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COMPOSITION OPERATORS IN L2-SPACES, WEIGHTED
SHIFTS ON DIRECTED TREES, AND INDUCTIVE LIMITS

PIOTR BUDZYNSKI, PIOTR DYMEK, AND ARTUR PLANETA

1. INTRODUCTION

In this note we survey some recent results concerning unbounded composition
operators induced by matrices and unbounded weighted shifts on directed trees
which were obtained by methods originated from the notions of the inductive limit
of Hilbert spaces and the inductive limit of Hilbert space operators. It is not
surprising that there are fundamental differences between studying bounded and
unbounded operators. This applies also to the aforementioned ‘classes of operators.
As it turns out, in particular when dealing with the subnormality, dense definiteness
and boundedness, using inductive limits can be helpful. Employing these versatile
methods bridges nicely highly developed theories of bounded composition operators
and classical weighted shifts with new and still developing theories of unbounded
composition operators and weighted shifts on directed trees.

Composition operators in L2?-spaces can be found in many areas of mathemat-
ics. They are basic objects in classical mechanics (in the operatorial model due to
B. O. Koopman and J. von von Neumann), ergodic theory, theory of dynamical
systems and more. They are also very appealing from the operator theory point of -
view (see the monograph [31] and references therein). They belong to a larger class
of operators composed of weighted composition operators in L?-spaces. Besides
composition operators, the class contains also multiplication operators in L?-spaces
and weighted shifts on directed trees. Multiplication operators are classical and
well-known objects of operator theory, they can be found in any textbook concern-
ing the subject due to their relevance to the spectral theorem. Weighted shifts on
directed trees have been introduced recently in [21] but they generalize in a natural
way classical weighted shifts in ¢2-spaces.

Unbounded composition operators in L2-spaces have become objects of mtenswe
studies quite recently. They proved to be extremely interesting ([14, 19, 7, 8, 9,
10, 13]). Composition operators induced by linear transformations of R have been
investigated in [29, 32, 17, 33] (in bounded case) and in [12, 13, 3, 4] (in unbounded
case). The class of weighted shifts on directed trees, introduced in [21], generalizes
that of classical weighted shifts on directed trees and weighted adjacency operators.
Studying them has brought many highly nontrivial and interesting results (cf. [2,
5, 6, 21, 22, 23, 24, 25]).

Subnormal operators have been introduced by Halmos. Theory of subnormal
operators turned out to be highly successful and it led to numerous problems in
functional analysis, operator theory, and mathematical physics. The theory of
bounded operators is well-developed now (see the monograph [15] and references
therein). Theory of unbounded subnormal operators, having much shorter history,
brought plenty of interesting results and problems as well (see [1, 18, 34, 35, 36]
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for the foundations). Subnormal operators and their relatives play a vital role in
operator theory nowadays.

2. PRELIMINARIES

2.1. Basic terminology. In all what follows Z,. stands for the set of nonnegative
integers and N for the set of positive integers; R denotes the set of real numbers, C
denotes the set of complex numbers. If X is a topological space, then B(X) stands
for the family of Borel subsets of X. For n € N, m, denotes the n-dimensional
“Lebesgue measure on B(R™). If X is a set, then card(X) stands for the cardinal
number of X. '

Let H be a (complex) Hilbert space and A be an operator in H (all operators
are linear in this paper). By D(A4), A4, and A* we denote the domain, the closure,
and the adjoint of A, respectively (if they exists). The set of C*®-vectors of A is
defined by D*°(A) := ),y D(A"). A is said to be subnormal if D(A) is dense in
H and there exist a complex Hilbert space X and a normal operator N in K (i.e., N
is closed, densely defined and satisfies N*N = NN*) such that H is isometrically
embedded in K and Ah = Nh for all h € D(A). If A is densely defined and
A* is subnormal, then A is cosubnormal. A is symmetric whenever A is densely
defined, D(A) C D(A*) and Af C A*f for every f € D(A). In turn, if A is
densely defined, D(A) C D(A*), and ||A*f|| < ||Af| for every f € D(A), then A
is said to be hyponormal. A linear subspace F of D(A) is called a core of A if F
is dense in D(A) in the graph norm induced by A, i.e, the norm | - ||4 given by
17114 = IAfI? + [If]|?, for f € D(A). If F is a subspace of H, then A|r is the
operator in H acting on the domain D(A4|r) = F N D(A) according to the formula
Alrf = Af.

