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Introduction to Heegaard Floer homology

Motoo Tange
University of Tsukuba

1 Atiyah-Floer conjecture and Ozsvath-Szabd’s motivation

In [25, 26] Ozsvath and Szabé defined topological 3-manifold invariants by using Floer
homology theory:

HE(Y,s), HF*(Y,s), HF*(Y,s), HF~(Y,s).

Those invariants are new invariants in terms of the point that the invariants are categorifi-
cations of some topological invariants: Casson invariant (with correction term) Alexander
polynomial and Turaev torsion invariant. The motivation of defining these invariants is
that it is a symplectic counterpart of Seiberg-Witten Floer homology via Atiyah-Floer
“conjecture. Original Atiyah-Floer conjecture for Yang-Mills equation is the following;:

Conjecture 1.1 (Atiyah-Floer conjecture) Let Y be a closed oriented 3-manifolds.
The instanton Floer homology on Y and the Lagrangian intersection Floer homology for
flat connections are isomorphic each other:

HF™Y( My) = HFSY™ (Msg; Lo, L1).

The instanton Floer homology H F™*(My) is a Morse homology on a moduli space My
of Yang-Mills equation on a 3-manifold Y up to gauge action. The generators are the flat
connections on Y. The differentials are the counting of the moduli space of Yang-Mills
solutions on the cylinder YV x 1.

On the other hand for a Heegaard decomposition ¥ = Hy Ug H; we consider the
symplectic moduli space My on ¥ of flat connections. Let £y, £, in My, be Lagrangian
submanifolds extending to Hy and Hy. The generators of symplectic side are intersection
points of the two manifolds with a suitable general condition. The differentials are the
counting of the holomorphic disks connecting two points. The boundary of a holomorphic
disk lies in union of £y and £;.

Heegaard Floer theory corresponds to the opposite side of the Seiberg-Witten Floer
homology through analogy of Atiyah-Floer conjecture. Before Heegaard Floer homol-
ogy appearing, no one would have succeeded a symplectic counterpart of Seiberg-Witten
theory. Ozsvath and Szabé attacked that natural and essential problem to attain such
Lagrangian intersection Floer homology. Instanton Floer homology had rediscovered topo-
logical invariants, Casson invariant [45]. Hence they should have expected applications



of interesting topological invariants from the Heegaard Floer homology. More than ex-
pected, it turns out to be a powerful tool to study low-dimensional topology and be an
attractable object for low-dimensional topologists. As a result, a whole lot of results have
been built by Heegaard Floer homology, some new phenomena are discovered.

This article is a simple overview of Heegaard Floer homology up to now. But some
interesting topics had to skip because of space limitation. If this article arouses your
interests in your mind, as present Heegaard Floer topologists were so in the past, then
you should begin with one in a pile of papers.

One can also read some excellent lecture notes [30] [31] [32] as the first study of Hee-
gaard Floer homology.

2 Heegaard Floer homology

2.1 Definition of Heegaard Floer homologies

We define Heegaard Floer homology in this section. Let Y = H, Us, H; be a Heegaard
decomposition of a 3-manifold Y. Since Hy, H; are two genus g handlebodies, there exist

two tuples of g simple closed disjoint curves ay,---,0y C 0Hy and By,---,8, C 0H;
each of which is compressing in each handlebody. Hence, on ¥ = 0Hy = 0H; we can see
the diagram (Heegaard diagram) consisting of 2g curves a1, -+, ay, B1,- -+, By (these are

called a-curves and S-curves). Here we assume that all the intersection points between
the a-curves and S-curves are transversal in the general position.
In this situation ‘our moduli space’ is the g-th symmetric product

Sym?(%,) :=£9/8S,.

It is a smooth complex manifold by resolving the singular set by the Sg-action. Let T,
and Tz denote the image of

o) Xag X - Xog, BixPByx---Xpy

by the quotient map 3¢ — %9/S;. The images in Sym?(%,) are g-dimensional tori.
We denote the g curves by a = {a, -+, 00} and B8 = {1, -+ ,B,}. Let z be a base
point in X, in the complement of o and 3. Naturally these are totally real submanifold
EycXandi- T,Y NT,Y = {0}). Floer’s theory works for the case of a pair of
totally real submanifolds in a complex (or almost complex) manifold. This tuple of these
data (X4, a, 3, 2) is called pointed Heegaard diagram. Since 2dimY = dim X holds, the
intersection points T, N Ty are finite points.

Here we verify the homology of the symmetric product is isomorphic to the homology

of Y.
Hi(Sym?(5,))
Hl(Ta) 2 Hl(Tﬂ)
This means that the Sym?(X,) is regarded as an ‘expounded body’ of a 3-manifold. One

direction is the ordinary homology and another sharpener direction is the Heegaard Floer
homology.

= H\(Y,Z)
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The intersection point x € T, N Tg and base point z determine a spin® structure.
The point x implies g Morse trajectories from index 2 to 1 with respect to the Heegaard
splitting. The point z is regarded as the trajectory from index 3 to 0 naturally. Thus
removing the neighborhoods of the g + 1 trajectories, we obtain a non-zero vector field in
a holed 3-manifold. The homotopy classes of such fields up to homologous coincide with
the spin® structures on Y. The ‘homologous’ means that the two fields are homotopic
after deleting several balls. Hence, we get the map:

5. : To NTg — Spin(Y').

