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Abstract

Ideal membership and extended ideal membership problems are considered in rings of convergent
power series. It is shown that the problems for zero-dimensional ideals in the local rings can be solved
in polynomial rings. New algorithms are given to solve the problems in the local rings. The key of
the algorithms is the use of ideal quotients in polynomial rings.

1 (IC®IC

ARBTR, RBEEERTOMT7INHREE LB T 7IHEREEZHRLI S EDDOHIEICD
WTIRR B, :

AT NVFEBEEEIERA T 7IVHBEEL, Z<OSHFREANIEEREETH 50, PCREHRK
B8 (local ring) TIX, Mora @ tangent cone 7V T XL ERY V5 — REEEZH WD HENELHTHY
3, 6,10, 11] L& DA SN TS, =TI, IHERKED A 77 VB - J3E1 77 VRS
EATTINVEERNWSZECIOSEABOMBEEREZ, LT F—EEERAWTHRS FIEEHNTT 5.

ZZTHROMEEREREEVRIT B0, FEsBOSER f1, f,. .., fs € Clzr, 22, .., 0] DEA
EL, V(F)={z € C"fi(z) = falz) = - = fo(z) =0} £ETB. ZIZT, V(F)IZFEK O ZMILL 723
BEOEELTHDERET 5. WHRGER Clzy, ..., 20} KBOT F 2ERT 51 F7VE (F),,,,
SERR Clzy,..., 2] KBWT F BERT B FTIVE (F) TRT. T0EZ, ZEXAW(F),,, 8
LTWBANEINZHETBHEIDODNTENS., INBRERTROES I TF7NVFHBRETHS. dL,
he (F) o, THNL,

h=qfi+aqfo+ - +gsfs

EIED g1,y 1 qs € C{zy, 2oy . ., o} BEET DN, ZN5 q1,00,...,9s ZROZFE, Thabs, #
B FTNVHBEEII DN THRRS.
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AWEBLT, €528 n B8y, 00 OEBHEL, Cl] SRR, Clo} 2 INRBRER LT
3. BAKOHANIYOEEUETS.

2 AT7IVFRIBME

AF7NFBEEEEZX5. C* ORR O OBEHEE X &L, F% sBOLHK f1, fr,...,fs €Clz] ®
EBHLTE, TR, s sBOZHERL {z € X|fi(z) = fo(z) =+ = fs(z) =0} = {O} 2T
LEETD. £, To=(f1,...,f) 0y ERFBC{z} T f1, fo,..., fo KK VERINBAFTIVEL,

=(f1, -, fo) ZHERBClz] T f1, for. -, fs WL VERSNBAFTTINET S, Fz, BFRC{z} ®
BAAFT N (21,22 ..,Tn) & MTEYT. ZOEE, RMBKDID.

W81 2HER heCla) IKHL, RIIFAETSH 3.
(i) h€Zo Cc C{z},
(i) g¢m &5 g BT F7IVE [ : (h) C Cla] IKEET 5.

ZORELD, BRBRTOAFT IV Io OA FTVFBEEIIRD L 5 1ML 2 ENTE 5,

Algorithm 1.
AN fi, fare - for {z € X|fi(z) = folz) = -+ - = fs(z) =0} = {O} %Wz T Clz] DL EK,
Clz] DX
W hE (fiye fo) oy DU E (f1,-.0, fo) (o, DHIE.
1. Q « ZEAR Clz] TAFTTINE (fr,.. ., fs) : (h) OEREEHET 5.
2. BL, QIZg(0) £ 0&ies g MELETNE, h e (fi,....fo) THB. FELETNE, h¢
(101 [ oy THB.

SEABETOCTTIVE (f1,.... fs)  (h) ORERZ IV TF—EEZRANDZETHEWETH S ([2)).

Bl 2 2R f = Py + ay* + 2% € Cley] BEACIMIHRAZHED. 2L = 30% +y* + 2098, %
2® + day® + 30y K0 RSB F TN (S, E) ), c Cla,y} DA FTNFRHEEZEZ 5.