Let H and {Hx}52,; be Hilbert spaces. If H C Hyy1 C Hi for every k € N,
where “C” means inclusion of vector spaces, and || f||% = limg_co || |3, for every
f € H, then we write Hy | H as k — oo.

2.2. Weighted composition operators in L2-spaces. Let (X, A, 1) be a o-finite
measure space, w: X — C be an A-measurable function and A: X — X be an A-
measurable transformation of X i.e., A is a self-map of X such that A=1(4) C A.
Define the o-finite measure i, : A — Ry by pu(4) = [, |w|?dp for A € A. Let
tw o A71: A — Ry be the measure given by p, o A™1(A) = u,(A~1(A)) for
A € A. Assume that u, o A~! is absolutely continuous with respect to u. Then
the operator Ca ,, in L?(u) given by

D(Caw)={f € L*(u): w-(f o A) € L*(u)},
CA,wf =w-(foA), fe€ D(CA,w)a

is well-defined (cf. [11, Proposition 7]) and closed. We call Ca o, a weighted com-

position operator.
The class of weighted composition operators contains some important subclasses:

o multiplication operators in L2-spaces,

e composition operators in L2-spaces,

e weighted shifts on directed trees.
The reader interested in unbounded weighted composition operators in L2-spaces
is referred to[14] and [11]. Below we provide further information on the classes of
composition operators in L2-spaces and weighted shifts on directed trees.
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2.3. Composition operators. If w = 1, then Ca := Cy 1 is called a composition
operator. Assuming that the Radon-Nikodym derivative

ha = dpo A1
du
belongs to L>(u), the space of all C-valued and essentially bounded functions on
X, we can show that Cp is bounded on L?(u) and ||Call = ”hAH},{j(My The reverse

implication is also true. It known that Cj is closed. Moreover, if hy < oo a.e. [y,
then Cj is densely defined. Classical reference on bounded composition opera-
tors is the monograph [31]. For up-to-date information on unbounded composition
operators we refer the reader to [7] and [9]

Composition operators induced by transformations having additional properties
are particularly interesting. In this paper we focus on composition operators in-
duced by linear transformations of R*. Such operators were first investigated in
[29] and [32].

Denote by &, the set of all entire functions v on C of the form y(z) = Yoo Gn2™,
for z € C, where a,, are nonnegative real numbers and ax > 0 for some k > 1. For
a given positive integer «, a function v € & and a norm |- | on R* induced by an

inner product we define the o-finite measure p, = ,u’n;’ on B(R*) by
py(dz) = y(|2*)mx(dz).
If A is a linear transformation of R” (clearly, such an A is B(R")-measurable), we

can verify that the composition operator Ca in L?(,) is well-defined if and only
if A is invertible. If this is the case, then (cf. [32, equation (2.1)])

1 y(A )

h A\T) = s
BTy VT (D)

(Here, and later on, |det A| stands for the modulus of the determinant of A.)

Hence, by [7, Proposition 6.2], each well-defined composition operator Cp is auto-

matically densely defined and injective. The following theorem solves the question
of boundedness of Cy.

Theorem 2.1 ([32, Proposition 2.2]). Let v be in & and |- | be a norm on R"
induced by an inner product. Let A be an invertible linear transformation of R”.
Then the following assertions hold:
(1) If v s ‘a polynomial, then A induces bounded composition operator on
L2(us) and on I2(uyy).
(2) If v is not a polynomial, then A induces bounded composition operator on
L?(u.) (resp. on L%(uys,)) if and only if JA™Y| <1 (resp. ||A|l < 1).

