1. For the time-reversed EEBs,

L~ ___7‘05’—1 67
TILI{.IOBC(T) =B, = 5 % K = -1 K, (22)
.= _ g _TO-1__ 63
dim By() =B, = 3 5 K= o1 K, (23)
where 07 = limy_,g 0;()).
2. For the time-reversed values,
~ B. [ S \% -
lim C(T, S) = 75 (:) ) S < BCa (24)
T—00 1 \ B¢
- B S\ %
; - =P =
g, P 8) =~ (Q,,) oTE )

5 Exchange Options [30]

An exchange option is a simple contingent claim written on two assets, which gives its holder
the right to exchange one asset for another. European prototypes of the exchange option were
independently introduced by Fischer [15] and Margrabe [31], which are special cases of a general
European exchange option (EEO) studied by McDonald and Siegel [32]. For the perpetual
American exchange option (AEO), McDonald and Siegel [33] obtained explicit formulas for the
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Figure 1: Early exercise boundaries B,(t) (t € [0,T]) for American put options (T'= 1, K = 100,
r = 0.05, § = 0.02,0.05,0.08, o = 0.2)

option value and the early exercise boundary. There has been, however, insufficient research on
the finite-lived AEO, compared with the standard American option written on a single asset.
For an economy with finite time period [0, T], consider a pair of assets with price processes
(S})t>0 and (S?)¢>0. For S§ (i = 1,2) given, assume that (S})¢>o is a risk-neutralized diffusion
process described by the SDE
ds; ; ,
5 = (r — &)dt + o, dW}, te (0,71, (26)
where 6; > 0 is the continuous dividend rate of asset i, and o; > 0 is the volatility coefficient
of (S’f)tzo. Assume that all of these coefficients (r, d;,0;) are constant. In the SDE for (Sti)tzo,
(W{)t>0 (i = 1,2) denote one-dimensional standard Brownian motion processes with constant
correlation p (|p| < 1), defined on a filtered probability space (2, (Ft)t>0, F,P), where (F)e>0
is the natural filtration corresponding to (W}, W{)t>0, and the probability measure P is chosen

so that each of assets has mean rate of return r.

For these two assets, consider an option to exchange one asset for another with payoff
SQ
(82 - SH* = S}(S; —1)*, where S;= S—Zl

upon exercise. With numeraire S}e’?, define the equivalent measure Q on Fr by

o _ exp {~103T + o1 W7 }. (27)
dP |,
By Itd’s lemma, (S¢)i>0 under Q has the dynamics

ds,
§£ = (6, — &y — poioy + 02)dt + 09dW?2 — g1dW}.
t

By the Girsanov theorem, (W{)i>o (i = 1,2) defined by

thl = dW} - o1dt, thz = dW? - podt
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are Brownian motion processes under Q, and hence (W;)s>o defined by

dW; = % (agde — althl)

is also a Brownian motion under Q, where ¢ = \/0% — 2p0109 + 0. Hence, under the measure

Q, we obtain the SDE
s,

St
which means that (S¢)¢>0 is a geometric Brownian motion with drift §; — d2 and volatility o.
From the relation (S? — S})™ = S}(S; — 1), the exchange option is equivalent to S' vanilla call
options with unit strike, written on a single underlying asset with continuous dividend rate &,

= (61 — 62)dt =+ O'th, (28)

and volatility o, in a financial market with interest rate 4;.

5.1 European option

Let
elt, S}, S7) =B [T (S} — 51)*]

denote the value of the EEO at time ¢t € [0, T} with maturity date T. Then, by the change of
numeraire, we have the McDonald and Siegel formula [32]:

e(t, S}, S52) = SIE® [e—élf(sT - 1)+] = Sle(t, Si; 1, 81, 62)
= SH{Sie 7@ (d5 (81, 1,7)) — e D (2 (S, 1,7)) }
= S2e™%T®(d (82, 57, 7)) — Se~T®(d° (SZ, L, 7)), (29)

where 7 =T — ¢, and
log(xz/y) + (81 — 62 £ lc72)'r
e _ 2
d:t(xa Y, T) - O'\/; .