BN by =25+ 28 (8L, L) o, CFIRY B0 E 5 0% Algorithm 1 28> THIET 3. £7, 1 F7N
B (8L, 80Y () C Clz,y) PRIEZFHET 2. RKHEREEF (2 - y) THETZE, (3, 3): ()
OIVTF—RE G

= {gy = 35y — 121, g, = 245z + 1331}

&3, TIT, g1(0,0)=—12'19é0c11"0, hi€(Z, %) o, THHI EWDDLS.
KIZ, hg=zt+4y7 KDVTHB, 4%’7)»%(%5, 91y : (hy) C Cla,y] DREERFET 5. LREEE
KRBT (@ - y) THETBE, (XU, 2U): () DV VLT F—EEC 13

= {gs = Tz + 11y, g4 = 35y° — 121y}
TH5. g5(0,0)=g4(0,0) =0 THZDT, hy ¢te (3L, %), THBIEWDNLS. '

BHRRTOATF7NVHAERBEE LT, #X (3,6, 10, 11) THRAINTWERARTOA T 7 IV FERE
ML, KT fi,... fs TERSNDATTINVOAY > F—REE G 2HEL, TO%LE G TH
0 (Mora @ tangent cone 7))V TUXA), ZOEDEDORDA 0725 TR, 0 TEWRSEFIRL T



WEHETZHDOTHD. ZITH, ZOHEEZRROFEEFRRT EET D, fEROHELE Algorithm 1
DRERBENT, HROFEILTOFEZRFRTITOLOTH B, Algorithm 1 IIRAROMEE %
HABICB T2 EOATHSZEICHZ. —~RIZZHLBTOFEIL, RIBETOHFELDFERIVAN
Nz M Algorithm 1 HHHTH B EH X 55,

WSRO FHE L Algorithm 1 %GBS AT L SINGULAR IZRE U SHELRFR 2 LB L 72, A L 725t
B3 PC [0S: Windows7 (64bit), CPU: Intel(R) Core i7-2600 @ 3.4GHz, RAM: 8GB] TH 5. X1 D
BiEd CPU BEXL, > 1hiZ1BHULEEZRL TS, £, X1 OHFEERTITRThe (F) TH
5, ERTHEALESZHERNIRTHS. RO EOHEFRZBHASAKFEXRENEF (z,v,2) ZHEHL,
Algorithm 1 Tid (Ki) X EHERBIEF (z,y,2) ZHEALE.
g1 = (y* +22° +2%) +4° + 8ay,
g2 = (y13 + z3)2 + 3y14 _ 2z3y2°,

93 = (2%y + 222 + 2%y + y* + 24)% + 223422,

g1 = (2% + y22 + z9° + y1*)? + 2%,

g5 = (z22 + y2? + y® + y32)% + 25 4+ 2By 4 23227,
g6 = (¥t + 2% + %) + 2% + 9524,

g7 = (z* + 225 + 23)% + 48 + 2% + 8zy7,

gs = (y* + 228 +23)? + 25 + yP2* + 27528

F h PERDF{% | Algorithm 1
1] G du cu ! 4 ¢ 0 0.014
2| aim 220 + 430 0 0.940
3|58, 50 1%y 72 0 0.140
A X zy"0 22 > 1k 7.99
5| 55,58, 5 | 2154510 + 2y01 > 1h 12.200
6| e, G, G 230y > 1h 92.730
7| S0 o 25 + 4% > 1h 168.570
8| e 5% 22 4 20 > 1k 416.650

% 1: 177 VHRHEE

#1555 & 51T Algorithm 1 BFERDHEELRPROTHS. ZOHEEREFLIMTS
L, BEA~SITBWTHROFER (F) DAF > 5 — REEFEICEHND N> Tn5. ERZOMED
BEIBHUEEBL THAY ¥ —RERRBAINLZL., ROFETIE, ZORY ¥ — REKSH
HNZKICHEPRICEEERIIL TS, LAHL, Algorithm 1131 F7VRAOGHEEZELERFRTIT> T
WBDTAY & — REEFEIISER. Algorithm 1 DFHED A1 VXTI F—REFETHD, 7
LI F—HEFEIIAY V- REEFHEEEST, 2<OFET IV %ED T ENTEZDOTHERN
Thd.

3 HRA T 7 IVEERE

WA F7VFREEZEZ 25, MEERARC, C OFA 0 OBEEE X ELT, F%sBOLHER
BT LFET D, EI, Lo = (fi,..r [s) oy ERFBC{z} T f1, fo,..., fs KX VERSNBA FT
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WEL, I={f1,....fs) EBEHRRCz] T f1, for. -, fs KEKVEREINDAFTTINET B, 4, miZk
DRFRC{z} BT BRI TN (21,20, ..., 2n) ZERT. )
L, BHRA A e Clz]| W1 T TN Io KFIBLTWIE, q,q2,.-.,9: € C{z} BEEL

h=qfi+qfo+ - +qsfs

ERTIENTES. ZDq,q9...,9s EHEMITRKODDTA T 7L, BIEELARICSHIBTOATY
NVEOHETHS. Tiabs, FlE 1 OBEEZDERERD.

