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COMPOSITE ITERATIVE METHODS FOR A GENERAL SYSTEM OF
VARIATIONAL INEQUALITIES AND FIXED POINT PROBLEMS
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ABSTRACT. In this paper, we introduce two composite iterative methods (one implicit
method and one explicit method) for finding a common element of the solution set of
a general system of variational inequalities for continuous monotone mappings and the
fixed point set of a continuous pseudocontractive mapping in a Hilbert space. First, this
system of variational inequalities is proven to be equivalent to a fixed point problem of
nonexpansive mapping. Then we establish strong convergence of the sequence generated
by the proposed iterative methods to a common element of the solution set and the fixed
point set, which is the unique solution of a certain variational inequality.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-,-) and induced norm || - ||. Let C
be a nonempty closed convex subset of H and let S : C — C be a self-mapping on C. We
denote by Fiz(S) the set of fixed points of S.

A mapping F' : C — H is called monotone if

(x —y,Fzr— Fy) >0, Vz, yeC.

and F is called a-inverse-strongly monotone (see [5, 11]) if there exists a positive real
number o such that

(€ —y,Fz — Fy) > o||[Fz — Fy||*, Va, y € C.
The class of monotone mappings includes the class of a-inverse-strongly monotone map-
pings.
A mapping T : C — H is said to be pseudocontractive if
ITe — Tyl < |l ylI? + |l = )z — (I = T)yll%, Va, y e C.
and T is said to be k-strictly pseudocontractive if there exists a constant k € [0, 1)such that
1Tz — Ty|? < |lz — yl* + k(I - T)z — (I = T)y|?, Ve, yeC,

where I is the identity mapping. Note that the class of k-strictly pseudocontractive map-
pings includes the class of nonexpansive mappings as a subclass. That is, T' is nonexpansive
(i.e., |Tx — Ty|| < ||z — yl|, Vz, y € C) if and only if T is O-strictly pseudocontractive.
Clearly, the class of pseudocontractive mappings includes the class of strictly pseudocon-
tractive mappings as a subclass.

Let F be a nonlinear mapping of C into H. The variational inequality problem (VIP) is
to find a z* € C such that

(1.1) (Fz*,z —2*) >0, VzeCl.
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The results presented in this lecture are collected mainly from the work [8] by the author of this report.
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We denote the set of solutions of VIP(1.1) by VI(C, F'). The variational inequality problem
has been extensively studied in the literature; see [3, 5, 7, 10, 11, 14, 15, 17, 19] and the
references therein.

In 2008, Ceng et al. [2] considered the following general system of variational inequalities:

(1.2)

Ahy*+z*—y* e —2*) >0, Vel
(vFa* +y* —z*,z—y*) >0, VzeC(C,

where F7 and F» are an a-inverse-strongly monotone mapping and a [-inverse-strongly
monotone mapping, respectively; and A € (0,2a) and v € (0,23) are two constants. For
finding an element Fiz(S) NI, where S : C — C is a nonexpansive mapping and I is the
solution set of the problem (1.2), they introduced a relaxed extragradient method ([9]) and
proved strong convergence to a common element of Fiz(S) NT.

In 2016, Alofi et al. [1] also considered the problem (1.2) coupled with the fixed point
problem, and introduced two composite iterative algorithms (one implicit algorithm and
one explicit algorithm) based on Jung’s composite iterative method [6] to find an element
Fiz(T)NT, where T : C — C is a k-strictly pseudocontractive mapping and I is the
solution set of the problem (1.2), and showed strong convergence to a common element of
Fiz(T)NT. The following problems arise:

Question 1. Can we extend the class of inverse-strongly monotone mappings in [1, 2] to
the more general class of continuous monotone mappings ?

Question 2. Can we extend the class of nonexpansive mappings in [2] or the class of
strictly pseudocontractive mappings in [1] to the more general class of pseudocontractive
mappings ?

