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A GCD 7L T X LDF = ilHrEhE
Towards a new approximate GCD algorithm
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Abstract
We implemented the approximate GCD algorithm [KYZ06] in our LIBSNAP library, and did a
couple of performance tests with other algorithms. In this preliminary report, we show the result.
Moreover, Giesbrecht et al. [GHL17] proposed an iterative algorithm to compute the nearest rank-
deficient matrix polynomial. We also give the outline of our algorithm to compute an approximate
GCD by following their framework.

1 [ELC®HIC
AFERTHE, EPLGCD 7T XLIZDOWTHY EiF5728, TOEHEY 2052 THL,

E#H 1 GEl GCD CREUEE) )
LR f(2),g(x) € Cla] LI d € Zoy R UT, WAL TLHN d(z) € Cla] TREdDLD %,
f(z) ¥ g(z) D dIRDIELL GCD £\,

3Af(z), Ag (), fr(z), g1(x) € Clz], deg(Ay) < deg(f), deg(Ay) < deg(y),
)+ Ap(z) = fi(z)d(z), g(z) + Ag(2) = g1(z)d(2)

EFE 2 (Bl GCD (FFAEEE) )
LI f(2),9(z) € Clo] LHFHE e € Roo X UT, A& Hi729 LA d(x) € Cla] TIRBURKDSH D
%, f(x) & g(z) DFEE e DIEM GCD &£\ 5,

3Af(x), Ag(z), f1(2), 91(x) € Cla], deg(Ay) < deg(f), deg(A,) < deg(g),
f(@)+Ap(z) = fr(x)d(z), 9(z) + Ag(2) = g1(2)d(@), [|Afll2<e [IFll25 [[Aglla< e [lgll2
<

FeRHFE, ZO XD 7EM GCD 2RO DEHO 7NV T ) XL OWEREFHIIZ HiWE U, LIBSNAP %45 5
1759 OKT, QRGCD[CWZ04], EXQRGCD[NM13], UVGCD[Zenl1], Fastged[BB07), PivQR[Boi07],
GPGCD([Ter13], STLN-GCD[KYZ07] %4 ¥ 2% L TET W5, £/, ERIBWTHE, TRFADT
NT) XLDHH D EMAKR D Z LIZKDMERMEIZDWTHFMIIL TETWD, AFKEDO BN
STLN-GCD 0 %7 5 I [KYZ06] DI ¥ 7 DFfli% 5T 5 2 & &, FHSIERI AT 2 5k 524741
#H513E [GHLL7] D3 GOD ~D R 2\ T DMt OB IE AT 2 £ Th B,
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2 STLN-GCD O£ 5 hk & ZF O

BAF, 2% 30k [KYZ07) % 0% [STLN-GCDJ &, &%k [KYZ06] D D% [STLN-GCD2) &
ERZ XI5, £F, ZA5 2207V TY XLDENI 2V THEIZRNLTH L,

STLN-GCD T, il GCD %k &z, £k 1 DRMR 2T LIHR Ar(z), Ay(2) 1T D
IRDEGEALITE (Structured Total Least Norm) U35 (Sk(a,b) &, a(x), b(z) DEHHAERITH.,

min ||(he Ex)|l2 subject to by + hy € Range(Ay + Ey),

(b Ax) == Sk(f,9), (hx Er) := Sk(As, Ay)

BRI FIE L UTlE, I & o #8s 750 &2 W e By “3RIBIC & 0 sk, SsbARIZRF VT 1
H (REETEHRFNT 4 2 UTw=1.0e9 28F) TRET S, mEAMEZRNH LT, FEOS
ETIEM GCD 2k 5 (AFETIEZ, UVGCD OHEE LT libh s HiEERA),

—}, STLN-GCD2 T, ROEELMEIZmET 5,

min [|Ac|, subJect to 37, A(c+ Ac)Z = b(c+ Ac),
Ae) = (Aa(c) A (€) b(c) Aa(e)) = Si(f.9)

BN FIHE LT, #MiiE 5275 0 Y 2 ORBIEC L O RD, BOBEARKIEARF VT 11 ORERT
BARFVT 12U Tw=1.0e9 ZHMH) TRET D, HEAHEZEN2H & T, LREDOHETIEL GCD
ZRd B (KREETIE, UVGCD O#ifie U Clibhnd k%A, /7L, STLN-GCD &£, C
W COEETHRL, RIZHDALETHELITD,