5.2 American option

Let E(t,S},S?) denote the value of the AEO at time t € [0, 7] with maturity date T. In the
absence of arbitrage opportunities, the value E(t, S}, S2) is a solution of the optimal stopping

problem

E(t,S},S?) = esssupE; [e_’(Te_t)(Sfe - S;E)“*} .
Te€(t,T)

Under the measure @, we have
B(t, S}, 5}) = S} esssupEQ [e=01(e=0 (s, — *] = steg, sy,
Te€[t,T]
where C(t,S;) = C(t, St; 1, 81, d2) is the value of an American vanilla call option with unit strike,
written on an underlying asset with dividend rate d2 and volatility o, in a market with interest
rate d;.
The value C(t, S¢) can be represented as the sum of the European vanilla call value and the

early exercise premium, i.e.,

C(ta St) = C(ta St; 1’ 61) 62) + W(tv St)a (30)
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where c(t,St) = c(t, S¢; 1,61, 62),
T
7(t,S;) = / {5gste—52<u-t>q>(d1(st, By, u —t)) — 816”70 (d (S, By, u — 1)) } du, (31)
t

and (Bi)sejo,) is the EEB of the American vanilla call, which is given by solving the integral

equation
Bt —-1= C(t, Bt) + 7T(t, Bt) (32)
Proposition 5.1
S -1, S > B*
C*(\,S) =
c*(\,8) +7*(\, S), S < B,

where

1 [ 6,B* S\*
* - _ * >~ B*
™ ()\, S) 01 {)\—}—(52 Hggg(B )} (B*) 5 S < ,

B* = B*(\) = LC[B,J(A) (> 1) is a unique positive solution of the functional equation
AB*% 4 520, B* + 6, (1 — 65) = 0,
and 92' = 91'(/\;51, (52,0’2) (’L = 1, 2)

Theorem 5.1 The LCT E*(X, S, S2) = LC[E(r, S, S%)|(\) for the American exchange option

value is given by

(stost 52> 15"
52 S2 AS? ST
1 5 sy 9 _ 1« g2 o glps
B\ 8%, 8% ={ © {52(51)+7f (A’Sl)}ﬂwz Ara 0 ST EE g

52 52
\ st {§1<§T) +7r*(>\, §T>} S§? < St

Proposition 5.2

Br = max (ﬁ, 1) . (34)
02
Proposition 5.3
1. For the time-reversed EEB,
~ = 66 -1 1
=B = — 35
A B =b=5 T T e (35)

2. For the time-reversed value,

T—0Q0

~ B 2\ o1 .
lim B(r,S', S2) = a'io (_5:> . $2<S'B. (36)
1
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6 Russian Options [22]

Russian options are path-dependent contingent claims that give the holder the right to receive
the realized supremum value of the underlying asset prior to his exercise time. The holder can
exercise the option at any time, i.e., the option is of American-style. There exists an optimal
threshold level of the asset price below which it is advantageous to exercise the option, provided
that the asset pays dividends. Russian options are not genuine option contracts, because they
pay the holder the supremum asset price, always finishing in-the-money. This means that high
premiums are charged for Russian options in compensation for reduced regret.

For the underlying process (S;):>0 with Sp = s and a constant m > s, define the supremum
process as

My=mV sup S,, t>0.
0<u<t

Given a finite time horizon T' > 0, the arbitrage-free value of the Russian option at time ¢ € [0, T']
is given by

R(t,s,m) = esssupE; [e_r(re_t) M. ],
Te€[t,T)

where the conditional expectation E;m[-] = E[-| Sy = s,My = m] is calculated under the
risk-neutral probability measure P.

Let D = {(t,s,m) € [0,T] x Ry x [s,+00)} be the whole domain, and C continuation re-
gion. In terms of the value function R(t,s,m), the continuation region C is defined by C =
{(t,s,m)| R(t,s,m) > m}. Since R is nondecreasing in s, (t,s,m) € C implies (x,m,t) € C for
all z € [s,m]. Hence, there exists an EEB B = B(t,m) (< m) such that

B(t,m) = inf {s € [0,m] | (¢,s,m) € C}.
In terms of the EEB B(t,m), the continuation region C can be represented as
C={(t,s,m)|B(t,m) < s <m}.