Let x,y be intersection points in T, N Tg. Let my(x,y) be the homotopy classes
connecting x and y. The class [u] € m(x,y) is represented by a continuous map v : D —
Sym?(%,) satisfying

u({Re > 0} NID) C T,

u(i) =y

u({Re < 0} NID) C Ty

u(—i) = x,
where D is the unit disk in the complex plane. For any ¢ € m(x,y) let n.(¢) be the
~algebraic count #((z x Sym?™}(Z,) N u(D)). M(8) = M(¢)/R is the moduli space of
holomorphic disk which is divided by natural R-action. Then the differential d are defined

to be .
ox= Y > M(9) - y.

yEToNTs ¢pema(x,y),n=(¢)=0,u(¢)=1

Here p is the Maslov index. We put E’TT(ZQ, a, B, z) = Z(x|x € T, NTs). Then Ozsvith
and Szabé proved the following:

Theorem 2.1 (C/'—}?’(Z,a,,@, z),é) is a chain complex and its homology is a topological
3-manifold invariant.

We denote the chain complex and homology by EF'(Y) and ITI?(Y) respectively. The
proof of this theorem is supported by an analytical argument on the moduli space of
holomorphic disks. The argument is important, however, skip here. Actually, to hold this
topological invariance, we need some general conditions: admissibility in Section 4.2.2 in
[25]. :

The homology HF(Y) is decomposed as follows:

ﬁ‘(y) = @5€Spin°(Y)ﬁ1(K 5)7

because the differential keep the map s., i.e., s,(x) = s,(y) when m(x,y) # 0. The Euler
number of HF(Y,s) is

ro - {1 0o

Namely, HF (Y) is a categorification of the ordinary homology H;(Y) = H?(Y).

59



Let (Y,s) be a spin® 3-manifold with b; > 0. Then the Euler characteristic of HF*
agrees with the Turaev torsion.

X(HF'(Y,5)) = —7(Y,5)

This equality makes sense in non-torsion spin® case, but this equality holds even for any

torsion spin® structure by taking truncated Euler characteristic. In particular if ¥ is 0-

surgery of a knot K, then the i-th Turaev torsion ¢;(K) is computed by the coefficients
of the Alexander polynomial of K as in [33]. '
Furthermore by counting intersection numbers with z x Sym?™*(Z,), we define the
following chain complex
CF>*(E;,a,8,z) =Z{U" -x|x € ToNTg,n € Z).

The differential 0> is a U-equivariant map and

x= Y S #Mg)Um@y.

yETaNTg pema(x,y).u(4)=1

There exists a subchain complex CF~(X, e, 8, 2) = Z({U™ - x|x € Ty NTs,n € Zp). The
quotient complex CF>/CF~ denotes by CF'(X, e, 3, 2). Then we have the following:

Theorem 2.2 ([25]) These chain complezes give topological invariants
HF®(Y),HF~(Y) and HF*(Y).
Furthermore, these homology are Z|U| @ A*H, (Y, Z) /T ors-module.
By the definition we have the following short exact sequence:
0= CF(Y) 5 CF®(Y) 5 CFH(Y) — 0.
Thus we induce the long exact sequence:
> HF(Y) > HF®(Y) » HF*(Y) » HF~(Y) = ---

The cokernel of 7 is denoted by H Freq(Y'). Since the chain complex ﬁ(Y) is embedded
in the n = 0 level in CF>(Y), the short exact sequence:

0 CF(Y) = CF'(Y) X CFH(Y) =0
Here the second is the U-multiple map. Thus we induce the long exact sequence:
-5 HF(Y) = HFY(Y) > HFY(Y) > HE(Y) = - -+

2.2 Holomorphic disks

Next step of Heegaard Floer homology is a dimensional reduction of holomorphic disks
in Sym?(%,). One of most remarkable points of Heegaard Floer theory is computable by
using words of low-dimensional topology.

60



Proposition 2.3 ([25]) For a continuous map u : D — Sym?(%,), there exists a con-
tinuous map from a branched cover 4 : D — Yy satisfying the following commutative
diagram:

D — {(z,v) € T x Sym?(E,)|z € v} — &

lg—fald branched cover l
D — Sym?(%,)

This proposition asserts the holomorphic disk in Sym?(¥,) is understood as a surface
mapped in X,. The condition 0D C T, U Ty corresponds to & C a U B. The Maslov
index in the definition of the Heegaard Floer homology is analytical information data of
holomorphic disk.

Proposition 2.4 ([13]) The Maslov indez of a disk u in [u] = ¢ € ma(x,y) is determined
by a topological information of the region mapped in X,.