2.4. Weighted shifts on directed trees. Let = (V, E) be a directed tree (V
and E stand for the sets of vertices and edges of , respectively). Denote by root
the root of & (provided it exists) and write Root() = {root} if 7 has a root and
Root(Z) = @ otherwise. Define V° =V \ Root(Z7). Set Chi(u) ={v e V: (u,v) €
E} for u € V. A member of Chi(u) is called a child of u. Denote by par the partial
function from V to V which assigns to each vertex u € V° its parent par(u) (i.e.
a unique v € V such that (v,u) € E). We refer the reader to [5, 21] for all facts
about directed trees needed in this paper. :

Denote by £2(V) the Hilbert space of all square summable complex functions on

V with the inner product (f,g) = 3,y f(u)g(u). For u € V, we define e, € (V)

z € R*\ {0}.
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to be the characteristic function of the one-point set {u}. Then {e,}uecv is an
orthonormal basis of £2(V). Set & = LiN{e,: u € V'}, where LIN X is a linear span
of a set X. By a weighted shift on 7 with weights XA = {\, }yeve C C we mean the
operator Sy in £2(V) defined by

D(Sx) = {f € &(V): Az f € (V)},
Saxf=A4gf, feD(Ss)

where Az is the mapping defined on functions f: V — C via

(A F)(v) = {A Flparw) ifveve,

if v = root.

The following result gives a connection between weighted shifts on rootless directed
trees and composition operators.

Theorem 2.2 ([22, Lemma 4.3.1]). Let Sx be a weighted shift on a directed tree

= (V, E) with positive weights X = {\y}yeve. Assume that T is rootless and
countably infinite. Then Sy is unitarily equivalent to a composition operator Ca
in an L2-space over a o-finite measure space. Moreover, if the directed tree T is
leafless, then Ca can be made injective.

In fact, if the tree J is countably infinite, then any weighted shift is a weighted
composition operator. Indeed, if Sy is a weighted shift on a directed tree = (V, E)
with weights A = {)\,}yevo, then we set X = V and & = 2Y. The measure
p: & — Ry is the counting measure on X (it is o-finite because V is countable).
Now, define the weight function w: X — C and the transformation A: X — X by

. o ) Vo
w(z) = Az ?f TeV and A(z) = par(z) Tf zE
0 if £ = root root if £ = root.

Using the above definitions it is easy to observe that Sy = Ca ,, (the observation
has already been used in [2]).

3. INDUCTIVE LIMITS

In this section we show how methods inspired by inductive limits of Hilbert
spaces and inductive limits of Hilbert space operators can be used when investigat-
ing the subnormality of composition operators with matrix symbols and weighted
shifts on directed trees, and also dense definiteness and boundedness of composition
operators with infinite matrix symbols. {

Let us begin by recalling the notions of inductive limits of Hilbert spaces and
Hilbert space operators. Suppose {,}nen is a sequence of Hilbert spaces. We
say that a Hilbert space # is the inductive limit of {Hy }nen if there are isometries.
AL : Hr — My, k < 1, and Ay : Hx — H such that the following conditions are
satlsﬁed:

(i) A% is the identity operator on Hy,
(i) AP =A"oAL forallk <I<m,
(iii) Ax = Ajo AL for all k <1,

(iv) H =Upen AnHn.
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We write H = LIMH,, then. v
Assume that H = LIMH,,. For n € N, let C,, be an operator in H,,. Consider
the subspace Doy = Do ({Ch }nen) of H given by

Doo = | J{Arf | IM > k: AT f € D(Cpy) for all m > M}
keN
and define the operator 1imC, in ‘H by

D(1imC,) = {Axf € Do h_r}n A C AT f exists}
m—>oQ
(1imCp)Arf = Ign AnCrnAZ f, Arf € D(1inCy).
m—r X0

We call 1im C,, the inductive limit of {Cp, }nen.

Inductive limits have proved to be effective tools in operator theory. They have
been used to study operators of a specific type (see [28] for the application of induc-
tive limits to differential operators, and [26] for the application to classical weighted
shifts) but also in a more general context (see [20] for the application to unbounded
hyponormal operators, and [26] for the application to other hyponormality classes).
The following two general ideas support using inductive limits (actually they are
two in a sense opposite points of view on the same matter).

(1) Suppose that C is an operator in a Hilbert space H whose properties are to
be verified. It may happen, especially if C is an unbounded operator, that
handling C is difficult whence handling restrictions or some parts of C' is
relatively easy. If this is a case, then it seems natural to approximate the
operator C' with a sequence {C), }nen composed of operators related to the
parts of C that are handleable. If this approximation is rigid enough, then
we can expect that properties of C),’s are transferred to C. Assuming that
C = 1im C,, gives quite rigid approximation for many operators and many
properties, so using inductive limits enables us to investigate properties of
C by looking at properties of appropriately chosen Cy’s.