2.1 EREHER

LIBSNAP T, HEICHL T, RN FFHSUIBRIZEHR L, 23— N LORGHEAIEIEARKIZ LR L
NS, WREZRERD BLAS/LAPACK OB E MY 2 A2 AL TV, SROEERIE, Intel Xeon
E5-2687TW v4 & 256GB A€ YU D/N— KD 7 T, GNU C Compiler 5.4.0 (optimized with -O3 -
march=native), ATLAS 3.11.39 (as BLAS) + LAPACK 3.7.0 (via LAPACKE), Ubuntu 16.04.3 LTS
(x86-64, 4.4.0-97-generic) % F\\THT- 7z,

FERIZH W T — &y M, LIBSNAP TOMRBHICESCAHWTELZED (EHIEFALTHEH, &
[E], KD —HIZREPFER S N7z 7= DFERL) &, R [Boid7] ® Boito 8.1.1, 8.3.1, 8.4.1, 8.6.1 £ I
ANTHd, 7, fIEOLHADOE#HEG X TH S,

half degree k = 1,2,...,9,10 {2 LT, H{L 2 /L AZFDRE 10k DZIER % 100 fl (K5 56 @
GCD %5, EFGHNEERE € [-99,99] € Z) EBL, 2 /LA 1078 ORI 10k DL EN %
e LTz, HESLLZED,

low degree fEEFNIZIKE L D GCD &#55, ZhLASME half degree & [F U,

asymmetric HA7L2 /v A%FFDIRE 2k & 18k DLIHAD 100 I TH 0, ZNUAME low degree & [[ U,
Rz, BEOLZHADEHREHATHL,

Boito 8.1.1 (Zeng’s Test 2) (FEERIZHEE L TIRERYL % E )

10 10

flz) = H(a; —w;), g(z) = H(.’I,’ —w; +107Y), w; = (=1)(i/2)

i=1 i=1
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FIk RO o IR (RD) Hif) D
uvged refine 72 U 50.  0.01359 5.7729075e-9
gpged refine 75 U 50. 0.01047  1.9088913e-8
gpged UVGCD Tt#  50. 0.01684  5.7729074e-9
stlnged refine 72 U 50.  0.01796 5.7976402e-9
stinged ~ UVGCD T  50. 0.02349  5.7729074e-9

stlnged2 refine 75 U 50. 0.02218  5.7729074e-9
stlnged2  UVGCD Tk 50.  0.02740  5.7729075e-9
uvgedC refine 731 U 50.  0.02974 5.7729075e-9
gpgedC refine 7% U 50.  0.06235 1.9088913e-8
gpgedC  UVGCD Ted#  50.  0.08054  5.7729075e-9
stlngedC refine 7% U 50. 0.07885  7.3214823e-9
stlngedC ~ UVGCD Tik#E  50.  0.09520 5.7729074e-9
stlnged2C refine 7% U 50.  0.1081 5.7729075e-9
stlnged2C  UVGCD Td#  50. 0.1232 5.7729074e-9

# 1: half degree (k = 10), single thread

Boito 8.3.1 (Zeng’s Test 3) (JEERIZES L TIXIERL % FhE)
f(w) = d(w) (Z s glw) = d(@) | 3 (=)
=0 =0
ZZT, d(z)lF, niRTHREM[=5,5] 05D T v X ARBBIREZ I,
Boito 8.4.1 (Zeng’s Test 1) (FERIZEE L TIZIERL % )
f(z) = fi(z)d(z), g(z) = gi(x)d(x), k =n/2

d(@) = [15_1((x — r1cy)> +7262), 11 = 0.5, 72 = L5,
fir(@) =TT, (= — ra0y)? +1382), oy = cos(jm/n),
91(2) = [Tjopy1 (& = r10y)* +71B3), Bj = sin(jm/n).