2.3 The TQFT viewpoint and absolute grading

Floer theory is defined in the framework of topological quantum field theory (TQFT).
Any element in Floer homology can be delivered by the cobordism to an element in Floer
homology of another side. Let (W, s) be a spin® 4-dimensional cobordism from Y; to Ys.
Then there exists a U-equivariant map:

Fﬁ/o,s : HFOO(}/lvtl) — HFOO(YQatQ))

where 5|y, = t;. This map is induced to other homologies HF*, HF~ and HF in the
same way. For the composition of two cobordisms X = X; U X, we have F§, o F%, =
E{5€SpinC(X)|5|xi=si} F% o, where o = oo, &, A.

Let Y be a rational homology sphere. In general, (Y, s) is a torsion spin® 3-manifold,
where ¢;(s) is a torsion element. Then the Heegaard Floer homology admits an absolute
Q-grading gr. This grading is defined as follows. First for a generator x, € HF (5%)
gr(xo) = 0 holds. The difference of the gradings by Fy;, (o = 0o, %, A) is computed by

gr(F{?[gs(X)) _ gr(x) — C%(ﬁ) - QX(I;V) — 3U(W)

The U-action lowers the degree by —2. These properties determine the absolute Q-grading
on the Heegaard Floer homology of (Y, s) uniquely.

Heegaard Floer homology relates to smooth 4-manifold invariant. Ozsvath and Szabé
in [37] defined the mixed invariant as a map Fipx : HF~ (Y1, 1) = HF* (Y2, t) by using
3+1 dimensional TQFT. First, we cut a 4-dimensional cobordism into 2 pieces V;, V5 along
a suitable 3-manifold N. Suppose that each of V}, V; has at least one positive eigenvalue
in the intersection form and 6H;(N) is 0 in H%(W,W). The spin® 4-manifolds (Vi, sy;)
and (V5,s|v,) are spin® cobordisms from (Y1, ) to (N,s|y) and from (N, s|y) to (Ya,ts)
respectively. Then Fﬁ’}ﬁ‘ is a composition as follows:

F, Fl
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Fyo c HF(Y1,4) — " HF'(N,s|y) > HFea(N,s|y) C HFT(N,s|lny) —° HF'(Y,t).



The reduced part of HF*(N,s|y) is also embedded in HF~(N, s|y) naturally.

Let X be a closed smooth 4-manifold with b3 (X) > 1. Then deleting two 4-balls in
X we built a cobordism W from S3 to S°. Applymg Um0~ in HF(S®) to the mixed
invariant through this cobordism, we obtain an invariant

Fpe(U"-07) = ®x,-©" € HF'(5®%)
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Here ©~ (©1) is the top (bottom) generator in HF~(S%) (HF*(S%)) and n = (c1(s)* —

2x(X) — 30(X))/4 (it agrees with the dimension of the moduli space of Seiberg-Witten
solutions). The number ®x, € Z is a smooth 4-manifold invariant (smooth OS-invariant)
and conjecturely, the number coincides with the Seiberg-Witten invariant SWy .

Definition 2.5 (correction term [33]) Let (Y,s) be a spin® 8-manifold. Then d(Y,s)
is defined to be the minimal grading in the image 7 : HF*(Y,s) — HF*(Y,s). This
invariant s called correction term (or d-invariant). ’

In the case of integral homology sphere the invariant is denoted by d(Y") € 2Z. From the
property of gr the correction term d is a spin® rational homology cobordism invariant.

Suppose that W is a rational homology cobordism between Yi,Y,. Let s be a spin®
=t;. Then we have

d()/lv tl) = d(YQ) t2)

Let (Y, s) be a spin® rational homology sphere. Then
HF'(Y,8) 2 Ty, & HFea(Y,5).

Here T( ) is isomorphic to T and the minimal grading is d. The d-invariant and Euler

number of H F,q compute the Casson invariant.

Theorem 2.6 Let Y be an integral homology sphere. Then the Casson invariant A(Y) is
computed by

MY) = X(HFaY)) = d(YV).

The Heegaard Floer homology of (branched) covering space ¥, (K) is less known so far.
Casson invariant formula of double branched cover is known by Mullins [18] as follows:

N(2(K)) = gsign(K) = 25 Vi(=1)Vie(-1),

where ¥5(K) is a homology sphere and Vi is the Jones polynomial. On the other hand
Ozsvath and Szabé show the following in [35]:

Theorem 2.7 Let L a link in S®. There exists a spectral sequence with Ea-term the
Khovanov homology of L such thal the sequence converges to the Fa-coefficient homology
" HF(S5(L),F). Here F is a field isomorphic to Z,/2Z.

The Khovanov homology is a categorification of Jones polynomial, and HF and Kh have
surgery exact sequence. Do this spectral sequence interpret Mullins’ formula? Definitely,



covering space is a weak point for Casson invariant and Heegaard Floer homology. Dehn
surgery formula for these invariants have been studied ever, however there are not so much
research for covering space.

For a rational homolog sphere Y, the renormalized Fuler characteristic is defined as

N 1
X(Y;5) = X(HFrea(Y;5)) = 5d(Y;5).
Then due to [43] we have
> x(Yis) = [Hy(Y)] - dew(Y),
5€Spin®(Y)

where ‘Acw is the Casson-Walker invariant.
The correction term has the 4-dimensional information as follows:

Theorem 2.8 Let (Y, t) be a spin® rational homology sphere. If (Y,t) admits a negative
definite bounding (W, s) with s|ly =t, then we have the following inequality:

c1(5)? + ba(W) < 4d(Y, ).