W 3 SR he Clo) ZRMEESRLEEE, hIATFT N To = (fi, far- - fo) oy C Cla} KIBTE
T IorE, ZHRgTHD

(i) g¢m,
(ii) geI:(h)
EHETOOREET B, L, T:(h)y={geClz]|ghel} TH5.
BELD, gh3BER p1,pay....pr € Clz] ICED
gh=pifi+pafo+---+psfs

EERTTEWTED. Z2T, £Hg0)£005 =2 (i=1,2,...,5) ETBE, ZHIIC{z} DE&E
5. DED, LENX g,p1,p2,...,ps VESINE, BEREATFT7INFHBREIZROKX D IZMEL I EATHE
ThHd

p1 P2 C . Ps

h=2p+2hr By,
p fi p fa p f
ZOHE g BT TNENSHERRETHY, BHK p1,po,---,Ds biBK?Eﬁl/jﬂ‘—EJE?)l/:l") N

(Chapter 5 [1]) £/ gh, f1,..., fs D syzygy DOFETRTH 2. RV TF—EHET NIV XL E
syzygy st BIIAFEMIZRACEDT, I Tk syzygy 2R WEHEZBNT 5.

Algorithm 2.
AN 1, fa, .. [t Cla) DFERT {z € X|f1(z) = falz) = - = fo(z) =0} = {0} &#H=T.
hi h€(fi,. ., fo) oy C C{a} &£725 Clz) EHERX. (FEFRIEET )
B g, 0 h=qufi + -+ gsfs W TIUOREERE.
1. Q+ BEABClz] KBWT, AFTTIVEE (f1,...,fs): (h) OEEZFHETS.
2.9+-QM5g(0)#A0&ERDgEES.
3. Syz < gh, fi,..., fs KOERIND syzygy BED POT HEIEF [3, 6] iICBT 2L 7 —HE Syz
ZEHET 5.
4. (cg,c1,...3¢s) « Syz MOEFE—RABEQATRNWEKTH B (cp,c1,...,¢5) BED.
5. &ie{l,... s} itBVT, pi= —z—z LT 5.

6. Bic{l,..., s} ITBVT, g= % ET 5.

(GEE) syzygy NBEDF L7 F—REEHEIIEH BB R B X 7 A SINGULAR & Risa/Asir i TIZE# s h
THOFERRETHD. £/, ghe (fi,....fs) CClx) THBDT, gh,fi,...,fs Dsyzygy MPEOI L7



F—EEOTOPITIILTHE—RANEOTRNERD b DONHFET S.

ZOTNIY XL, RFE C{z} TOMEASHERE Clo) TAETETH S E2RL THAENN
BRbHDTH5.

Bla R f =2ty + % +2%° TEBSN TN Ny BREZEXD. ZDEE, h=2"1dTp =
(&, %yl)(o) C C{z,y} KFBLTW3., ZHEAR Clz,y] TOHBEREEF z ~ y BT 21 F7IHE
(8,50 : (@) DRIEIL {9y - 32,927 +16°} THB. g=9y—32&L, (9y—32)2", &, G D syzygy
BHOPOTICET 7L T —HEIIRERS.

{(2,128y° + 88z%y® + 5z*, —322y* — 6423 — 22%y),
(2,128y5 — 40y" + 882%y° — 252%y*, —32zy* + 102y° — 642® + 182%y)} .

TIT, 290RY MV OB—BAERIc PO TANERTHBDTEL BOARY ML EE>THEER<
WA T VFREEERS Z EATES, CoTH, LDHORY MVEES, ZOLE, o 13 Cla,y)
BWT, ROEDICERTZENTES,

x7=128y6+88x2y3+5x4 of  —32zy* —64a% — 22%y 9f

—2(32—-9y) oz —2(32— 9y) oy

RATR C{z} i2BWT, h, f1,f2,..., fs D syzygy MBEDAY > ¥ — FEEZFEL, FROERETS
ZEIEVIERA TTNFBREZE ZEBNRETHS. ZDHEEZ I ITHEHRROAREIERT &I
T5.

