Grobner basis computation in Risa/Asir
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Abstract

The first implementation of Grobner basis computation in Risa/Asir started in 1993. The
Shimoyama-Yokoyama algorithm for primary decomposition of ideals was implemented by using it in
1996. In 2003 a completely new package for Grobner basis computation was developed. By using this
new package we implemented a new primary decomposition algorithm that does not produce any re-
dundant primary component in 2011. We want many people to use new functions, but unfortunately
not a few people still use old ones. Recently we replaced the functions for bignum computation with
GMP [9]. As a result we could greatly improve the efficiency of Groebner basis computation over the
rationals. In this article we show the current status of Risa/Asir to make the new features known by
as many people as possible.
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- IERBIZ IO (1993)

WM EDOTDTRERHEZHAZ N AL LTEE L. 2hddp WS HITHD, Bl 12—
Sl kB 7 L7 F—EKEEFRICHN OGN TV S.

. EBST I AMA R BRI (1993)

Z DR kRZTTIC, HEHA—IC XK D Gebauer-Moeller I X % useless pair i BEBED AR LT
niz.

- 7 AV XLEEZ R AARME (1995)

MW dp_gr_main TH 5. TOWRERT, BT trace 7))V TV AL [1], BXRUFXL L DA EDE
MEEEIN TV £, AIRIAF, (p<2?) LOT LT F—BIEEREZ1TS dp_gr_mod_main &5
®LT.

. Fy 7))V 3V R LOFEE (1999)

J.C. Faugere Ic X% Fy 7)VdV XL [4] OWRRIZRE 2D, T ORiET OB 2 eI BRI 7%
FIz2ITo7. TNH dp_f4_main (HHEIA L), dp_f4_mod_main TH 5.

. Weyl fUBADHIIG (2000)

Weyl REIC 1) % Buchberger 703U X% dp_weyl_gr_main & L THEL.

. B3 —3 nd.c (2003)

CORRETICHOENTWIHRAR G EZI D ANTFEEZIT- 72, ThUE, DEERHZEHA O
LW ND ZEHfE L LT D, AR AIE nd TIHES. 5% nd REEKETES. B
RAICIE nd_gr nd_gr_trace, nd_f4 nd_f4_trace, nd_weyl_gr nd_weyl_gr_trace TH 5. TD
BOER& 7Z R, FEREENNIE IXT nd RIS L TIThN TV 5.

. gmp IC KB EHEHLZ (2018)

CNE T, Risa/Asir (3 EHELED 25 ERBILHEIEL (1word=32bit) Z W THiMREZ I L T
T2, FRC R 2 VWEBEOGTRSRICNED D > T, SO, D AT LE2RICH L, gnp I X %HEHL
A AT

INSICDWVT, UTFTEOFHLLEHT 5.

2.1 dp REFIDOWVT

dp RBEIEE, FHIRZRIR & D EERIRO A THIEF ORGE, folH, EARNEE 0N S, 7 L7 F—REFHE
EIOBBECKBHEINTVS. &, CNbEZHVWTA—YEETHEINEKEEHS. bl
DN THEE 238X 5.

o J LT F—RIKFHED TS DR HMABIEL

Buchberger/Fy 7))V A7z ATEEUA L THERIEH D /75 L, trace H D /75 L TIATT % dp_gr_main,
dp_f4_main, AFRZFAEK L THEXILD D /75 L TIAT9 % dp_gr_mod_main, dp_f4_mod_main NHEZE
ntns.



o I—VSHTEMAYRT =R
gr S\ r—IIcid, J L7 F—REGRZ AT 7 IVERGR, 280 A &, BT, GRFAOEE (F
FRAK ED5E) OHZ5 e UTHITT % gr, hgr, gr_mod, hgr_mod MNHEINTWVS. Thbik
dp_gr_main, dp_gr_mod_main 7 Y755 [T U S

2.2 nd REERAICTDOWNT

dp RBIEUE, I—PICE RSN TV BINHDO T BEHALHADEAHE Z HOWTEEIN TS, A
Wzt 57, BIEADIREITHIC 32bit D Y TENS. TDd, & Z 1 byte FEETERIHTE %15
BUIH O DEETE, B ZWVERICEIRKED AT ZHH L. FHHFHKEZDRAEVICT VAT
BZRENET S, i, ZHAFHEHXDV A & LTEBENTWAD, FAICK > TEEA & UTERET
BIMRESGBRETEAHGEH L. O, MHEZEIEICL T, L7 F—REGHRICRHEL L7221
ROFRFEAEIEE L, 2zt LicEdEhy L7 F—RIEETRMAE 2 I35 LIz DM nd 73w r—3 (2003)
TH5. 2T, TORRETICH SN T\ kA R FiEZFE LTz, BAAICIE GeoBucket [3], FIZE