The extended inequality of this theorem to a 3-manifold with b; > 0 can prove the Thom
conjecture again [33].

2.4 L-spaces

Let Y be a rational homology sphere. If HF (Y,s) = Z for any spin® structures, then Y is
called an L-space. Examples of L-space are lens spaces. The genus one Heegaard diagram
of a lens space L(p, ¢) consists of single a-curve and B-curve. Then the pointed Heegaard
digram is (T2, a, 8, z). Thus the symmetric product is 72 itself and we have Ty = a and
Ty = 8. Hence, the generators a N 3 are p points. The differentials are all zero, because
the p points belong to distinct spin® structures. Thus we have the following:

Proposition 2.9 Let Y be a lens space and 5 any spin’ structure on Y .

HE(Y,s) 2 Z, HF®(Y,s) = Z[U,U™Y], HF(Y,s) 2 Z[U,U~Y|/UZ[U], HF~(Y,s) = Z|U]

We put 7°° = Z[U, U™, T" = Z[U,U']/U - Z[U), T~ = Z|U]. Another component as a
Z[U]-module is Z[U]/U™, which is a finite rank Z-module and we denote it by T+ (n).

Any elliptic manifolds (i.e., it is a finite fundamental group) are an L-space. In other
words L-space is a generalization of such a manifold. In addition, L-spaces contain not
elliptic 3-manifolds. Suppose that a hyperbolic knot K is an L-space knot (i.e., an integral
Dehn surgery is an L-space), e.g., the (—2,3,7)-pretzel knot. Then a sufficiently large
Dehn surgery of the knot is also an L-space. This is an easy result due to the surgery exact
sequence of Heegaard Floer homology. In other examples, double cover of any alternating
knot is also L-space [35]. [35] shows that the double cover of quasi-alternating link is
L-space. The quasi-alternating knots Q is the smallest set defined inductively as follows:
(1) unknote Q; (2) if Ly, L; € Q, det(Ly)det(L;) # 0 and Ly, L, are two types of the
resolution of a crossing of L and det(L) = det(Lg) + det(L;), then L € Q.

L-space includes interesting geometric properties besides:
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Theorem 2.10 ([29]) Any L-space does not admit co-oriented taut foliation.

This result is useful, because the nonexistence of taut foliation is hard to prove with-
out L-space property. We do not find a method i in Heegaard Floer theory to prove the
nonexistence of tight contact structure, so far.

Recently developing noticeable property is left-orderbility of the fundamental group.
‘Left-orderable’ (LO) means that the existenee of a total order on a group that any left
action of the group keeps the order relation between any two elements. A group is LO
if and only if it is a subgroup in Homeo™ (R). We believe that the following mysterious
relationship:

Conjecture 2.11 Let Y be a rational homology sphere. Then'Y is not LO, if and only
if Y is an L-space.

It is well-known that LO group is a non-torsion group. Then any elliptic manifold is not
LO. Furthermore, Boyer, Gordon, and Watson [2] proved that for any Seifert manifold or
Sol manifold this conjecture is true. Any other hyperbolic manifold is not so known. For
example for not all double covers of (quasi-)alternating link this relationship is verified.

2.5 Surgery exact triangle

In general Floer theory an exact triangle among three homologies is inherent. In Heegaard
Floer theory, the three homologies correspond to replacements of a or S-curves. In the
context of a low-dimensional topology, the replacements are 0-surgery, and p-surgery. Let
Y, be a n-surgery of a 3-manifold Y along a null-homologous knot K. Then the following
exact triangle holds:

= HF™(Y) = HF" (Yo, [i]) &> HFE"(Y,,i) > HFY(Y) — - .

Read [26] for surgery exact sequence. The decategorification of this exact triangle is the
Dehn surgery formula of Casson invariant as follows:

() = M¥) = (1) + 38K,

where s(1,p) is the Dedekind sum, which is equivalent to the Casson-Walker invariant of
L(p,1). Unlike Casson invariant, generally, for determining Floer homology of Y, we need
homologies of Y and Y;, exact triangle and a more extra information. The other triads
of surgery exact sequence are {Y, Yy, Y, 1} or {Y,Y),Y1,,}. These correspond to surgery
formulas for Casson invariant. The surgery triangle is applied on the variable situation.

2.6 Contact structure

Let (&) be a contact 3-manifold, which the 2-plane filed ¢ is nowhere integrable. Any
contact 3-manifold is decomposed into two types of non-isotopic contact structures: tight
and overtwisted. The classification of tight contact structures is more difficult than the one
of overtwisted structures. The latter structures agrees with the classification of homotopy
types of 2-plane fields due to Eliashberg [4]. The situations which a tight contact structure
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naturally appear is the cases where it is the boundary of a symplectic 4-manifold with
some suitable boundary condition. This contact structure is called symplectic fillable. The
boundary of Stein manifold is also a tight contact structure, which is called Stein fillable.

