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Abstract

For a real signal (a real-valued function) f(t), we consider its analytic signal
(ANY(®) = f(t) + i(Hf)(t), where (Hf)(t) is the Hilbert transform of f(t).
Its absolute value A(t) = |(Af)(¢)|, which is called instantaneous amplitude,
often represents a coarse variation of f(t), and the graph of A(t) looks like
an “envelope” of the graph of |f(t)|. However, for some signals, A(¢) changes
rather rapidly, and it doesn’t look like an “envelope” of the graph of |f(%)].
We give mathematically rigorous inequalities about ;13(5) (A2%(t) = {A@®)}?)
which can be considered to explain this difference. We also consider the best

possibility of the constants of the inequalities.

Keywords : analytic signal, Hilbert transform, instantaneous amplitude, envelope,

frequency band

1 Introduction

A real signal can be considered mathematically as a real-valued function. For a real-
valued function f(t), its analytic signal (Af)(¢t) = f(t) + i(Hf)(t), where (Hf)(t)
is the Hilbert transform of f(t), is well-known to be useful. It has only positive
frequency components, while it becomes complex-valued. Its absolute value A(t) =
AF)®) = VIF@)? + |(HF)(t)]? is called the instantaneous amplitude of f(t), and it

is known that it often represents a coarse variation of f(t), and the graph of A(t) looks
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Figure 1: An example of |f(¢)|(thin) and A(t) = |(Af)(t)|(thick).

like an “envelope” of the graph of | f(¢)|. An example of |f(¢)| and A(t) = |(Af)(t)]
is given in Figure 1. Note that |f(¢)| < A(t), and the shaded area is between |f(t)|
and A(t).

This property of analytic signals is often used to extract a coarse variation of a
real signal. However, for some signals, A(t) changes rather rapidly, and its graph

does not look like an “envelope” of the graph of |f(t)], as is shown in Figure 2.
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Figure 2: An example of | f(¢)|(thin) and A(¢) = [(Af)(¢)|(thick) (bad case)



We want to make this situation mathematically clear. We found rigorous in-
equalities about 42(¢) (A2(t) = {A(¢)}?), which can be considered to explain this
situation to some extent.

Part of our results was announced in [4] without proofs. The best possibility of
the constants appearing in the inequalities is also discussed.

In the next section, we explain about Hilbert transform and analytic signals. In
Section 3, we explain about the instantaneous amplitude, with several examples. In
the following section, we give the main results. In Section 5, we give more examples,

and in the last two sections, we give the proofs.

2 Hilbert transform and analytic signal
Let f(f) be the Fourier transform of f:
flo)= [ e

The mapping f(t) — f(§) can be considered as a transformation L?(R) — L?(R),

where

LK) = { £ | 1f gy < 00 }

o = ([ 0P ar) ”

The Hilbert transform Hf of f € L%(R) is defined by

(H)NE) = ~i(sgn) F(©), (2-1)
o 1, £€>0, .
sgné: = { 1L <0, (Figure 3) (2-2)

The operator H is a unitary operator of L%(R), that is, H : L?*(R) — L?*(R),

(Hf,Hg) = (f,9), and [[Hf| = |[fl|, where (f,g) := /f(t)g(t) dt, Z denotes the

R
complex conjugate of z, and || f|| := v/{f, f) = [Ifll 2wy
If f is real-valued, which is equivalent to f(—f) = f(&), then Hf is also real-
valued, and Hf L f, that is (Hf, f) = 0.

For a real-valued function (real signal) f(¢), we define its analytic signal by

(AF)(2) == f(&) +i(HF)(2)- (1.2)
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Figure 3: sgné

The analytic signal (Af)(¢) has only positive frequencies:

2(9), ¢>0, @3

A7 () ={ 0 feo

If f(t) is real-valued, then the Fourier transform f(£) satisfies f(—&) = f(£), and
hence (Af)(t) does not lose any information of f(t). As a matter of fact, we have
f(t) = R(Af)(t), where Rz denotes the real part of z.

3 Instantaneous Amplitude

We define three important concepts about f(t) using its analytic signal as follows.

The instantaneous amplitude (or amplitude envelope) of f(¢) is defined by

A(t) = [(AN O] = VIF@)2 + IHF) (@) (2.1)
The instantaneous phase of f(t) is
0(t) = arg(Af)(t),
where arg z is the argument of z. That is,
(A1) = A(t)e™®.

