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Effect of higher order derivatives of initial data on
the blow-up set for a semilinear heat equation
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1 Introduction

This paper deals with the blow-up problem for a semilinear heat equation

Oyu = Au + uP, €N, t>0,
u(z,t) =0, r €, t>0, (1.1)
u(z,0) = uo(z) 20, z€Q,

where p > 1, N > 1, Q is a domain in R" and ug € C(Q) N L®(9) is a nonnegative initial
function. We denote by T'(ug) the maximal existence time of the unique classical solution
for problem (1.1). If T'(up) < oo, the solution satisfies

lim sup [u(t)|| Lo (@) = +o0.
t,/T (uo)

Then we say that the solution blows up. in finite time and call T'(up) the blow-up time of

the solution for problem (1.1). Furthermore, for the solution of (1.1) with T'(ug) < oo, we
define the blow-up set B(ug) by

B(up) := {:c € O : there exists a sequence {(zn,t,)} C Q x (0, T(ug))
such that nlln;o(xn,tn) = (z,T(up)) and nlLII;o U(Tn,tn) = oo}.

The purpose of this paper is to characterize the location of the set B(ug) for “large” initial
data up. We explain the meaning of “large” initial data later.

We first focus on the case where ug(z) = Ap(z). Here A > 0 is a sufficiently large
parameter and ¢ € C§°(f2) is a nonnegative function on Q. For problem (1.1) with this
type initial data, it is well known that, for sufficiently large A > 0, the blow-up set B(up)
is approximated by the one for corresponding ordinary differential equation

ou=vP, ze€Q, t>0, u(z,0) = Ap(z), z €. (1.2)

In fact, the author of this paper and Ishige in [4] proved the following result: Assume that
the solution of (1.1) satisfies

sup  sup  (T(hp) — )@ ju(t)]| pooger) < 00 (1.3)
A> A0 0<t<T (Ap)



for some Ag > 0, then, for any § > 0, there exists a constant As > 0 such that

B(M\p) C {z€Q: o(@) > ||¢llLe) — 9}

for any A > As. Since § > 0 is arbitrary, this results implies that the solution blows up only
near the maximum points of ¢ if A is sufficiently large. Furthermore, the set of maximum
points of ¢ corresponds the blow-up set for ODE (1.2), so the blow-up set for (1.1) is
approximated by the one for ODE if ) is sufficiently large. Here we give one remark. We
define

v(z,t) = A" u(z, AP1t),

Then v satisfies
Bu=A"CDVAv+0® in Qx (0, \PIT(\p)),
v(z,t) =0 : on 00 x (0, \’~IT(\p)),
v(z,0) = ¢(z) in Q.

Therefore, a semilinear heat equation with large initial data is equivalent to a semilinear
heat equation with small diffusion, and the above results hold true for

Ou=eAu+vP, z€Q, t>0, u(r,t)=0, €I, t>0, wu(zr,0)=0p), z€Q,

with sufficiently small € > 0.

It is natural to ask what happens for the case where ¢ has several maximum points.
Concerning this question, it has been proved in [5] that, if a, € © are maximum points
of ¢ and

Ap(a) > Ap(B),

then there exists a constant § > 0 such that B(Ap) N B(8,d) = 0 for sufficiently large A
under the condition (1.3). Therefore we can characterize the location of the blow-up set
by using Ay at maximum points, and the solution does not blow-up near the maximum
point 3. In particular, the solution blows up near the maximum point « if ¢ has only two
maximum points & and 8. One might ask the natural question

How can we characterize the location of the blow-up set B(Ayp) if Ap(a) = Ap(B)?

However, unfortunately, it seems difficult to consider this case for problem (1.1) with the
initial data of the form wug(z) = A¢(z). In this paper, we consider another type of “large”
initial data ug(z) = A + ¢(z) with sufficiently large A > 0, and characterize the location
of the blow-up set for problem (1.1). In particular, we show the relationship between the
blow-up set and higher order derivatives of the initial data.

Before stating our main results, we introduce some notation. For any z € RY and
r > 0, we denote the open ball of radius r and center = by B(z,r). Let BC4(f) be the
set of nonnegative bounded continuos functions on Q. For any ¢ € BCy (R"), we denote
by e*2¢ the unique bounded solution of the heat equation d;u = Awu in RY x (0, 00) with
u(z,0) = ¢(x) in RV, that is, '

9@ =m0 [ o dn, (@) €RY x (0,00).
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Furthermore, we denote by M(¢) the set of maximum points of ¢. We are ready to state
our main results.

Theorem 1.1 Let p > 1, N > 1, Q be a domain in RN and ¢ € C4(Q) N BC,(Q)
satisfy () < ||@llro(@) on 0N and limsup .o ©(z) < [l@llLo(q). For any A > 0, let
T\ and By be the blow-up time and the blow-up set of the solution for problem (1.1) with
up(z) = A+ p(z). Assume that M(p) consists of only two points a and 8 and that

Ap(e) =Ap(B),  A%p(a) > A%p(B).

Furthermore, assume that there exist positive constant C and Ao such that

sup (Th — )P V|ju(t)|| Loy < C (1.4)
0<t<T),

for all A > Xg. Then there exist positive constant § and A\, such that
for all A > ..

Remark 1.1 (i) Assumption (1.4) can be proved under suitable assumptions on p, Q and
¢. In particular, if @ = RN and A > 0 is sufficiently large, then we can prove (1.4) with
the aid of the argument of [1].