(2) Suppose one is interested in providing an example of a Hilbert space oper-
ator say C having some particular property. If the property is transferable
to some extent onto inductive limits of operators, then a natural solution
to the problem is to construct a sequence {Cy, }nen of operators possessing
the property in question such that the inductive limit 1im C,, exists. Then
1im C,, may serve as a basis for constructing the example.

Of course, in some cases using inductive limits in a strict sense is not possible, how-
ever some small deviations from the definition are sometimes acceptable. In partic-
ular, as we will see in further parts of the paper, the assumption that H = LIMH,
can be relaxed on some occasions. This is shown to be the case for subnormality
(see the following section). '

3.1. Subnormality via inductive methods — general case. The following the-
orem can be used as a basis for inductive limit approach.

Theorem 3.1 ([5, Theorem 3.1.1]). Let {S.}uen be a net of subnormal operators
in a complex Hilbert space H and let S be a densely defined operator in H. Suppose
that there is a subset X of H such that

(i) X € D=(9) NNuen D™ (Sw),

(i) F:=LiN{oo, S™(X) is a core of S,

n=0

(iii) (S™z,S™y) = limyen{STz, Shy) for allz,y € X and m,n € Z.
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Then S is subnormal.
The above theorem has a version which in some cases is more effective.

Theorem 3.2 ([3, Lemma 3.7]). Let S be a densely defined operator in a complex
Hilbert space H. Suppose that there are a family {Hi}ren of Hilbert spaces such
that Hi | H as k — oo, and a set X C H such that
(i) X € D*(S),
(ii) F :=LIN{,2,S™(X) is a core of S,
(iii) F is dense in Hy for every k € N,
(iv) S|x is a subnormal operator in Hy, for every k € N.

Then S is subnormal.

The two above theorems can be proved in a very much similar fashion by using
the following criterion for subnormality invented in [16].

Theorem 3.3 ([16, Theorem 21]). Let S be a densely defined linear operator in a
complez Hilbert space H such that S(D(S)) C D(S). Then, the following conditions
are equivalent:

(1) S is subnormal

(2) for every m € N and every {a;;f('] ;,’qulo,z cC,

m n
Z.Z a;,”'z)\p)\qziijZO, A2y, 2m €C,
4,j=1p,q=0

implies

YD ai(SPELS ) 20, fi,.o., fm € D(S).

4,j=1p,g=0

Let us mention that there is also one handy tool, provided in [26, Proposition 1.5].
It allows to verify subnormality of a bounded operator, by studying subnormality
of its restrictions to closed linear subspaces.

3.2. Composition operators with matrix symbols and their subnormality.
The subnormality of bounded composition operators with matrix symbols has been
completely characterized in terms of the symbol.

Theorem 3.4 ([32, Theorem 2.5]). Let~y be in & and |-| be a norm on R* induced
by an inner product. Let A be an invertible linear transformation of R* such that

Ca is bounded on L%(u,). Then Ca is subnormal if and only if A is normal in
(R™ [ -])

The question about the subnormality of unbounded composition operators with
matrix symbols arises naturally. There are at least two different approaches to
this question. One relies on the so-called consistency condition. This approach is
by far the most general one when it comes to studying the subnormality of un-
bounded composition operators in L2-spaces (it has been used with a great success
for example in [9, 10, 11]). However, in case of composition operators with matrix
symbols an inductive limit based approach is as effective as the consistency con-
~ dition approach, and it seems a bit simpler. Both the methods give the following
criterion.
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Theorem 3.5 ([9, Theorem 32|, [3, Proposition 3.8]). Let~ be in &4, |-| be a norm
on R* induced by an inner product, and A be an invertible linear transformation
of R*. Then Cyp is subnormal whenever A is normal in (R%,|-|).