Ozsvéath and Szabé define in [36] an isotopy invariant of contact structure. The class

¢(€) is an element in HF (-Y,s(£))/ £ 1 and has the following property:

Theorem 2.12 If € is an overtwisted contact structure, then c(§) = 0. If £ is Slein
fillable contact structure, then c¢(§) # 0.

The converse of this theorem does not holds. This theorem implies that the invariant
¢(&) detects the tight-ness and Stein fillability. Since the detection of tight-ness by using
contact topology is difficult in general, after this theorem, the computation of c(£) has
been a reasonable method. The most simple example in [15] is the contact +1-surgery
of a Legendrian right-handed trefoil, which is topologically —¥(2,3,4). It admits no
symplectic fillable but a tight contact structure. The former is due to an application of
the Seiberg-Witten invariant and the latter part is due to the computation of c(£).

In general, invariants of some tight contact structures are vanishing (structures with
some symplectic fillable or positive Giroux torsion etc.) However if one take a suitable
twisted system, one can sometimes give a non-vanishing class [29]. For other examples
related to contact structures, symplectic topology, Lefschetz fibration, and Stein manifold
readers should take a look at [22].

2.7 Graph manifolds

In [34], Ozsvath and Szabé gave a method to compute HF* for plumbed 3-manifolds.
In short, this method is a machinery put surgery exact sequence together. Némethi
[19] gives a systematical algorithm (the tau function and the graded root) to compute
Heegaard Floer homology for any plumbed 3-manifold with at most one bad vertex. This
computation gives the module structure of HF* completely, and it is used as a first useful
trial to explore Heegaard Floer behavior for some topological phenomenon.

The more general 3-manifolds are hyperbolic 3-manifolds. Does Heegaard Floer ho-
mology capture hyperbolic structure? This is a natural and challenging question.

3 Knot Floer homology

3.1 Definition and an example

The most attractable point of Heegaard Floer theory is what it is able to build some
variations of Floer homology. One of variation is knot Floer homology. Knot Floer
homology was defined by Ozsvath and Szabé [27] and independently by Rasmussen [42].

Let K be a knot in $%. We take a (g,1)-decomposition 5% = Hy Ug, H; of (S% K).
In other words K is transversal about ¥, and the union of the two arcs A; = K N H;
(¢ = 0,1). Furthermore, we assume that A; does not intersect compressing disks of a-
curves and S-curves. Such a Heegaard splitting always exists for any knot K. From the
assumption K intersects two points dAy = 0A; in ¥, with a-curves and S-curves disjoint.
We denote the points by z,w. We call such a diagram double pointed Heegaard diagram
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Then the chain complex of knot Floer homology CFK*(S3, K, i) is isomorphic to
CF>(%,,a,B,w) as a Z[U]-module. We denote by Mas(x) the absolute grading on
CF>(Y') which is defined in the previous section. The grading satisfies:

Mas(x) — Mas(y) = u(¢) — 2n.(9),

where ¢ € my(x,y).
We will introduce a filtration (Alexander filtration Alex(x)) on the module by using a
knot in the S®. The filtration is defined as follows. For x,y € T, NTp

Alex(x) — Alex(y) = n(¢) — ny (),

where ¢ is a disk with ¢ € my(x,y). This definition is a relative Z-filtration only. To
make an absolute filtration we impose a symmetry.

#{x|Alezx(x) = i} = #{x|Alex(x) = —i} mod 2.

We denote such a filtered chain complex of CF>(%,, a, 3, z) by CFK*®(X, e, B, z, w).
Here we give an example of double pointed Heegaard diagram and the filtered chain
complex. Consider the trefoil K = 3;. In Figure 1 we describe two digging arcs and two

-0

Figure 1: The trefoil knot and the Heegaard decomposition of S°.

2-handles on a 3-ball. The circles 81, 32 are the attaching circles. The circle 3, is the
meridian disk of K. Moving the circles and holes on the 3-ball we obtain the first picture
in Figure 2. The dashed arc presents a longitude of a knot K. In this case the double
points z,w are two points close to the meridian circle 3. The position of curves as, 32
can be made cancel the two critical points in terms of Morse theory. Hence, the diagram
moves to the next picture and it is isotopic to the last diagram in Figure 2.

From the last diagram we compute the Alexander filtration of the trefoil. The inter-
section points are 3 points: Xj,X2,X3. The non-trivial disks on the diagram are Dy, D,.
D is a disk connecting from x5 to x; and Dy is a disk connectlng from x5 to x3. Thus,
the filtration definition implies

Alex(xq) — Alex(x1) = —1, Alex(x,) — Alei(x3) =1
From the symmetric condition we have

Alex(xy) = 1, Alex(xs) =0, Alez(xs) = —1.
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Figure 2: A double pointed Heegaard diagram of the trefoil knot and a move.

The Maslov grading is
Mas(x3) — Mas(x1) = —1, Mas(x2) — Mas(x3) =1

The differential 3 works as follows:
8°°x1 = 07 BDOX2 =U- X1 + X3, 8°°X3 =0

- Here we compute hat Heegaard Floer homology. Since the version is' embedded in the
0-level in CF* with U = 0, then we have ‘

5x1 = 0, éXg = X3, 5X3 = 0,
HF(S®) 27 x,.