The instantaneous frequency of f(t) is w(t) = #'(t). In this talk, we concentrate on
the instantaneous amplitude.
For many signals in the real world, the instantaneous amplitude A(t) = |[(Af)(t)]

of f(t) is slowly varying, and it represents a coarse variation of f(t) like in Figure 1.
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Further, the graph of A(¢) can be considered to be an “envelope” of the graph of
|f(t)|. However, in some cases, the situation is not so good. A(t) looks too rapidly
varying like an example in Figure 2.

These phenomenon is rather well-known. However, mathematically, it is still a
wonder why such a phenomena occurs. There is no clear boundary between the two
cases. There is no rigorous definition of “envelope” nor “slowly varying”. There are
only many examples.

We give a simple example.
Example 1. Consider
f(t) = cos 8t + cos(8t + at) + cos(8t — at)

for 0 < a < 8. Though this f(¢) does not belong to L?(R), we can explain the
situation very well by considering this function itself, rather than modifying it so
that it belongs to L2(R). It is easy to extend the definition of the Hilbert transform
to a class of distributions including f(¢). Note that the support of f({) does not
include £ = 0.

Since

F©) =n{6(6~8)+6(E~8~a)+8(E—8+a)
+5(§+8)+6(§+8+a)+6(§+8—a)},

we have
(Af)(t) — eiSt + ei(8+a)t + ei(B—a)t,

and
At) = |(AH) ()] = |1 + € + e7*| = |1 + 2cosat].

(See Figure 4.)

As is seen in the figures, If a is small, then A(t) = |(Af)(t)| seems to represent a
coarse variation of f(t), and the graph of A(t) looks like a kind of “envelope” of the
graph of |f(t)|. If a is large, the situation is different. The instantaneous amplitude
A(t) = |(Af)(t)] is too rapidly varying and the graph of A(t) seems inappropriate to
call an “envelope” of the graph of |f(t)].

For many signals in the real worlds, the situation seems near the case of small a,

and the analytic signal is often used to extract a coarse variation of the signal.
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Figure 4: Example 1: |f(¢)|(thin), A(t) = [(Af)(t)|(thick): a = 2,4,6,7.

We give some further examples in Figures 5—6. The last figure in each of Fig-
ures 56 is an enlarged part of the figure above it. These are examples where f(é ) is
concentrated on 20 < [¢| < 30, with various rates of concentration.

Observation of many examples seems to suggest that

if the frequency components of a function are concentrated on a narrow
band, then the instantaneous amplitude varies mildly, and its graph looks

like an “envelope” of the graph of the original function.

The statement above is a very vague, logically unclear statement. We want to give a

mathematical statement which can be a supporting evidence for the above statement.

4 Main Results

First, we give a vague statement of our result.

Claim 2. Let 0 < w; < wy. If f(£) is concentrated on w; < |¢| < ws, then ;4\2(5)

is concentrated on |§| < wy — wy.
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Figure 5: |f(€)| and A(t) = |(Af)(t)|(thick), [£(£)|(thin). No.1,2
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and A(t) = |(Af)(t)|(thick), | f(¢)|(thin). No.3,4
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This claim can be understood that if f({ ) is concentrated on w; < |¢| < ws, and
if wy — wy is small compared with w;, then ;13(§) is concentrated on low frequency
band, and hence {A(t)}? (and A(t)) varies mildly.

Now, we give precise mathematical statements. We give three types of inequali-

ties.

Theorem 3. Let f € L?(R) be real-valued, and set
A1) = {A[)Y = (AN O = {fO)F +{(HH®)}.
Then, ;1\2(5) is a bounded continuous function, ;1\2(5) — 0 (J¢] = o0), and
2
LZ(R+)) ) (4-1)

Let 0 < wy < we, J = [wy,wy)], |J| = wg — wy. We have the following.

(1)

(-6 = B < ) (= 2|7

\/_
2 01 (2 * 222 ) Pl 49
- V2
lgilzlf)JllA2(§) = Hﬂ L2(R.) A‘LZ(R+\J)' (4-3)

Thus, if f({ ) is concentrated on J U (—J), which can be considered that I’f‘

L2(R+\J)
is small, then by the inequality sup¢>s |A%(£)| is small, which means A%(¢) is con-
centrated on [£| < |J|. Note that the inequality (4-3) does not follow from (4-2),

since K; N Ky = () does not imply
<
s < 171

[0 1

L2(K UK3)

but it implies

sk * 1 < VW e w4
(2) If f € L*(R) further, then A% e [t (R) and
[z (W ) P,

7

Hli

L) 17 @\’



Thus, if f(£) is concentrated on J U (—J), which can be considered that I|f!