EEX Algorithm 2 25 BRI X5 L SINGULAR IZEHE L, #EEDHE (SINGULAR FIIE) LBk
L7z, #R L7 3 BRI 2 F#RIC PC [OS: Windows7 (64bit), CPU: Intel(R) Core i7-2600 @ 3.4GHz,
RAM: 8GB] THh 3. % 2 OHIEIZ CPU BZ2&KL, >20m 320 2L EERL T3, %k 2 ORETI,
TRT he(F) Thsd. ERTHEALEZERIIE 2ORCEBINTND fi, fo,..., fs THB. D
HEREIEF R SRR HE RN (z,y,2) 28R L, Algorithm 2 Tid (k) &K &EE REIEF
(z,y,2) ZHERL .

F h PEkD A | Algorithm 2
BEX N 2% 0040 | 0040
2 | 2ok z16 0.460 0.030
XN 100 4 4100 0.220 0.180
4 | G 8 0 | 5g10y30 4 43,20 88.510 1.090
5 G, 9 z1® 4 330 > 20m 0.060
6 | 9 2215 — gy > 20m 1.420
7| 9,0k 0 [ 21 401 10yt [ > 20m 12.390
8 | G, o, o | 241%16,2 — 3, > 20m 19.090
9 | 3k, 5k, ok 230y > 20m 124.175
1o | G, o o 2 4y > 20m 398.990

& 2: WRRA T 7 IV RFEE

fi= @+ 222 +2%)2 448 +2° + 82y,
o= (y13 4+ 23)? 4 3yl — 253y,
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f3 = (28 + x2% + xy® + 2y%)% + 228 + day!2,

= (2® + )% + 3y™ + 32109° — 2zy™,

= (22 +y2? + 45 + y32)% + 25 + 2By + 284222,
f3=(z2y+z4+y5)2+m5+y 44 2858,
fr=@*+z2® + 222+ 2% + y5z4
fo = (y* + 223 + 23)? + 25 + yB21 4 22528,

25005 K DIC Algorithm 2 IIRERDFEE MR RATH S, FEEROBREEHL MY
&, BB A~8ITBNTHRRDO L E syzygy MBED A Y > ¥ — REESEICERAM N TS, EB
20 AU ERBL THRY > F— RERIIHAShAN. £ F7IVRBRIEORE &R Z/REROFEE,
syzygy MDY > ¥ — RERGENSRICHENRICFEZRIFL TWS. LHL, Algorithm 2131 F
TIWEORREESED & T, FERRTO syzygy MBEO S L T F—EEOHEICHELRAATHS. LT
FBEHEIRY Y- RER#HELES T, E<OHETFI v I 2D T ENTE BDT Algorithm 2
I3ATED Algorithm 1 & IR TH 3.

4 HGRICDWVT
BMEETOREELLT, 2HRA fi,fo,..., fs BINMLULAEXBYORZRERICHFEDELE (e, {z €
X|fi(x) = falx) = -+ = fo(z) = 0} = {0}). LaLAads, FEATHREBIMILAHBEYOAE

F’f’(‘biﬂbcl:jf;% IIRIBET H 5.

C"DR A= (ay,...,a,) DBEEZE X ELT, Fs@BOLEER fi,fa,....fs € Clz] PEAT, Z
N5 sBOLERKL {z € Xulfi(z) = falz) = -+ = fs(z) = 0} = {A} 2W=TERETS. T/,
C{x—a} = {f/glf7g S C[z‘],g(a) 7é 070' = (al,..,,an) S Cn} tbr IA = <f17"'1f5)(/\} E;%Fﬁﬁ
Clz—a} T fi, far  Fs RKUERINBATTINEL, I={f1,..., fs) %zlﬁitﬁqz]rh,fz, A
WCEDERINBIT7INET S, £, RFIRC{z- a} DK T 7 (z1 — a1, 2 — ag, - — Q)
Bmy TET. ZOEE, RERDID.

WE 5 ZER h e Cla] BRBBMEBRULEE, ADATTINIa = (fi, for-. fo) 0 KRTET S, T
DEE,

(1) g ¢ mg,
(ii) g I:(h)
EWMIZTHONEET 5.
Algorithm 1 & Algorithm 2 &FEEIZ, 1 STV I (h) ORIEZFHEL, KA TYOABbONE

ETENEINEF oy 7§, HEREAUHETS F7IVHEME LIRS T 7VEREEMR 2 &
MTES.