BT BV 5], ZHAXBOYU X MERX ERSTEROHH, BXT, RISTIANS & 5 G HEAMLZ#EH Lk
Fy 7)Vv3Y) ZLOFEEZETHS. I N TV EHHAAHBEEUS, AHEUA, HIRA D Buchberger/Fy
7 aAV XA LZF(TT % nd_gr, nd_f4, nd_weyl_gr, HEEEUA LT Buchberger/Fy trace 7))L 3VU X L7z
HXRH D /72 U THITT % nd_gr_trace, nd_f4_trace, nd_weyl_gr_trace (weyl (& Weyl fRELT D5t
) Ths.

2.3 Risa/Asir |[ZBFB F, 7IVI) XALDRERE

G RTRIEEL U, § ZRLED S SEROEALTHEE, Fy, 7AAU XL [4] DRART v FIER
DE 3BT,

1 Spin ¢ {5 € S |sugar(s) B/) }

2 R « SymbolicPreprocessing(Smin,G)
3 M+ Spmin & R Z1THHELTZE D

4 M+ M DRI

5 P« M OFMNzZHAICRLIZED
6 G« GU{pc P|LT(p) ¢ LT(R)}

C T T sugar(s) 3EXETH 5. £z, SymbolicPreprocessing(Smin, G) 1&, Smin DITNTDILD G I
KB EREZHETES reducer DES R ZiIRT. M ZHIAWEET S LIk, EHREES LOBRE
ETELEDTHTLTLES LW RMNEETHS.

COTINVIAV AL EFDOEEFRITTSHE, RICHRTAITEBMUIINTLES CLICEDN, A7V 76
KD, R DEREOLFHZRDITIIIETONEDT, TOWMFITMENCR A 5. K, S| £D |R| B
KRERELZBGEENEZ L, R DITOMRININIHRICRKELHETS. ThZEERLTnd 23 75 —ITIEX
DEIETIEL.
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4 My <+ Spin 72 R TR LIZE D275k
5 M’ «+ My OFFfE#IIE
6 G+ QUM ZZEAIRLIZED

[4] TIE R OERIFERE, ZDHD AT v 7D reducer & U THWS (Simplify EPFHENS) T & T, KR
E U TITHDIEREENGICEHES T LIz D, sparse IR/ AHZE LB EDETRIKE L TRIER D%
EHESNB L LTWVWS. ThiE, BIRELOFTETIEZYDE LNEWD, HEHEER ETIRREMICE X 72
DT, Risa/Asir T, MO THIET S T &I L. Simplify Z2ARKIEED T2 T DHEDEIETHHTH
B, dp_f4_main LG LT nd_f4, nd_f4_trace (Z KX < midlb L7z,

2.4 gmp ICKBEEHRZ

Risa/Asir ICBWVTIE, 1990 T AM B LIS RBEEE 0 'S L, $XNTORBEIRICE L
THWT Wz, BT 32bit CPU DN EFRTH D, 2O 75T LE Iword=32bit ICFERICIKTFE LTIIE TH
T Wz, ZD1%, 64bit CPU BEFRICED, 2EEBBERS 4751 & LT gmp ZHVNIHET
L T 64bit EEIC K 2 md b ATREIC A 2R Eao e by, MERKE IO 7 L THWOHNTWS T—X
FHEICARAE LTS D Te S SAB - 12728, Iahiah gmp ZREAMICED ANS T &R TEhEhoTz. L
ML, 2018 T DWICEDIEREICATF L, WA EDNIERER BT ENTE. LT T DR%Z asir2018 &M
& gmp XD, BEEBRBGEEIZmEL Uz, BIZIERETHEST % &, 10° bit T 1.7 £%, 10* bit T 8 £,
10° bit T 20 I M &, #Eid, asir2000, asir2018 I %, dp %, nd RO HRHHNOLLIETH % .
1w AN asir2000 TORTEKETH 5. HIEFIE TN TexForiEEUER, FiEEF), CPU I Xeon
E5-2650 Taill Uiz, HHEEA EOFHER, TXTHEXIE trace 7IVIV AL TOFNETH 5.