Boito 8.6.1 (FEERIZEE L CIXIFEHML % E )

flz) = (2 4+ 3z —1)(z - 1), g(z) = f'(x)

RKIMOKGIE, TNENOHEBMRTH L, FRMEP»S51E, UVGCD OMRED S AEM R A,
STLN-GCD2 (& STLN-GCD &£ 0 & I Wi & /2 5 4%, SR E THET 5 & UVGCD 1ERIE78w,

3 MREIPDOIE

ISSAC 2017 Ti¥, fFFIZHRUTK T B8 L WG EATHIRH L [GHL17] BMRE S Niz, T DHIED
AREDEHMWIE, Gx 5N/ A= (Ay) € Rg]™™ (EAD 123U, A ziiizd AA = (AA;) € R[t|™"
ERDDIETH D,

min [|AA||, det(A + AA) =0, deg(AA4;;) < deg(A;;)



FiE P U R (F) T D1
uvged refine 7% U 10.  0.03072 1.9953791e-9
gpged refine 72 U 10.  0.02084 1.5108537e-8
gpged UVGCD Tk  10.  0.02895 1.9953791e-9
stlnged refine 72 U 10.  0.03118 2.0205575e-9
stlnged UVGCD T 10. 0.03794 1.9953792e-9

stinged?2 refine 72 U 10.  0.04295 1.9953792e-9
stlnged2  UVGCD T  10.  0.04962 1.9953791e-9
uvgedC refine 72 U 10.  0.05640 1.9953791e-9
gpgedC refine 72 U 10.  0.1125 1.5108523e-8
gpgedC  UVGCD T  10.  0.1357 1.9953791e-9
stlngedC refine 7 U 10.  0.1403 2.4758635e-9
stingedC  UVGCD Tik# 10.  0.1613 1.9953792e-9
stinged2C refine 72 U 10.  0.1996 1.9953792e-9
stlngcd2C  UVGCD Til 10. 0.2174 1.9953791e-9

# 2: low degree (k = 10), single thread

T NI ALE, 1) R OfEER, R OREIZRE, 2) R AOHRAER, ZHEAOEHAHD
1151 (Toeplitz) %ffifH, 3) RS** Lo, SLRA (Structured Low Rank Approximation) & f##fR (7z7ZL,
Frobenius-norm TOi/ME) , 4) FRGMAN BMEREIZX 9% Newton {E£&2 i/, &a->Twad, KT
45D Newton EHAIZB LTI, A e RIZHL, (A+AA)Db =0, |b]=1%H72d AA e RSt &
beR ZBRTHDEN, FHX LREAZ MV E (AOREEN) 75 OB L ICET 2R TREHE
175 (WIAMEIE, SVD % STLN % Lift-and-Project 72 &) $ D &> TW5,

V2L Ba =_VL
Ay

WL GCD D% < O AIETIE, Sylvester 175104344475 D SLRA (Structured Low Rank Approx-
imation) X R L T, WL GCD 2RO TWE 7280, ERDFEE, AT v 72 UMEE 20 F 54l GCD
DEFEL UTHHEHTA ZEAAAETH B, I NdZ Lk, Il GCD T L ffibid D% 2-norm TH
D, Frobenius-norm THRWI EMEIFENDE, LhrLAaNS, drled, IROEM GCD % A HETH
HATRETH 5 Z L IR ATH 5,

£-GCD(0.999922 + 1.9999z + 1.0001, 1.0001z2 — 0.9999)

4 F&D

STLN-GCD2 iz 2\ T, X Tld STLN-GCD & DEFIZBI L COHEA R\ K 57208, SE O EE
T, STLN-GCD2 DAHHWRR Lo TWD, KT, #IUMEATSE S h, AR FH RN R
NHLND, 272, EH5IZH X UVGCD OEF S B> TW\Wa,

BRETHDHIEIZ DN T, BSOS KSR O THEEIIIFR DR T2 72, Rz, REFRERD
L GCD THREHI Z L7z eE X TWD,
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[BBO7]

[Boi07]
(CWZ04]

[GHL17]

[KYZ06)

[KYZ07)

[NM13)

[Ter13]