LY(R+\J)
0 —~
is small, then by the inequality / | A2(£)|d€ is small, which means A?(€) is concen-
M

trated on |¢| < |J|.
(3) If fis bounded on R further, then

-
(€)1

) S0 1T

sup |A2(¢)] < (‘ Hﬂ €eRy\J (4-6)

[€1>]J]
=z Hﬂ

Thus, if f({ ) is concentrated on JU(—J), which can be considered that sup |f(§ )| is
EERL\J

small, then by the inequality sup |;1\2(§ )| is small, which means :4\2(5 ) is concentrated
1€1=1J1

sup
LY(R+) geRy\J

on [¢] < [J].

By this theorem, we have a mathematical support for Claim 2, which can be

understood as the following.

If f({ ) is concentrated on wy < |€] < ws, and if wy —w; is small compared
with wi, then {A(¢)}? (A(t)) varies mildly.

We give further examples. The figures in Figures 7-9 show several examples
with various spectrum. As the frequency components outside 20 < |¢| < 30 becomes

larger, the graph of |A(t)| becomes further apart from the “envelope” of |f(t)|.

5 Best possibility of the constants

Here, we consider the best possibility of the constants in the inequalities.

Theorem 4. (1) If the following inequality holds for every real f € L?(R), then

2v2

2
C'1> andC'2>——-——

RO CY i

2+2
—.

(5-1)

o) I

LAR4\J)

Not that in Theorem 3, Cy =

1

(2) If the following inequality holds for every real f € L?*(R), then Cy > - and
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Figure 7: |F(€), A(t) and |f(t)], its enlarged part. No.1,2.
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Figure 9: |f(€)|, A(t) and |f(¢)|, its enlarged part. No.5.

2
(3) If the following inequality holds for every real f € L?*(R), then C; > - and
4
Cy > —.
T
sup |4%(¢)| < (C + C. ) sup |F()]. 5-3
s 1200 < (6|7 + C1TL,) 20 L 69

Remark 5. (1) We have considered only the mildness of the variation of |A(t)]
by A2 (&). If we —w; is quite smaller than wy, then it seems that the graph of A(t) is
an “envelope” of the graph of f(¢). It is an important remained problem how can we
give a good definition of an envelope and make a rigorous statement for the above
observation.

Also, there is a possibility that the statement (1) of either Theorem 3 or Theo-
rem 4, or possibly both, can be improved.

(2) We can extend our results to the general case as follows. For Ji,J» C R,
set Jy—Jo:={m —ma | m € Jx(k=1,2)}. Let f1, fo € L*(R), and set E(t) :=
() f2(t) € L'(R). Then we have similar inequalities as Theorem 3, for E(¢) |
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ﬁ({), and f;({) Our case is when f; = fo = f and J; = Jo = [wy, wsy], where

Jl hd Jz = [—(’LU2 had wl),wz - wl].

6 Proof of Theorem 3

If f € L*(R), then A € L?*(R), and hence A? € L!(R), which implies that A%(¢) is a
bounded continuous function and A2 (€) = 0 as |£] = oco. Since A2%(t) is real-valued,
we have :4\2(—5) = :4\2(5), and hence |:4\2(—§)| = |;4\2(£)| Also, since A%(t) > 0, we
have

2 (8)| = } /R A?(t)e—iétdt‘ < /R A2(2) dt = A2(0).

~

f&) (€>0),

Then, we have
0 (£<0).

Set f4.(¢) := {

2(6) = [ (ANWTAND a
— 5 [ AN AN =€) dw
-2 [ w9 (61)
=2 [ Few+ OF @ o (62)

We divide the integral in two ways. Consider £ > 0. Note that l;l\z(—f)l = I;li(f)|
By (6-1), we have

@) < 2{ [ Rwlife-9ldo+ [

2
= ;(Il + 12).

Fr @) |Fe(w - 9)] dw}
\J

+

By (6-2), we also have

el < 2 [IRwrollh@ias [ hw+olh o)

Ry\

2~
(Il-"Ig).