In this paper, in order to give the affirmative answers to the above two questions, we
consider a general system of variational inequalities slightly different from the problem
(1.2). More precisely, we introduce the following general system of variational inequalities
(GSVI) for two continuous monotone mappings F; and F; of finding (z*,y*) € C x C such
that

(13) {()\Flw*—i—a:*—y*,:c—x*)zo, Ve eC

<VF2y*+y*—-T*,-T—Z/*)ZOa V.’L‘EC,

where A > 0 and v are two constants. The solution set of GSVI(1.3) is denoted by Q. First,
we prove that the problem (1.3) is equivalent to a fixed point problem of nonexpansive
mapping. Second, by using Jung’s composite iterative algorithms [6], we introduce a com-
posite implicit iterative algorithm and a composite explicit iterative algorithm for finding a
common element of QN Fiz(T), where T is a continuous pseudocontractive mapping. Then
we establish strong convergence of these two composite iterative algorithms to a common
element of Q N Fiz(T'), which is the unique solution of a certain variational inequality re-
lated to a minimization problem. As a direct consequence, we obtain strong convergence
to a common element of VI(C, F) N Fiz(T), where F is a continuous monotone mapping.

2. PRELIMINARIES AND LEMMAS

Let H be a real Hilbert space and let C' be a nonempty closed convex subset of H. We
write z, — z to indicate that the sequence {z,} converges weakly to z. =, — z implies
that {z,} converges strongly to z.

For every point x € H, there exists a unique nearest point in C, denoted by Pg(z), such
that

e — Po()|| < [lz —yll, VyeC.
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P¢ is called the metric projection of H onto C. It is well known that Pg(z) is characterized
by the property:
(2.1) u=FPo(z) <= (z—u,u—y) >0, VzeH, yeC.
In a Hilbert space H, we have
(2:2) e — ylI2 = ll2l]2 + [yll2 - 2(z,y), Va, y € H.
We recall that

(1) an operator A is said to be strongly positive on H if there exists a constant 5 > 0
such that
(Az,z) >7l|z|?, Ve e H;
(ii) a mapping V : C — H is said to be I-Lipschitzian if there exists a constant [ > 0
such that
IVa—Vyll <lle—yl, Va, yeC;

(iii) a mapping G : C — H is said to be p-strongly monotone if there exists a constant
p > 0 such that

(Gz — Gy,z —y) > pllz —y|I*>, V=, yeC.

The following lemma is an immediate consequence of an inner product.

Lemma 2.1. In a real Hilbert space H, there holds the following inequality
Iz +yl* < [|l=[1* + 2(y, 2 +y), Va, y € H.

We need the following lemmas for the proof of our main results.

Lemma 2.2 ([16]). Let {sp} be a sequence of non-negative real numbers satisfying
Snt1 < (1 —wp)sp + wnbp + vy, Vn>1,

where {wyn}, {0}, and {vp} satisfy the following conditions:

(i) {wn} C[0,1] and 07 | wy = 0o or, equivalently, [[no (1 —wy) =0;

(ii) Hmsup, 0 0n <0 07 Y 02 | wy|dp| < o0;

(iii) vn >0 (R >1), D02 vp < 00.
Then limy,— o0 S, = 0.
Lemma 2.3 ([4]). (Demiclosedness principle) Let C' be a nonempty closed convex subset
of a real Hilbert space H, and let S : C — C be a nonexpansive mapping. Then, the

mapping I — S is demiclosed. That is, if {zn} is a sequence in C such that z, — z* and
(I—8)zn =y, then (I —S)z* =y.

Lemma 2.4 ([12]). Let H be a real Hilbert space. Let A : H — H be a strongly positive
bounded linear operator with a constant v > 1. Then

(A-Dze—(A-IDy,z—y) > 7T -z —yl’, Yz, yeC.
That is, A — I is strongly monotone with a constant 5 — 1.

Lemma 2.5 ([12]). Assume that A is a strongly positive bounded linear operator on H with
a coefficient 5 > 0 and 0 < ¢ < ||A||7L. Then |[I — CA|| <1 - (7.

Lemma 2.6 ([17]). Let H be a real Hilbert space. Let G : H — H be a p-Lipschitzian and
n-strongly monotone mapping with constants p, n > 0. Let 0 < p < %721 and 0<t<o<1.
Then S := ol —tuG : H — H is a contractive mapping with constant o — tT, where

T=1—/1—p(2n — pp?).