The inductive limit based argument leading to the above result is as follows. We
start with v € &} and A as in Theorem 3.5. Then Cjp is well-defined in L?(u.).
Also, by Theorem 2.1, it is a densely defined operator. Now, since A is normal in
R*,|-|), the composition operator induced by A is a subnormal operator on L?(ug),
with 8 € &4, whenever it is bounded (this follows from Theorem 3.4). Therefore,
it seems natural to approach the subnormality of C in L%(u,) by approximating
Ca with a sequence of composition operators induced by the same symbol A but
acting in different spaces L?(u,, ), n € N.. The most natural choice of functions
{¥n}nen is of course

e
Tn(2) = Zakzk, ze€C,neN,
k=0

where v(z) = 3 g ax2®. This choice has two advantages. Firstly, v,’s are poly-
nomials and this implies, by Theorem 2.1, that

A induces a bounded composition operator on Lz(u.,n), n € N,

Secondly, {'yn}neN.approximates v, which yields that L?(u., ) can be recovered as
a limit of {L%(uy,)}nen in a sense of Theorem 3.2, i.e., :

L*(phy,) 4 L2 (1) 88 n — o0.

Now, it suffices to use Theorem 3.2 and deduce the subnormality of Ca in L?(u.)..

3.3. Weighted shifts on directed trees and their subnormality. Applying
the Lambert characterization of subnormality (see Section 4), using determinacy
of the Stieltjes moment sequences generated by bounded subnormal operators, and
employing some properties of weighted shifts on directed trees lead to the following
characterization of the subnormality of weighted shifts on directed trees.

Theorem 3.6 (|21, Theorem 6.1.3 & Lemma 6.1.10], [5, Lemma 4.1.3]). Let Sy be
a bounded weighted shift on o directed tree T with weights A = {Ay}veve. Then
Sx is subnormal if and only if there exist a system {uy}vev of Borel probability
measures on Ry and a system {e,}vev of nonnegative real numbers that satisfy

1) i@ = 3 P [ () +eublo), o€ BERY)
vEChi(x) o

for everyu eV,

It is natural to ask whether there exist an unbounded counterpart of the above
theorem. It is hard to expect that conditions like (1) would be necessary for the
subnormality of Sy if the operator is unbounded (see Section 4 for some explana-
tion). However, we can show them to be sufficient whenever the set of C®-vectors
of Sy is big enough. The idea of proving this relies on Theorem 3.1. It follows
from this result that finding a sequence of subnormal operators approximating Sx
(in the sense of the condition (iii) of Theorem 3.1) will do the job. To construct
such an approximating sequence we assume that Sy is weighted shift on a directed
tree 7 such that &y C D*®(S,) and that there exist a system {u, },ev of Borel
probability measures on R, and a system {e,},cy of nonnegative real numbers

127
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satisfying (1) for every u € V. Then, for every fixed positive integer i, we define

the system A% = {x\@}v cvo of complex numbers, the system { e I ¢y of Borel

probability measures on R and the system {69) }v ¢y of nonnegative real numbers
by

(| w(0d) . .

/\(;;) .y Ay __——Mp’:r(ig([é],)i]) if ppar(v) ([0,7]) > 0, ve Ve,
L0 if HMpar(v) (;[0, 'LD =0,
(po(oN[0,]) .

W)= mon OV cmm) vey,

| o(o) £ (10, =,
(& . .

&sj) = ¢ Ilfv([o,i]) if ,u,,([O,z]) >0, vevV.
1 if 1y ([0,4]) = 0,

\

It can be showed that for all u € V and 7 € N,

. : 1, .
ey = 5 DR [ 4l + o), o€ BR).
v€EChi(u) g - :

Using the above one can deduce that S,u), the weighted shift on J with weights
X% is a bounded operator on £2(V). In turn, by Theorem 3.6, the operator S,
is subnormal. Noting that

O .
lim [T ea])? = / duu(s) = [S3eul®, n €y, ueV,
2=+ 0

using the fact that &y is a core of Sy, and applying Theorem 3.1 to the operators
{Sx# }52; and Sy with X := {e,: u € V'} we deduce the required conclusion, i.e.,
the following.

Theorem 3.7 ([5, Theorem 5.1.1]). Let Sx be a weighted shift on a directed tree
T with weights A = {Ay }veve such that & C D*>°(Sx). Suppose that there exist
a system {uy}vev of Borel probability measures on Ry and a system {e,}vev of
nonnegative real numbers that satisfy (1) for every u € V. Then Sy is subnormal.