T

(1) We can estimate I7 and so on as follows.

i< ([Ihera) ([Ife-9rw)
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We write L = ”ﬂ

L2(M)
AR < 2(h+ T+ L+ )
< %(LJL(J—smm + LiLiye + Lr g L(w\))-err, + LR+\JL(R+\J)+5)
< %{LJ(L(J—@nm + Lyse) + (L@p\n-9)nr. + L(R+\J)+¢)LR+\J}-
If £ > |J], then
(J=&NRL CRL\ J, J+ECRL\J, (6-3)
and the two intervals (J — &) "R, and J + £ are disjoint. Hence
(L-grm, + LJ+€)2 < 2(L%J—§)OR+ + L3+5) < 2Lﬂ2¥+\J' (6-4)
Since Lr,\n-e)nr; + Lw,\s)+¢ < 2Lr,, we have
2|1/43(§)| < %(LJ\/ELR+\J + 2Lg, Lg,\7),

|4%(¢)| < % (L]R+ + %LJ> Lg,\;. (6-5)
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Since L]R+2 = LR+\J2 +L2< (Lro\g + Lj)?, we have Lg, < Lg,\s+ Ly, and hence

- 2 1+v2
|[A%(€)| < = (LIR+\J + 7 LJ) Ly, \s.

Hence, we have (4-2). Also from (6-5), since Ly < Lg, , we have

) < 22

Ly, Ly, \s.

Hence, we have (4-3).

(2) We have
/JJTI@&S/J( I:Iﬁr(w—f)ldg) 1Fo ()] dw

<[ ( /&Sw_mlf(s)lds) Flw)ldo,

< [MiRo1de [ 1)

/L,Tfldf </ (/,o,o |Folw+©)] e ) 1F2 @) dw
= / ( / :Jl 7€)l ds) 17 ()] dw,

< [T17a [ 1Fea
We also have

[ [ ( / ol - )14 ) 1) o
<[ (L., Feas) i do.

/ljlofzdé < /RN (/UT fi(w + )| dg) ()| dw

since wy — |J| = w,

Also,

since w; + |J| = wy,



<[ ( / O de) 7w do.

o [ 1A% )|d£33/ (L+ T+ I+ ) de
|J]|

/If ldw/+ fle)de
/|f(£|df/ w)] dw
=2([ife |dw+/ e |d§)/R+\J|f(w>tdw
=%< /J|fw |dw+/R+\J|f(§)|d§) /M\Jlf(w)ldw

<2 [ \Fldo [ 1Fw)do
+ Ry\J

_7T]R

Thus,

Hence, we have (4-5).
(3) Here, there is no need to use L, . If £ > |J|, then

fl=/|f1w (Pl — )] deo

< <suplf+w ) )/lf+ )| du
<020, 7

LY(J) wer\J

L= / R = 9l

< ( sup |ﬁ(w)|>/ lﬁ(w—é)ldw
weRy\J Ry\J
”ﬂ L1(Ry) wellgf\.l lf

S

sup | f(w)l.

L‘(J) weRL\J

Hence, we have (4-6).



7 Proof of Theorem 2

Let a > 0 and d > 1. Consider J = [3,4], |J| = 1. Define real-valued f(t) = f,a(t)
by
1 (2<£<3)
@) =Taa () =3 a B<t<4) (Figure 10). (7-1)
1 (4<€<4+4d)

Then, by (6-1), we have

A |-

2t

0 2 3 4 4 +d

Figure 10: fa,\d+(§), a>0,d>1.

29 =2 [ Ffw-9do
3/\ 4A
=§(/2 f+(w—£)dw+a/3 Fw-9dot [

4+d

f+(w -£) d“’) .

Thus, we have

44-d

,42(1)=%(/2 f+(w——1)dw+a/3 Fow-vdo+t [ f+(w—1)dw)
2 3 3+d __

:;27-(/1 f+(w)dw+a/2 fr(w) dw + , f+(w)dw>

:%(a+a+d—1):§(2a+d——1).

We also have Hj?’ 20) = a, Hf'

|7

- v |

= 1+d, and
L2(R4\J) LY(R+\J)

=aq.
LY(J)



The inequality (1) reduces to
%(Qa +d=1) < (CVITd+ CaVITd (7-2)
. 2 4 2
By letting d — 00, a — oo, we have p <0, = < C3v1+d, and hence C; > pt
0> 22
7r
Since . .
/ |A2(©)|d€ = —(d + 1+ 2ad), (7-3)
1]
The inequality (2) reduces to
1
;(dZ + 1+ 2ad) < {Ci(1 +d) + Cea}(1 + d). (7-4)

1
By letting d — oo, we have C; > l By letting a — oo, we have —2d < Cy(1 + d),
s T

2
and hence by letting d — oo, we have Cy > gt
The inequality (3) reduces to

%(2a+d— 1) < {Ci(1+d) + Coa}, (7-5)

2 4
and hence we have C; > g Cy > - similarly.
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