By the definition of the absolute grading, gr(x;) = 0. Since U-action decreases by 2, the
Maslov gradings are computed as Mas(x;) = 0, Mas(xz) = —1, Mas(x3) = ~2.
Here we define differential &% of knot Floer homology CFK(S?, K) as follows:

S R S
yeTaNTg pema(x,y),nz(¢)=nw(4)=0

) The chéin complex C'/ﬁ'():g, a, 3, z,w) is isomorphic to (/7?(29, a,B, w) and the dif-
ferentials are 0%. '



Theorem 3.1 (Knot Floer homology) The homology of(ﬁﬁ(zg, a, 3, 2), 5K) is an
isotopy invariant of a knot K. This homology decomposes as follows:

HFK(S*, K) = &HFK(S* K, i),

where }71}7((53, K1) is the homology with the Alezander grading 1.
Furthermore, the Euler characteristic of HK F(S3, K) is the i-th Alezander polynomial

X(HFE(S* K, 7)) = a;.
In the case of our trefoil, the differentials % are computed as follows:
%1 =0, %, =0, 65x3 = 0.

Hence, we obtain

. Z(g) 7=1
HFK(S} K,j) = Zi—yy j=0
Z—gy j=—2.
. Taking the Euler characteristic of these complexes, we have
9(K) /\
> X(HFE(S* K,j) -t/ =t —1+17" = Ag(t).
j=-g(K) ‘

We denote for any x € T, N T the map CFK>*(S® K) > U™ -x — —n € Z by Alg.
Then one can visualize the double complex Alex-filtration and Alg-filtration on the plane.
In the case of K = 3;, the double complex is described as Figure 3.

Generally, due to [40] if K is alternating, then HFE (K,j) = Zl('ﬂ%). In this case the
homology is determined by the Alexander polynomial and the knot signature. However,
for non-alternating knot, it is different in general, see Theorem 3.7.

Other important variations of definitions of knot Floer homology are the ones by grid
diagram [17] and Kauffman state [40]. By the former, knot Floer homology is computed
from a purely combinatorial information of a knot. By the latter, on the knot Floer
homology, a geometric meaning of a state sum is given.

3.2 Genus and fiberness.

In this section we give the characterizations of Seifert genus and fiberness on knot Floer
homology. The knot Floer homology detects the Seifert genus g(K).

Theorem 3.2 ([29]) Let K be a knot in S3. Then we have
9(K) = max{s|HFK(S% K, s) # {0}}.
Furthermore, Heegaard Floer homology detects the fibered-ness of knot.

Theorem 3.3 ([20]) Let K be a knot in S3. Then K is a fibered knot if and only if
HFR(S* K, g(K)) = Z.

68



CFEK(S3 K)

aY
»
Ko
L
&

Uxi)
) 3 U 1X3 Alg
U*x
SRS
// \
/// U2X2 UX3 6}(53)
CFK>(S3 K)

Figure 3: Differentials of CFK*(S3, K) and CFK(S?, K) in it.

3.3 Legendrian and transverse knot.

Legendrian knot (or transverse knot) in a contact 3-manifold is a curve tangent (or trans-
verse) on any plane of the standard contact S° at any point on the knot. Isotopy invariants
for those knots are classically the Thurston-Bennequin invariant (tb), and the rotation
number (rot) for Legendrian knots, and the self-linking number (sl) for transverse knots.
These and smooth isotopy type are called classical invariants. Classical invariants dis-
tinguish these knots but not complete. For example Chekanov [3] and Eliashberg found
non-isotopic Legendrian knots (CE-pairs) with the same classical invariants.

In the Heegaard Floer theory, (Legendrian or transverse) (unclassical) isotopy invari-
ants in (S%,£&,4) are included. Let L be a Legendrian knot in the standard contact
S3. Ozsvéth, Szabé and Thurston defined in [41] defined Legendrian isotopy invariant
A(L) € HFK~(S3, L) using the grid diagram. After that, in [14] Lisca, Ozsvath, Stipsicz,
and Szabé defined another Legendrian invariant £(L) € HFK~(S%, L) using open book
decomposition compatible with the contact structure, which it is proved these invariants
are equivalent to each other in [1]. For the transverse knot invariant ¥, which is defined
by Legendrian approximation, the same history has been traced. This equivalence is so
fruitful in terms of what some deeper information may be appeared. The image of the
hat version homology HFRK (L) is referred to as E(L) The invariants reprove CE-pair
is not isotopic and a link 62 is not simple (i.e., the knot is determined uniquely from
classical invariants), and transverse CE-pair, which is trivial DGA invariant are also not
(transverse) isotopic [23]. The DGA invariant is sometimes not useful for Legendrian
approximation of transverse knot because it vanishes for a stabilized knot. However the
invariant £ is sensitive for stabilized knots (it is multiplied by U or identity depending
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on stabilization). By using ¥, it is proven that the CE’s twist knots are transverse not
simple. The Alexander and Maslov gradings of £ and ¥ compute as follows:

Alex(2(L)) = %(tb(L) —1ot(Z) + 1)
2Alex(£(L)) — Mas(£(L)) = ds €).
M(E(T)) = 2A(S(T)) = sI(T) + 1.