3.4. Composition operators with infinite matrix symbols, their dense def-
initeness, and boundedness. As we showed above, some properties of composi-
tion operators with matrix symbols could be characterized entirely in terms of the
matrices inducing the operators, which makes them very interesting. Substituting
finite matrices by infinite ones as symbols inducing composition operators seems to
be a natural idea. Below we show that this is doable and we present some recent
results concerning dense definiteness and boundedness of composition operators in-
duced with infinite matrices as symbols. The best reference for this subject is [13].
The idea for considering composition operators with infinite matrix symbols comes
from [29] and [32].

We begin by setting the framework of our considerations, i.e., the measure space
(X, A, p). The most natural choice is

X =R>, A:‘iB(Roo% = Hg,
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where B(R*) stands for the o-algebra generated by cylinder sets, i.e., sets of the
form o x R* where o is a Borel subset of R* for some k& € N, and yg is the gaussian
measure on R*, i.e., the tensor product measure

te =gdm; @ gdm; ® ...,

where
1 z?
I) = ——=exp(——), x€R.

The advantage of choosing p in this way is that we have
LZ(R*®,B(R®), ue) = LIML*(R™, B(R™), tic,»),
where g, denotes the n-dimensional gaussian measure

1 e M
d = exp(——A 1 TR
Hein (V2m)r P 2

Let (as5)s,jen be a matrix with real entries. We say that a transformation A of R®
is induced by (as;)i jen if the following condition holds

A(zy,29,...) = (Zalj xj,Zagj zj,...), (21,%2,...) € R™.
jeN jEN

(We assume that all the series > jeN Okj Tj, k € N, are convergent.) It is easy to see
that A is B(R°)-measurable, hence there arises a question of whether A induces
a composition operator, and if so, whether the operator is densely defined or even
bounded. Since L?(ug) is the inductive limit of {L2(uen)}nen it is tempting to
use inductive methods to address these problems. On the other hand, problems
concerning infinite matrices are often solvable by finite section argument combined
with appropriate approximation. This suggests considering composition operators
Ca., acting in L?(pg ) and induced by transformations

. 7 n
n
An(mly"wxn): (Zaljmja-'-’ E anjmj)a (mla"'vxn)eR .

ydmy,.

In view of Theorem 2.1, this makes no problem whenever every such transformation
A, is invertible. To ensure that A is a transformation defined on the whole of R™®
and that inductive limit approximation is possible we may assume that all the rows
in matrix (as;)s jen are finite, i.e.,

for every j € N there is K € N such that aj; = 0 for every k > K.

This implies that all the series ZjEN ax; zj, k € N, are convergent and thus A
is a well-defined transformation of R®. This also implies that the action of any
A, is closely related to the action of A. Having all this assumed we can consider
composition operators Ca,, acting in L?(ug ) and their inductive limit LIMCjy,.
Now, the last thing in our approach is to determine conditions under which Cjy is
well defined, the domain of LIMCy  is sufficiently big, and Cy and LIMC,,, are
somehow related to each other. It turns out that assuming that all the Radon-
Nikodym derivatives hp  are uniformly in L*T¢(uc) does the job. As a result we
get the following criterion for the dense definiteness of composition operators with
infinite matrix symbols. Below, || denotes the Euclidean norm on R (for simplicity
we do not make the dependence of | - | on n explicit).
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Theorem 3.8 ([13, Corollary 5.1]). Let A be a transformation of R® induced by
a matrir (ai;); jen. Let Ayp, n €N, be the linear transformation of R™ induced by
the matriz (a;;)7 ;1. If the following conditions are satisfied:
(i) for every n € N, A,, is invertible,
(ii) for every j € N there is K € N such that ajx =0 for allk > K,
(iii) there ezxists € > 0 such that

2
-1 11,12 _ 1 A=1(\(2
sup | det A7 exp 3 (112 = 142 OP)] ..

< o0,

then C4 is densely defined operator in L?(ug) and C4 = 1imCy, |g, where &
denotes the linear span of the set of characteristic functions of cylinder sets.

In a similar fashion, by approximating Ca again by composition operators Ca,
induced by finite sections of the matrix (a;;)s, jen, Wwe may investigate the bounded-
ness of C'a. Assumptions have to be stronger but as a bonus we get nice description
of Ca as a strong operator topology limit of tensor products of Ca,, and the identity
operator. The criterion reads as follows.