The value R(t,s, m) satisfies the Black-Scholes-Merton PDE

2
%—?-&- %0232%4-(7“—6)5%— -rR=0, (t,s,m)€C, (37)

together with the boundary conditions

lim R(t,s,m)=m
s—B(t,m)
im QIE =0
s—B(t,m) ds (38)
im 98 _ g,
m—s Om

and the terminal condition
R(T,s,m) =m. (39)



Theorem 6.1 The LCT R*(\,s,m) for the finite-lived Russian option value is given by

T m s \61 s \ 02 Am
n* - Tor B> <
R*(\,s,m)=¢ A+rb—6; {OQ(B*) 91(3*) }+)\+r, <s<m

m, 0<s < B*,

where the LCT B* = B*(A,m) = LC[B(r,m)|(\) (< m) is a unique positive solution of the

functional equation
61(1~62) (B*\"7" A 610, §j)01 .
92(1—91) m T92(1~91) m o
Corollary 6.2 The LCTs of the time-reversed Greeks

OR

or

5a2 (M)

(A) and Or=-LC

. _ | OR .
Achc[as} (\), Th=cLC

for s € (B*,m] are, respectively, given by
r 616, m s \0 s \02
A% = —S =] -(= 0,
R )\+r02—91s{(B*) (B*) }>
« T 0100 m s\ s \ 02
FR*A+T92—9132 {(91 1)(B*) (62 -1) (B*) }>O’

oy {0 ()" -0 (3)") <o

Proposition 6.1 For the EEB of the finite-lived Russian option, we have

B(T,m) =m.

Proposition 6.2

1. For the time-reversed EEB,

lim B(r,m)=B=m
T—00

(95(1 - 9;)) 91192
o7 (1 - 63) '

2. For the time-reversed value,

91 92
m s $
~ b =) -0 (= , B<s<
lim R(r,s,m)= 92—91{2<§> 1<§)} ster

T—00

Theorem 6.3 For r,6 > 0, denote B = B(r,8). Then, B(r,68) is a symmetric function of r

and 8, i.e.,
E(Tv 6) = 5(57 T)'
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Figure 2: Normalized early exercise boundaries B(t,m)/m (t € [0,T]) for Russian options
(T = 10, r = 0.04, 6 = 0.02,0.04,0.06, o = 0.2)

7 Continuous-Installment Options

Installment options are contingent claims in which a small amount of up-front premium instead
of a lump sum is paid at the time of purchase, and then a sequence of installments are paid up to
a fixed maturity to keep the contract alive. The holder has the right of stopping payments at any
time, thereby terminating the option contract. If the option is not worth the Net Present Value
(NPV) of the remaining payments, he does not have to continue to pay further installments.
Hence, an optimal stopping problem arises for the installment option even in European style.
The option can be exercised only if all installments are paid until maturity. For brevity, we only
deal with the call case.

7.1 European options [9, 10, 25, 36|

Consider a European continuous-installment option written on (S;):>0. Assume that the option
holder pays his installments continuously with rate g (> 0), i.e., the holder pays an amount of
gdt in time dt. Let

c(t, St; q) = c(t, St; g, K, 7, 6)

denote the value of the European continuous-installment call option at time ¢t € [0, T, which has
strike price K and maturity date T. Then, the value c(¢t, St; ¢) is given by solving an optimal
stopping problem

c(t, St;q) = esssupE, 1{T€>T}e'T(T't)(ST - K)t - g (1 - e_T(T"‘T_t))] . (40)
Te €[t T - T

Solving the optimal stopping problem is equivalent to finding the points (t,S;) for which the
termination of the contract is optimal. Let D = [0,7] x R4, and S and C denote the stopping
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Figure 3: Stopping boundaries A; (¢ € [0,T]) for European continuous-installment call options
(T =1, K =100, ¢ = 10, 7 = 0.05, § = 0,0.04,0.08, o = 0.2)

region and continuation region, respectively. The stopping region S is defined by
S = {(t,S:) € D|c(t,Si;9) =0}.

The continuation region C is the complement of S in D. The EEB that separates S from C is
referred to as a stopping boundary, which is defined by

At = inf {St € Ry *C(t, St;q) > 0}, te [O,T]

Since c(t, S¢; q) is nondecreasing in Si, the stopping boundary is a lower critical asset price
below which it is advantageous to terminate the option contract by stopping the payments, and
it vanishes when g < 0.
The call value c(t,S; q) satisfies the inhomogeneous PDE
2
-+ %0252% +(r— 5)5%
together with the boundary conditions

—-rec=gq, (t,5)€C,

S—A4; 08 -

lim ?—C— < 00
S—oo0 OS ’

and the terminal condition
o(T,S;9) = (S - K)*.