(i) Let up(x) = A + @(x) and assume the same situation as in [5]. Let M(p) consist of
only two points « and 3, and assume that

Ap(a) > Bp(B).

Then the solution blows up only near the mazimum points « if A is sufficiently large.
Therefore, the similar result as in [5] also holds for initial data of the type ug(z) = A ().

Unfortunately, we can not prove further results in general. However, under some
restriction on p, we can show the effect of higher order derivatives on the blow-up set for

(1.1).

Theorem 1.2 For any m € N withm > 3, let 1 < p <1+ 1/2(m —2). Let N > 1,
Q be a domain in RN and ¢ € C4() N BC,(Q) satisfy p(z) < lell Loy on 0Q and
im Sup|g|_,00 ¥(Z) < [|@llLoo(qr)- For any A > 0, let T and By be the blow-up time and the
blow-up set of the solution for problem (1.1) with up(xz) = A+ ¢(z). Assume that M(yp)
consists of only two points a and B and that

Afpla) = AFp(B) (k=1,...,m—1),  A™p(a) > A™p(B).
Assume (1.4). Then there exist positive constant § and A, such that
By C B(a, 5)

for all A > ),.



49

Remark 1.2 Under the same assumptions as in Theorem 1.2, we have

m )\;k(p——l)—l
kl(p — 1)k-1

_ )\; (p-1)

Ty (1 + 2,70 Ap(a)| - Afp(a) + O(A‘m(p‘l)"l))

p-1 k=2

for all sufficiently large X > 0, where A, := A + ||| Loo(q)-

2 Outline of the proof of Theorem 1.1

This section is devoted to explain the outline of the proof of Theorem 1.1. In order to
prove Theorem 1.1, we study the profile of the solution just before the blow-up time. In
fact, we study the profile of the solution at

t=8)— A3 D]

where
/\2(p— 1)-1

—(p-1)-1 s — '

(1+A¢ Ap(e)] %p_l)Aqwm)-

One of the most important point in the proof of Theorem 1.1 is to get the profile of the
solution at

—(p-1)
Sy = Ao
p—1

t= 8, — A2

Once we get the profile of the solution at this time, we can easily obtain the profile of the
solution at t = S — )\;3(”_1)_1 by the argument as in [5].

In order to get the profile of the solution just before the blow-up time, we construct
comparison functions. For the construction of subsolutions, let z be the solution of

Oz=Az in Q x (0,00), 2(z,t)=0 in 0N x (0,00), 2(z,0)=A+¢(z) in Q,

and put
-1/(p—1)
Uo(z, t) := (z(z, £~V _ (p— l)t) .
Then we can easily check that the function Up is a subsolution for problem (1.1), and we
can get the profile of the solution from below.
For the construction of supersolutions, we employ the cut-off technique. For a positive
parameter €, which will be chosen later, we put

max {p(a), lelliei = 2,777} it zeq,

oa(z) =
Loy — Mg P if g

Then we have u(z,0) < A+ ¢x(z) in Q and

H VSO/\“LOO(RN) 5 A;(P_l)/2+e/2
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for all sufficiently large A. Consider

oU = AU + UP, eRN, t>0,
{ ‘ * N (2.1)

U(z,0) = A+ px(z), =€ RN,

For the construction of supersolutions for problem (1.1), it is enough to construct super-
solutions for problem (2.1). For any o > 0, we define the function U, by

Unle0) 1= (A + (2o @100~ (o= +0)e) .

Then we see that, if U, satisfies

-2p .

p(Lof, UE0)  Uoletr Ve @) <o
z€RN

then the function U, is a supersolution for problem (2.1) as long as it exists, and we can

get the profile of the solution from above. In order to get precise profile of the solution,

we have to take a parameter o > 0 as small as possible. For this purpose, we consider the

following partition of time interval. Put

Iy :=[0,8) — ,\(;(P—l)—lﬂ],
I = S = APV T2 5y - 0GR (e =2l - 1)),
I = [SA —_ )\;(p—l)—[p—l]——l/2,s/\ _ )\;2(?——1)—1]-

Then we have

2[p-1]
0,8, = A2V =qRu| () LUl
k=1

We construct supersolutions in each interval Iy, I} and I by following the above manner,

and obtain the profile of the solution at t = S — /\;2(‘”_1)_1. As a result, we finally get

the profile of the solution at t = S) — /\;3(17_1)_1.
We conclude the proof of Theorem 1.1. Put

31
U(.’I),T) = /\QD?’ ”_lu(:c,S,\ _ )\‘;3(17—1)—1 + A;3(p_1)—17'),

Then v satisfies

8y = A2 PV Ay 40P, e, >0,
v(z,7) =0, e, >0, (2.2)

_g_ .1
v(z,0) = A 7 Tu(z, Sy — A2V, zeaq.

Furthermore, v(-, 0) satisfies the following properties: there exist positive constants J; and
&2 such that

sup  v(z,0) < [[v(0)|ze=(0) — 2 (2.3)
zeB(B.61)



for all sufficiently large A. Furthermore, by (1.4) we have

lim sup [|v(0)|| Lo () < o0-
A—00 )
These imply that the function v(-,0) can not take its maximum near 5. On the other
hand, the diffusion coefficient of problem (2.2) is sufficiently small, so the solution blows
up only near the maximum points of v(-,0) by the results of [4] and we conclude that the
solution blows only near the maximum point . O
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