The following lemmas are Lemma 2.3 and Lemma 2.4 of Zegeye [18], respectively.
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Lemma 2.7 ([18]). Let C be a closed convez subset of a real Hilbert space H. Let F : C —
H be a continuous monotone mapping. Then, for r > 0 and x € H, there exists z € C such
that

1
(y—z,Fz)—I—;(y—z,z—x)zO, Yy € C.
Forr >0 and x € H, define F,. : H— C by

F,:vz{zeC:(y—z,Fz)+%(y—z,z—m)20, VyeC}.

Then the following hold:
(i) F, is single-valued;
(ii) F, is firmly nonezpansive, that is,
||F7"’I"_F7‘y||2§(m_yaFTm_FTy>7 V:E,yEH;
(i) Fiz(F,) = VI(C, F);
(iv) VI(C, F) is a closed convex subset of C.
Lemma 2.8 ([18]). Let C be a closed convex subset of a real Hilbert space H. LetT : C — H

be a continuous pseudocontractive mapping. Then, for r > 0 and x € H, there exists z € C
such that

1
(y—z,Tz}—;(y—z,(1+r)z—m)SO, Vy e C.
Forr >0 andxz € H, defineT, : H— C by

Trw:{zEC: (y—z,Tz)—%(y—z,(l—Fr)z—m) <o, VyEC'}.

Then the following hold:
(i) T» is single-valued;
(ii) Ty is firmly nonezpansive, that is,
| Trx — Toy|? < (x —y, Trx — Try), Yz, y € H;

(iii) Fiz(T,) = Fiz(T);
(iv) Fiz(T) is a closed convez subset of C.

3. MAIN RESULTS

Throughout the rest of this paper, we always assume the following;:

e H is a real Hilbert space;

e ( is a nonempty closed subspace subset of H;

e A:C — Cisastrongly positive linear bounded self-adjoint operator with a constant
7€ (1,2);

e V :C — C is I-Lipschitzian with constant [ € [0, c0);

e G : C — C is a p-Lipschitzian and 7-strongly monotone mapping with constants
p>0andn >0

e Constants p, [, 7, and v satisfy 0 < p < %’27» and 0 < 9l < 7, where 7 = 1 —
V1= p(2n— pp?);

e Iy and F, : C' — H are continuous monotone mapping;

e () is the solution set of GSVI (1.3) for Fy and Fy;

e Iy : H— C is a mapping defined by

Fl,\:vz{zeC:(y—z,Flz)+§(y—z,z—:c)20, VyEC}

for A > 0;
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e Iy, : H— C is a mapping defined by
1
Foyx = {zEC’:(y—z,Fzz)+;(y—z,z—x) >0, VyeC}

for v > 0;
e R: H — C is a mapping defined by Rz = F1)Fy,z for each z € H;
e T:C — C is a continuous pseudocontractive mapping such that Fiz(T) # 0;
o T, : H— C is a mapping defined by

Trtmz{zGC’: (y—z,Tz)—Ti(y—z,(1+rt)z—w)SO, VyeC}
t

for r, € (0,00), t € (0,1), and lim inf;_,o 7 > 0;
e T, : H — Cis a mapping defined by

1
Tr,x = {z €eC:(y—27Tz) — T—(y—z,(1+rn)z—:c) <0, Vye C}
n
for r, € (0,00) and liminf, 0o 7, > 0;
e QN Fix(T) # 0.

By Lemma 2.7 and Lemma 2.8, we note that Fiy, F»,, Tr,, and T}, are nonexpansive, and
Fiz(T,,) = Fiz(T) = Fiz(T,,).

First, we prove that the problem (1.3) is equivalent to a fixed point problem of nonex-
pansive mapping.

Proposition 3.1. Let C be a closed convex subset of a real Hilbert space H. For given
x*, y* € C, (z*,y*) is a solution of GSVI(1.3) for continuous monotone mappings F1 and
Fs if and only if * is a fized point of the mapping R : H — C defined by

Rx = Fl)\FQ,,.’E, Vx € H,
where y* = Fy,x*.