Theorem 7.1 The value function of the FEuropean continuous-installment call option has the

integral representation

T
C(ta St; Q) = C(t’ St) - Q/ e»T(uvt)q)(d—-(Sta Aua L2 t))dU,
t
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where c(t, St) is the value of the associated European vanilla call option.
Griebsch et al. [18] proved that the total premium has the decomposition
C(t7 Sta Q) + Kt = C(t, St) + Pc(t) St7 q)>

where
Kt = g— (1 - e_T(T_t))

r
is the NPV of the future payment stream at time ¢, and

P.(t,5,10) = esssupE, [0 (K., — {7y, S7,)) ]
Ts€[t,T)

T
—q / e TG (~d_ (S, Ay, u — t))du
t
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represents the value of an American compound put option maturing in time T written on the

vanilla call option.

Theorem 7.2 The LCT c*(\,S;q) = LC[E(r,S;q)] for the European continuous-installment

call option is given by

(A S) - 2 11— b1 (i)ez S > A*
(A, S;q) = ’ At 6 — 6 \ A* ’

0, S < A%,

where A* = A*(\) = LC[A,] (< K) is given by

ey [ 20+8)g 1%
AW—[W] K.

Corollary 7.3 The LCT P*(\,S;q) = ﬁc(T,S;q) for the American compound put option is

given by

NN B S A
FeXSi9) =360, (A*) ‘

Corollary 7.4 For § > A*,

* aF’)c _ q 0192 1 S 02
Ak. =£c[as N =376, 65 (A*) <0,
8P, q 60165(0:—-1) 1 [ S\*
* = — frweed — —
I =L 5w |V =337"%,-6 & A*) 0
. _ 8P.] . A 6 [ S\"
Ok, = EC[BT )= A+761 — 09 (E) <0
Theorem 7.5 For the stopping boundary,
00, 6>0
Ar =K and 7}1_1[1;0 Ay = %
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Figure 4: Three regions for American continuous-installment call option (T' = 1, K = 100,
q=5,r=0.056=0.04, 0c=0.2)

7.2 American options [8, 11, 23]

Let
C(t,Si;q9) = C(t, Si; 9, K, 1,0)

denote the value of the American continuous-installment call option at time ¢ € [0, T], which has
strike price K and maturity date 7. Then, the value C(¢, St; ) is given by solving an optimal
stopping problem

C(t,St;q) = esssup Ey |:1{Te/\7‘32T}e—T(T—t)(ST - K)*

Te,Ts

TrTe d —T(TeATsAL —
+ Yro<r,<m)® (re=t)(S. — K)* — 4 (1 _ o T(TeATSAT t))}

for t € [0,T], where 7. and 7, are stopping times of the filtration (F;):>0. Solving the optimal
stopping problem is equivalent to finding the points (¢, S¢) for which termination of the contract
or early exercise is optimal.

Let S, £ and C denote the stopping region, exercise region and continuation region, respec-

tively. In terms of the value C(t, S¢; q), these regions can be defined by

S= {(t’St) € ch(t’st;Q) = 0}’
&= {(taSt) € D‘C(t,St,Q) = (St - K)+} 3
C=D\SUE,

among which there are two boundaries: the stopping boundary (A¢);ejo,r}, Which is a lower
critical asset price, and the early exercise boundary (Bt)se[o,r}, Which is an upper critical asset
price, due to the monotonicity of C(t, S;q) in S;.

The call value C(¢, S;q) satisfies the inhomogeneous PDE

ocC o*C oC
E 8—‘5,2'+(T—6)S__TC—Q1 (t,S)EC,

+ %0252 35
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together with the boundary conditions
Sl_lglth(t,S,q) 0, Sh_f?gtC(t, S;q) =S

. aC . ac
%5~ 3,95 1

and the terminal condition
C(T,S;q) = (S - K)*.