|dp_gr_mod_main nd_gr nd_f4

Cy 5 1.6 0.3
Cs 220 38 5
ecol2 1600 170 35

% 1: F32003 J:T@g-l’%

dp_gr_main nd_gr_trace nd_f4_trace
Cy 89 (150) 9 (13) 3(10)
Cs 6700(—) 540(820) 100(520)
Co — — 114h(—)
ecol2 — 1560(4400) 400(1800)
McKay 8100(—) 180(1800) 39(82)

& 2: HHEUA L TORHE

asir2000 & asir2018 OFUZ LT UL, gmp AL KB 5. KTz, dp R & nd Rz LK
UL, BIRA L, HEEA EOTICBVTE, nd REEDAZEHELELTWE T Ehbh 5.
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JUL7F—HEDIGHE UTIEHGRNAE O S HREIURIRICES T TEXI LR EDNH 5D, REIT
BATTIVDRIRCONTHRNS. £ T T7IVORREER, AT 772, W DDA T 7 )V DIEER 7 O
TEITLZED. MDA TT7INVICH LU TIIEES T T IICKBDRPEET ST EHHILNTVS. X
Te, IBEA TV IWVERATTIVICE D DRTES. TNHICDWT, Risa/Asir ICFEINTNAS7)VTY X
LZHNT 5.

3.1 ATTIVDOEZRDR
dp R ZHWTE XTI X\ r—IWRE Nz, 2T TR, 477 IVOHERDRIC DN TIRNS.
THUCDWTIE, BIE, KD 2 D0/ 8w r — I D FIHATRET H 5.
e primdec ( NIL-##ILI; 1996)
Shimoyama-Yokoyama (SY) 7)L3 VU XL 2] 7% dp REFIC KO RELTZEDTHS.
e noro_pd.rr (¥ =; 2011)

B E-JIRIC L % SYCI (SY with Colon ideal and Intermediate decomposition) 77V 3V XL [7] %
nd RERIC I DRELIZEDTH S.

IR, chso7)b 3V XLOW 2%,
SY 7)VAV XLERDEL 5557 IVIAV ALTHS.

Algorithm 1 SY 7)L3VU XL

{P,...,P} + I ORISR AT 7 )V

VOi= Pli= 1,0 ) BEGT = (Gr 00 Q) N T+ (f1 o, f71)) R &5 75
LTI Qr, B £ REAHET S

Qi=Q:NIl(i=1,...,1) ZilzTWEALTTI Qi AT 7V I ZEHET 5.

I T4 (f5, .. [ BUEET .

SY 7 )T XLOKHHIIRD LD THB.
o MUNMIBHRA T 7 VA DHERM T ZFHT B, DT, B2 iR EIFEN 5.
o SY 7LV XLEHRINT NVI) XL TH%.

o Q) BHWRT BB, BESROIET BAHMA D 5. b, FERKS QL ITHL Qi =Qin !
BT I3 ETRAVOT, & U I VNSNS, T ORISR % ST 5 3.

o T4 (f351, . 15 BT BIE, MBS AVET BRI S 5. /b, 5. f T
FIRVDT, T+ (f51, ..., f51) AVNEFUE, Z ORI 2 S O S 5

CNBEDS B, BED 2 DIXEBICHIBIC R ZEARH 0, B TEAERT. N5 OMESERETE
BZ7NIVRLELT, RDOKS BT NI RLEZEL L. k %K, X = {21,...,2,}, R = k[X] &F
%Y C X ICHL, Ry = k(Y)[X \ Y] TH5.



Algorithm 2 SYCI 7)L3VU XL (78— k1 : Ass(I) 38X THIRIME)
1+ 1; Qo+ R
while Q; # I do
PLi = {Pu, ..., P} < I : Qs 1 OWIMIBHEA TV
for j =1 to n; do
Y < P, o O RPAY T VA ey
fij < (ﬂ Py)\ P;j OHEFHE

ki
Rij < Qi—1N((I: [ Ry,; N R)

end for

Qi< Qi—1 MRy M-+ N Ry,

14—1+1

end while QL; < {R11,...,Rin, }

Algorithm 3 SYCI 7)L3V XL (78— 2. ¥ERRTDFHR)

for i =2 to m do

for j =1 ton; do
Jij < SaturatedSeparatingldeal(R;j, Qi—1, Pij)
Qij < (Rij + Jij)Ry,; "R

end for

QL; < {Qi1s- -, Qin, }

end for
return (QL1,...,QLy,)

T T T, SaturatedSeparatingldeal(I,Q,C) & I =QN (I +J) D VI: Q=1+ J Ziflz3AT7
WV J Z2itid 5 FHiETH5. SYCI 7TV XLIERD K 5 55z 1iD.