First, we introduce the following composite algorithm that generates a net {z;} in an
implicit way:

(31) Ty = (I — (gtA)TnR.’Et + Ht[t’)’VLIIt + (I — t,U,G)TnRIt],

where ¢t € (0, min{1, f:jl}) and 6; € (0, || Al|71].

We summarize the basic properties of {z;}, which can be proved by the same method as
in [6].

Proposition 3.2. Let {z;} be defined via (3.1). Then

(i) {@¢} is bounded for t € (0, min{1, 2= wl})’
(ii) limy—o ||zt — T, Rzt|| = O provided limi— 6; = 0
(iii) lim¢—o ||zt — yel| = 0, where yp = tyVze + (I — tpG) Ty, Rzy;
(iV) limt_w ||.’Et R.’L‘tH = 0
(v) z; defines a continuous path from (0, mm{l }) into H promded 0y :

(0, min{1, fivl}) (0, ||A||7Y] is continuous, and 74 : (0, min{1, 2 == 'vl}) — (0, 00)

1S continuous.

We obtain the following theorem for strong convergence of the net {z;} as ¢ — 0, which
guarantees the existence of solutions of the variational inequality (3.2) below.
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Theorem 3.3. Let the net {z:} be defined via (3.1). If limy_06; = 0, then z: converges
strongly to T in QN Fiz(T) as t — 0, which solves the variational inequality

(3.2) (A- D77 —p) <0, VpeQnFiz(T),

FEquivalently, we have
Ponrizr) (2l — A)T =17.

Now, we propose the following composite algorithm which generates a sequence in an
explicit way:

(3.3) Yn = anVV2n + (I — anpG) Ty, Rn,
Tnt1 = (I — BnA)TT'ann + Buin, VN >0,

where {an} € [0,1]; {Bn} C (0,1]; {rn} C (0,00); and z¢ € C is an arbitrary initial guess,
and establish strong convergence of this sequence to T € Q N Fiz(T), which is the unique
solution of the variational inequality (3.2).

Theorem 3.4. Let {z,} be the sequence generated by the explicit algorithm (3.3). Let
{an}, {Bn}, and {rp} satisfy the following conditions:

(C1) {an} C[0,1] and {Bn} C (0,1], o, = 0 and B, — 0 as n — oco;

(C2) 5 fn = oo .

(C3) Zn=o|an+1 — agp| < 00, and |Bny1 — Bnl < 0(Bny1) + on, anoan < oo (the

perturbed control condition);

(C4) {rn} C (0,00), liminfpy00rn >0, and Y oo o |Ppt1 — Tn| < 00.
Then {zn} converges strongly to * € Q N Fix(T), which is the unique solution of the
variational inequality (3.2).

Taking G =1, u =1, and v =1 in Theorem 3.5, we obtain the following corollary.

Corollary 3.5. Let {z,} be generated by the following iterative algorithm:

Yn = anVn, + (1 — an)Ty, Rzp,
Tn+1 = (I - ,BnA)Trann + BnYn, Yn>0.

Assume that the sequences {an}, {Bn}, and {rn} satisfy the conditions (C1) — (C4) in
Theorem 3.5. Then {x,} converges strongly to T € QN Fiz(T), which is the unique solution
of the variational inequality (3.2).

Remark 3.6. 1) The 7 € QN Fiz(T) in our results is the unique solution of minimization
problem

.1

(34) min 5 (A — )z, z),
where the constraint set D is Q N Fiz(T). In fact, the variational inequality (3.2) is the
optimality condition for the minimization problem (3.4). Thus, for finding an element
of QN Fix(T), where T is a continuous pseudocontractive mapping, and F; and Fj are
continuous monotone mappings, Theorem 3.4, Theorem 3.5 and Corollary 3.6 are new ones
different from previous those introduced by some authors (for example, see [1, 2]).

2) Taking Fy = F5 = F, A = v and z* = y* in GSVI(1.3) and replacing F) by F,, along
with the condition (C4) on {r,}, we can obtain a new result, which improves, supplements
and develops the corresponding results of [3, 5, 7, 14, 15, 19].
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