Theorem 7.6 The value function of the American continuous-installment call option has the

wntegral representation
C(t, St q) = c(t, St)
T
+ / {6Ste‘5(“'t)<1)(d+(st, Bu,u—1)) = (rK — q)e " D& (d_(St, Bu,u — t)) } du
t

—q /tT e "B (d_(S;, Ay, u —t))du. (41)
Theorem 7.7 The terminal values of the stopping and early exercise boundaries at expiry are
given by

Ar =K, (42)
Br = max (TKd_q, K). (43)

Theorem 7.8 The LCT C*(\,S;q) for the American continuous-installment call option value

s given by

0, S € [0, A*]
C'(ASi0) = { C8)+mSiq) - 1, S (4B
S - K, S € [B*,00),
where 7X(A, S; q) is defined by

ey v G 016 1 /8\" 18\
Wc()\’S,Q) - )\+7"61 _92 {92 (A*> 91 A* gl(S),

A* and B* are given by solving a pair of nonlinear equations

qg 0162 1 /B\* 1 /B"\* _ « « 6 . TK-—gq
A+rel—9g{E(F) 6, \ A* =&Y = LlB) + 3BT S

q 9102 B* 02_ B* o1 _ * % 5 *
)\+1‘91—92{(F) e = 6,1£1(B") 9252(B)+/\+6B-

Corollary 7.9 The LCTs of the time-reversed Greeks

or. %7, o7

35](/\), F:cscc{asz](x) and e;cz—cc[aT](,\)

(44)

Ar = EC[



for S € (A*, B*) are, respectively, given by

62 01
- sttt o (8) 00 (3) oo

q 9192 1 S b2 1 S o1 _{ (S)
A+760~6; | 6 \ A* 6 \ A* n
Theorem 7.10 Let Coo(S;q) denote the perpetual continuous-installment call option value.
Then, for S € (Ao, Bo),

Or = -\

1

__(Aoo)eg Sg? + E(Aoo)eg 893
2

L _49
Coo(S59) = (Ao0) (Boo) 51 — (Aw)B (Boo) 1 7

_oq 0963 [ 1/ S\T 1/ S\%] g
Coree—603 ] 6\ A 05 \ Ao r’

A and Bo, are the optimal threshold levels given by

g 6763 ( 65-1 9°~1>
A = - 2 — 1 R
©Treg—eg\T 7

q 6763 9 9o
Boo = 7Aoo = 22102 (483 _ 08}

in terms of v > 1, which is the unique solution of the equation
o (o ¢ o/ pno S o o r
65(65 — 1)y — 65(65 — 1)7% = (65 — 65) (1 - T) :

8 Issues on Deck

8.1 Numerical inversion methods

By virtue of the Bromwich integral in Proposition 2.2, we see that numerical inversion methods
developed for inverting LTs also can be used for LCTs, i.e., for a LCT f*(A) = LC[f(z)](N)
(A€ C, Re(N) >0),
@) = £e @ = e [ER) @, o> o0

There have been so many numerical inversion methods developed for LT with an explicit form;
see Table 1. For option pricing problems, however, the values in target are often given in implicit
forms such as functions of the LCT of its EEB, which is a solution of a functional equation. Some
numerical methods are required to obtain the value of f*(A) for an arbitrary A € C. Under the
existing circumstances, the Gaver-Stehfest method is only one choice, because it depends only
on the value of f*(X) for A € R. In fact, Figures 1-4 in this tutorial are drawn by using the
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Table 1: Classification of numerical LT-inversion methods

Methods References

Post-Widder method | Post [39], Widder [45], Jagerman [20, 21], Donolato [13]

Laguerre method Weeks [44], Abate et al. [1, 2]

Gaver-Stehfest method | Gaver [16], Stehfest [42], Valké and Abate [43]

Euler method Abate and Whitt [3, 4], den Iseger [12], O’Cinneide [37],
Sakurai [41]

Gaver-Stehfest method. Unfortunately, numerical experiments shows that the Gaver-Stehfest
method is sometimes less stable than other methods. It is necessary to extend/modify the
previous numerical LT-inversion methods, so that they can handle implicit LCTs.

8.2 Future works
> Developing closed-form approximations for the EEB

From the view point of option holders, the EEB is more important than the option price. The
EEB contains complete information on making a decision on the timing of exercise. If a simple
and closed-form approximation for the EEB is available, it would be a powerful tool for the
option holders. The LCT asymptotics may have potential to this issue (Kimura [27, 29]). Much
work should be directed toward such approximations; see Kimura [28] for a survey.

> Generalizing the underlying asset process

No doubt, the geometric Brownian motion (GBM) defined in (6) is a standard process for
underlying assets in option pricing. It has been, however, known that GBM is often inconsistent
with actual data in capital markets. Better alternatives to GBM in such cases would be a CEV
process or a Lévy process. For these processes, there are a few studies on the LCT approach;
see Avram et al. [5], Pun and Wong [40], and Wong and Zhao [46]. We also need much work on

such generalizations.
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