Here d3(€) is the invariant of 2-plane field on 3-dimensional obstruction defined in [7].

3.4 L-space surgery

The lens space knot K is a knot yielding a lens space by an integral Dehn surgery. This
research field is the one which was remarkably developed by Heegaard Floer homology.
Ozsvath and Szabé obtained the Alexander polynomial restriction for lens space knot (or
for L-space knot more strongly).

Theorem 3.4 Let K be an L-space knot. Then the Alexander polynomial is of form:
Ag(t)= (=1)" + ) (=) (1 + 1),
j=1

where the exponents n; give an increasing sequence:
O<ny<ng <---<ny=d.

As a corollary, this theorem and Theorem 3.3 imply that any L-space knot must be a
fibered knot. By this theorem many knots are ruled out from L-space knot, in particular
lens space knot. Besides, if K yields a lens space L(p, q), then due to [12], we have

29(K)-1<p. (1)

This inequality follows from HF*(S3(K),i) = T*(t;) (i # 0) and g(K) = d (degree of
Ak(t)). Greene in [8] improved the inequality (1) in the case of lens space knot in S? as

follows:
29(K)—-1<p—2y/(4p+1)/5

by using Theorem 3.4 essentially. [8] classifies all lens spaces obtained by Dehn surgeries
in § by extracting some information of a lattice embedding coming from embedding
of the resolution of a lens space in a definite 4-manifold. This implies this property in
Theorem 3.4 is so strong among the other L-space knot restrictions.

3.5 Dehn surgery formula

We introduce the Heegaard Floer homology of a Dehn surgery S}, (K) in [27], [38], [39].
Briefly speaking, the computation of the homology is the mapping cone technique of the

chain complex. Let K be a knot in S®. We denote Alex and Alg by j- and i-coordinate.
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Let C' be CFK®(K). Let Af = C{min{i,j — s} > 0} and B* = C{i > 0}. We define
Al B* vt bt as follows:

A = ®aca(s, Allispayq)): BY = Bseal(s, BY)
(S AI.(Z‘H’S /‘IJ) - (87 B ) h‘+ (S AL(H—ps)/qJ) — (5 + 1,B+).

The second components v} and A} of v* and AT on the level s are defined as follows:
The map v} is defined to be the quotient to ¢ > 0. The map h] is defined to be the
composition of the quotient to j > ]_”%j and the identification with 7 > 0. Here we

define A — BT to be
D:p/q(s’ as) = {(s, ”fmj (as) + hz—iﬂgs—l)J(as—l)}-

Theorem 3.5 HF*(S (K, 7) is isomorphic to the homology of the mapping cone X /qWith

respect to DZ e

The mapping cone with respect to Dl /g 18 the chain complex which the generators are

A;r ® IB;L and the differential is
( O+ 0 )
+l .
\D; p/q -,

In the case where ¢ = 1 and p > 2g(K) — 1, as in [27], the module of HF* of S3(K)
or §% (K) is isomorphic to

HFf(S;:’(K),[S})gH*+gzs_—5p2u(A;ﬁ[SJ)v HFY(S2,(K), [s]) = *+_4M)_(bA [s])

where "A* = C{min{i, j — s} > 0}. Further the homology of A, := C{max{i, j —s} = 0}
and *A, := C{min{i,j — s} = 0} compute the hat version of S3(K) and S% (K) in the
same way.

Ni and Wu [21] gave the correction term formula of rational surgery of a knot. The
spin® structures of Dehn surgery of a knot are identified with Z/pZ naturally.

Theorem 3.6 Let K be a knot in S® and p, q positive integers. For 0 < i < p we have
(S /q( ) ) = d(L(p, q),Z) _2ma’X{VL%’J,W2+gq-1-iJ}.

p

Here V; is a concordance invariant will be defined as below.

3.6 Satellite knots

'Hedden computed HFEK of the (+)-Whitehead double D, (K,n) of a knot K. The coef-
ficient is F = Z/2Z. Let g be the genus of K.

Theorem 3.7 ([9]) Let K be a knot in S3. The case of n > 27(K):
Fi @l [Hoa(F(K, )P i=1
HFK(D(K,n),i) = IF% Yl [H(FK ) i=0
IF" %g YOIy [Hon(F(K5)P i=—1.

J——g [
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The case of n < 27(K):
B2 I g [ (PO ) i1

e . T —4g— T(K)—2n— : ;
HFK(Dy(K,n),i) = { B9 o 7702 ot [H(F(K, ) i=0

O T @ R T el Hen(FUG )P i=-1.

Here 7(K) (concordance invariant defined in the knot Floer theory) will be defined in the
next section. Since the Alexander polynomial of D (K, n) is —nt + (2n + 1) — nt™!, this
theorem says that knot Floer homology is strictly stronger invariant than Alexander poly-
nomial. For example, it follows immediately that if D, (K, n) is fibered non-trivial knot,
then the double is figure-8 knot only (K= the unknot and n = 1) by using Theorem 3.3
and the reduced knot filtration formula of 7(K) in [44]. Thus, due to [9] the 7-invariant
of D, (K, n) is following:

0 n>27(K)

m(D+(K,n)) = {1 n < 27(K).