Fik e B IR () EHDFY
uvged refine 72 U 10.  0.01409 2.4682949e-9
gpged refine 7 U 10. 0.02556 1.495299e-8
gpged UVGCD T&:#  10.  0.03374 2.4682949e-9
stlnged refine 7 U 10.  0.07450 7.8231015e-8
stinged ~ UVGCD T  10.  0.08287 2.4682949e-9

stlnged?2 refine 72 U 10.  0.04199 2.4682949e-9
stlnged2  UVGCD Ték#  10.  0.04870 2.4682949e-9
uvgedC refine 72 U 10.  0.03364 2.4682949e-9
gpgedC refine 72 U 10.  0.1421 1.495299e-8
gpgedC  UVGCD Tk  10.  0.1646 2.4682949e-9
stlngedC refine 72 U 10.  0.3887 1.153819e-6
stingedC  UVGCD T  10.  0.4171 2.4682949e-9
stlnged2C refine 72 U 10.  0.1914 2.4682949e-9
stinged2C  UVGCD Tk 10. 0.2104 2.4682949e-9

# 3: asym degree (k = 10), single thread

=

=
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d perturb. real time (msec.)
Sty Stz uv GP Sten | Stine | UV GP

1 | 8.86e+3* | 9.10e+3 | 3.98e-12 | 2.06e+3* | 32.242 | 36.597 | 0.504 | 12.014

2 | 9.70e+3* | 5.84e+3 | 2.65e-10 | 4.42e-1* | 20.145 7.568 | 0.418 8.640

3 | 5.03e+3* | 5.57e+3 | 1.79e-8 1.25e+0* | 16.403 | 12.264 | 0.482 8.299

4 | 9.41e+2* | 2.63e+3 | 9.88e-T7 2.05e-1* | 23.100 5.386 | 0.328 8.687

5 | 4.76e+3* | 5.28e-5 | 5.28e-5 | 5.54e-1* | 13.693 | 4.166 | 0.297 | 7.086

6 | 2.15e-3* | 2.15e-3 | 2.15e-3 3.65e-1* | 12,517 3.581 | 0.282 6.464

7 | 8.34e-2% | 8.34e-2 | 8.34e-2 | 5.24e+0* | 14.880 | 7.492 | 0.363 | 5.826

8 | 2.03e+0 2.03e+0 | 2.03e+0 2.03e+0* 3.580 0.855 | 0.272 5.662

9 | 4.70e+1 4.70e+1 | 4.70e+1 4.70e+1 0.555 0.562 | 0.394 1.141

10 | 7.74e+2 T7.74e+2 | 7.74e+2 7.74e+2 0.864 0.240 | 0.373 0.285

# 4: Boito 8.1.1 (] %, PUHU Ao HEMEHD D)
relative perturb. for our impl. real time (msec.)
" S Stxa | UV GP Sriw | Srina uv GP
50 4.10e-16* | 5.55e-16 | 1.57e-16 | 2.68e-15 1.466 2.391 2.550 0.912
100 | 5.89e-16 6.59e-16 | 1.72e-16 | 3.31e-15 5.416 10.665 6.817 2.474
200 | 5.96e-16 5.84e-16 | 1.95e-16 | 7.20e-15 27.461 52.627 30.608 8.596
1000 | 5.49e-16* | 6.71e-16 | 1.84e-16 | 2.86e-14 | 10988.350 | 5946.857 | 1038.688 | 524.620
2 5: Boito 8.3.1 (M) &, RIFDH (P D AAKER))
[Zenll] Zhonggang Zeng. The numerical greatest common divisor of univariate polynomials. In Ran-

domization, relazation, and complezity in polynomial equation solving, volume 556 of Contemp.
Math., pages 187-217. Amer. Math. Soc., Providence, RI, 2011.

relative perturb. for our impl. real time (msec.)
Stin Stz Uuv GP Stin Stine Uv GP

12 | 1.08e-13 | 1.47e-13 | 1.69e-14 | 5.98e-14 | 70.351 | 21.658 | 1.181 7.437

14 | 3.67e-13 | 5.87e-13 | 5.0le-14 | 3.14e-13 | 96.434 | 30.099 | 1.861 | 30.529

16 | 1.61e-12 | 2.09e-12 | 2.20e-13 | 1.16e-12 | 135.023 | 36.530 | 1.603 | 42.590

18 | 1.50e-11 | 2.85e-11 | 9.53e-13 | 6.75e-12 | 169.493 | 46.015 | 2.231 | 48.496

20 | 5.73e-11 | 1.27e-10 | 2.78e-12 | 2.95e-11 | 179.018 | 57.732 | 2.497 | 54.944

# 6: Boito 8.4.1 (M*] &, PURL Aoz mREMED D)