Theorem 3.9 ([13, Corollary 5.5]). Let A be a transformation of R*™ induced by
a matriz (a;;); jen. Let An, n € N, be the linear transformation of R™ induced by
the matriz (aij)2j=1. If the following conditions are satisfied:

(i) infpen|det Ay| >0,

(ii) for every j € N there is K € N such that ajx =0 for allk 2 K,

(ii) Supnen [Anll <1, |
then Ca € B(L%(uc)). Moreover, Ca is the limit in the strong operator topology of
{Ca,, ® In}nen, where I, is the identity operator on L%(ug).

A particular case of the above theorem, when A is induced by a diagonal matrix,
was proved (by different methods) in [29, Theorem 3.1]; in turn, in [32, Theorem
4.1] it was shown that if A is diagonal and Cj is bounded, then Cy is cosubnormal.
The latter result was generalized in [4, Theorem 5.1], again with help of inductive
methods.

4. SUBNORMALITY OF UNBOUNDED OPERATORS

We finish the paper with a selection of results concerning the subnormality of un-
bounded operators. For a comprehensive account on the subnormality of bounded
operators we refer the reader to the monograph [15]. The subnormality of un-
bounded operators is treated in great detail in the papers [34, 35, 36].

Let A in be an operator in a Hilbert space H. We say that A generates Stieltjes
moment sequences if for every f € D*°(A) there exists a positive Borel measure y s
on Ry such that '

o0
1A™f||1? = / t"dpys, neZ;.
0
The following theorem due to A. Lambert characterizes bounded subnormal oper-

ators in terms of Stieltjes moment sequences.

Theorem 4.1 ([27]). Let A be a bounded operator on a Hilbert space H. Then A
is subnormal if and only if A generates Stieltjes moment sequences.
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Employing the spectral theorem it is fairly easy to show that unbounded sub-
normal operators also generates Stieltjes moment sequences.

Theorem 4.2 ([5, Proposition 3.2.1]). If A is subnormal, then A generates Stieltjes
moment sequences. ' '

However, the property of generating Stieltjes moment sequences and the sub-
normality are not equivalent. Indeed, since symmetric operators are subnormal,
the following theorem due to M. Naimark shows that there are operators whose
subnormality cannot be recovered from the property itself.

Theorem 4.3 ([30]). There exist a symmetric operator A such that D(A?) = {0}.

It is worth noting that examples of operators as in the Naimark’s result are
excluded from some notable classes of operators. These are for example weighted
shifts on directed trees or composition operators. In both the mentioned classes
symmetric operators are automatically self-adjoint and have a dense set of C*°-
vectors. Nevertheless, one still can found examples of operators in these particular
classes showing that the property of generating Stieltjes moment sequences is by
no means sufficient for the subnormality. The first such example was given in [2,
Example 1] where subnormal and non-symmetric weighted shifts on directed trees
and composition operators in L%-spaces that have non-densely defined nth power
(for any prescribed natural n > 2). Very recently even a more pathological example
was invented.

Theorem 4.4 ([10, Theorem 3.1]). There exist a subnormal non-symmetric oper-
~ator A such that D(A?) = {0}.

In view of the above theorems it makes sense to ask whether the property of
generating Stieltjes moment sequences and density of C®-vectors implies subnor-
mality. That the answer is negative was shown first in [22]. Let us recall here that
subnormal operators are hyponormal.

Theorem 4.5 ([22, Example 4.2.1]). There exist a non-hyponormal operator A
which generates Stieltjes moment sequences and satisfies D®(A) = H.

The examples provided in [22] were from the class of weighted shifts on directed
trees and composition operators. Recently, the example was improved in [12], where
(among other things) a non-hyponormal composition operator with a dense set of
C>-vectors over a locally finite directed graph was constructed.

All the results presented above show that even in the case of operators belonging
to reasonable classes of operators subnormality cannot be studied by means of
Stieltjes moment sequences exclusively. This means that other methods should also
be engaged. As shown in the previous section in case of composition operators with
matrix symbols or weighted shifts on directed trees techniques relying on inductive
limits might come in handy.
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