Hence, untwisted (n = 0) Whitehead double with positive 7(K) is not smoothly slice. On
the other hand, Freedman's result [5] says that any knot with trivial Alexander polyno-
mial is topologically slice. Then, for example for any positive torus knot K, D, (K, 0) is
topologically slice but not smoothly slice knot. Such a knot gives an' ezotic R* by Freed-
man’s result [5] and Gompf’s result [6]. The result of O-framed attachment of the knot
on the 4-ball is embeddable in a 4-manifold homeomorphic to R* but not in R*.

4 Concordance invariants

Two knots Ky, K, are defined to be (knot) concordant if there exists a smoothly embedded
annulus f: S x [0,1] = 52 x [0, 1] such that flsixqiy = Ki. The set C of the equivalent
classes of knots by knot concordance is an abelian group so that the connected-sum is the
addition. The zero element in C corresponds to the equivalent class of slice knot. We say a
knot K to be slice, if there exists a proper smoothly embedded disk in 4-ball such that the
boundary is isotopic to K. In the Heegaard Floer package there exist some concordance
invariants. We give the definitions of those. In this section we denote CFK*°(K) by C.

4.1 The 7-invariant and variations.
Let F(K,j) be C{Alex < j, Alg = 0}. Then we have

- CF(K,i—1)C F(K,i)C F(K,i+1)C---
and U;ez F (K, i) = 5?’(53). Knot Floer homology ﬁﬁ((S:‘, K, j) is the graded homology
H,(F(K,j)/F(K,j—1)). The inclusion map (™ : F(K,m) C CF(S?) induces a map
v o Ho(F(K,m)) — HF(S%) = Z on the homology. If m is sufficiently small, then

F(K,m) is the 0-map. If m is sufficiently large, then F (K, m) is isomorphic to CF(S%).
The 7-invariant is defined as the following minimal:

7(K) := min{m|:]" is non-trivial}.
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Theorem 4.1 ([28]) The T-invariant gives a group homomorphism 7 : C — Z.

This invariant 7 gives a bound of the 4-ball genus g4(K).

Theorem 4.2 ([28]) Let K be a knot. Then the following inequality holds:
IT(K)| < gu(K).

The knot signature o(K) is also similar inequality |o(K)| < 2¢4(K). For any alternating
knot, o(K) = —27(K). Generally, this inequality on 7 is sharper than the one on o.
For 7, various sharpener invariants exist. To compute 7 of a cable knot, Hom in [10]
introduced e-invariant:

1 6’?’(5’3) — YA, (x): trivial on the homology,
e=1¢—1 A,.(K) — CF(S®): trivial on the homology,
0  otherwise.

Theorem 4.3 ([10]) Let K, , be the (p, q)-cable knot of K with p > 0. Then, we have

ciy < [T+ =D = K2 K) £0
i (p—1)(g — s97(q))/2 = 7(T,4) €(K)=0

Here T, 4 is the (p, q)-torus knot.

Ni and Wu defined knot concordance invariant Vj to compute the correction term of Dehn
surgery of a knot in [21]. Let v;” be a map A — B" which is defined in the similar way
to the previous section (note that the degree of the map is slightly different from the
previous section). The restriction to the T>°-part gives a U-power map. We define the
exponent to be Vi. The same invariant Hy, replacing v with &} : Al — B* is given. Vj
is a decreasing Zxo-valued function on Z and Vj; = V; or V4 — 1. The following minimal
value v(K) := min{k|V, = 0} is a concordance invariant and 7(K) < v(K) < g4(K) holds
n [11]. This v(K) is a sharpener invariant than 7(K).

4.2 7Y-invariant.

Recently, Ozsvéth, Stipsicz and Szabé in [24] (also Livingston [16]) defined the concor-
dance invariant T (t), whose value is a continuous function on the interval [0,2]. And
T is a group homomorphism C — Cont([0,2]). Tk(t) is a piecewise linear function with
finite non-smooth points, which is the number of the smooth points is also concordance
invariant. We have Y% (0) = —7(K).

Here we define T according to [16]. Let F; be an s-filtered chain complex with F; s =
C{tAlex + (1 — £)Alg < s}. Then T is defined to be T(t) = —2v(K, F;), where

v(K, F;) = min{s|Image(H,(F;s) — H.(C)) contains the non-trivial element of grading 0}.
Tk(t) give a 4-ball genus bound:
Theorem 4.4 ([24]) For any 0 <t <1,
ITx(®)|/t < 94(K).



This invariant Y is weaker than {V}} invariant but is useful for the linear independence
on concordance group of a family of knots. For example, consider torus knots {7}, ,11}.
Let Gg be generators in C' with grading 0. Any element in Gy lies on the boundary of the
convex hull of Gy in R2. Since Y1, ,., has a convex function with p singular points, these
are linearly independent in C'ont([0,2]) and the knots are also linearly independent.
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