Algorithm 1 & Algorithm 2 1%, ZER fi,f2,.. ., fo, AWM T A—=FEZEUHREITH L THBRICHE
TE5.

NIA=IRNETVLTF—BEHET N TY XLIEHRI (5, 7, 8, 9, 13, 15, 16]) THRAINTH D, FE
BICOEEINTND, TONFGA—INET VT F—REEED Z LIS T, NTA-—IFHELTTI
BOFENHALERDHDT, Algorithm 113/%5 XA—# (X DB/ ICHBICHIETEETHS. LnL, B8
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BN T A—F &Y 5 — REKFES %, /NT A—¥ f1& Mora @ tangent cone 7)) TV XL idH
FLRWOT, EROFEETDET/NTA—FHEITHET 5 Z L1379 <2< LHRMBATIIED TR
BTHHEEDND.

INT A= & syzygy SHET I T XLERI (12 KL OBAIN TN B EHITEREBFETD. 20D
ZE&D, Algorithm 213/8T7 A~ EOFAICHBICHIRAETH S, LHALaNS, EROFIKIIE
ISR F7NVFREE SR CEAICL D, SREREEICIIRRZ N,

SHEF

ABIFEICB N THE—EHIL 2015 FEBBRFROBERAEN R TP e 7 Mg, BAREMRASFT
FHERBE HFEUE (B) BEES 15K17513 OBREZITTB 0 ET. BFoFHIIHLAMRESFE
e ahe BRI (C) BEES 15K04891 OBIRZZIFTHVET.

2 £ X M

[1] Becker, T., Weispfenning, V.; Grobner bases, Springer (1992)

[2] Cox, D, Little, J., O’Shea, D.: Ideals, Varieties and Algorithms, 3rd edn. Springer (2007)

[3] Cox, D., Little, J., O’Shea, D.: Using Algebraic Geometry. Springer (1998)

[4] Decker, W., Greuel, G.-M., Pfister, G., Schonemann, H. : SINGULAR 3-1-6 - A computer algebra
system for polynomial computations. (2012) http://www.singular.uni-kl.de

[5] Dolzmann, A., Sturm, T.: Redlog: Computer algebra meets computer logic. ACM SIGSAM Bul-
letinn 31, 2-9 (1997)

[6] Greuel, G-M., Pfister, G.: A Singular Introduction to Commutative Algebra, 2nd edn. Springer
(2008) :

[7) Kapur, D., Sun, D., Wang, D.: A new algorithm for computing comprehensive Grébner systems.
In: Proc. ISSAC 2010, pp. 29-36. ACM (2010)

[8] Manubens, M. Montes, A.: Improving DISPGB algorithm using the discriminant ideal. Journal of
Symbolic Computation 41, 1245-1263, (2006)

[9] Montes, A., Wibmer, M.: Grébner bases for polynomial systems with parameters. Journal of
Symbolic Computation 45, 1391-1425 (2010

p
[10] Mora, T.: An algorithm to compute the equations of tangent cones. In: EUROCAM 1982. LNCS,
vol. 144, pp. 158-165, Springer, Heidelberg (1982)
[11] Mora, T., Pfister, G., Traverso, T.: An introduction to the tangent cone algorithm. Adv. in

Computing Research, issued in robotics and nonlinear geometry 6, 199-270, (1992)

[12] Nabeshima, K.: On the computation of parametric Grébner bases for modules and syzygies. Japan
Journal of Industrial and Applied Mathematics 27, 217-238, (2010)

[13] Nabeshima, K.: Stability conditions of monomial bases and comprehensive Grobner systems. In:
Proc. CASC 2012, LNCS vol. 7442, pp. 248-259, Springer (2012)



125

[14] Noro, M., Takeshima, T.: Risa/Asir - A computer algebra system. In: Proc. ISSAC 1992, pp.
387-396. ACM. (1992) http://www.math.kobe-u.ac.jp/Asir/asir.html

[15] Suzuki, A., Sato, Y.: A simple algorithm to compute comprehensive Grobner bases using Grobuer
Bases. In: Proc. ISSAC 2006, pp. 326-331. ACM, (2006)

[16] Weispfenning, V.: Comprehensive Grobner bases. Journal of Symbolic Computation 36, 669-683
(1992)