o PL; 1% Ass(I) \Uj; PL; ICBWT, AFBRTHVNEEDRIETHS. 37405, PL; BAWICIH@E
Bz iitcizn. o, TNOOREGMN Ass(I) B &5 E—HT 2D T, WA D Z D8
Lz,

o —TTHREINTED, IEFRT7 LI ALTHS.
o PL; &, HEEKY Qij ZHBIE TELEIHETE 5.

e Qi, Rij I TICKY—EMICGIETZS. TN, TNHNZENTN, Ass(I) DEDEREDNERE S
HAREMNES S ICED IRGNR EEIFBRTEHEHRES.

e Qi X, Rij, Qi—; n5 Rij = Qi1 N Qyj Feite TR AT T IV Qij ELUTHAZINS. COHAED
LB ATTINEEZBDH SaturatedSeparatingldeal 7% Fhi & TH 5.

o 7)LAY XLDWAWAIEERT T TE 5.



— ST Qi DEAFTIVARE, Qiy = (hy,.. he) ETBE T iy = (Vo VT T 550
T, % VI h DEATTIVIREITS Tiiﬁ%écﬂi VI Qi1 DfRMESNS. VT: hy
DEAT T IV FRIIHNIICITH TN TES.

— Bl TB Ry (j=1,...,n;) OrlME, BET, TD 4,5 IKHT B Qi IFZNZFNHILICAT
ST EMTES.

#% 313, primdec, noro_pd.rr MZNT NS 2 HEZ)iERI%L primadec, noro_pd.syci_dec DFtH
RE DO TH 5. Fle LTI, SY ICRS T, RO g7 )b 3 X L THREKZR R FH 09 W HLIE,
K, S TERES NS AT IV EAVE.

primadec noro_pd.syci_dec |PL1|,|PLsl,...
Asss >1h 1.5 10,5,3,1
Az — 4.8 15,12,4,1
Asss — 10h 100,107,80,61,35,32,18,4,1
T 1100 69 49,36,26,23,17,12,5,1
T error 32 15,22,15,7,4
T3 error 110 46,68,64,19,3

% 3: BIE, A, ZHTERE NS AT 7 I)VORERE (FHRIFR:FD)

TS DFIDEBEDERRIE [7] ZBIRLTIZELW. [7] TIE, X2 DHNCH L, Singular 0 SY F3
LD T TV D. Dixl L& TNHDHNSH L TIE, SYCT 7V V) XL, kT K572 4 Uk
W EWS EEDIRIGHEICKELEHIRML TV L2 5.

3.2 VI DEATTIVHHR

HEERT IV T) XICBWCEERAT Y T TH3 [ OMIMIEHR AT 7 IV, 345b b VT DFEA
T IVORETEX, I OB SESOMKDRE KD Z L TEZNEHBEETHS. $hbb VI=nP %,
FAFTI P kB VI ONfRETNE V(I) = U V(P) T V(P) ZERAEREMIES RS, 2O
ﬁé% MR G 2 Wz 0 ZotfbZ#H U T1T9 771 & LT Laplagne [6] IC K27V XLDHIS
L INQAY-I0)

s

Algorithm 4 Laplagne 7)V3V XL (VI DFEA T 7 IVIHR)
J« (1); PL <0
while J # /T do
fe JNVI DB T < I f~
U« I' ICBI9 2R M S
C«+ JIK)X\U] D KU)X\U] ILBFBHEAT T IV
PL«+ PLU{PNK[X]|PeC}; J<+ JNn(Npec(PNK[X])
end while
return PL

Di6] BIEEZFHETZ7NVIY XLEERLTVS. 2OT7)VI) ZLCENT, 0 Kelb Lz b DOREEEL Y 2EATT
IV RICZE Z T2 & DB Algorithm 4 TH 5.



COT7INAY ZALCENT, JIKU)[X \U] DRAT 7 Izt id 288, fEkitme LA 77
Wikl Lic/ N TR DR RN D 5.
EE 3.1
I 72, A K FOZOAE Kloy,...,2,] D 0XTAT7IVETBEE, & o ITHL, m(z;) € T DMAEL
T INK[x;] = (m(x;)) 2729 . m(x;) 2 1 Z2EE 95 o, OFRNZHAE K5
K DEHEUR, BRADSEEARBIC X D BRI m(x;) ZROZTENTEZH, K HVEHE
WOgE, TOFELRIRAGTEONEZLNS. 477V I c Q2)[X] » Q2) Lo Xtk d 5.
I=(fi, .. fm) CQ2)[X] (fi € QZ,X]), J = (f1,-.-, fm) € Q[Z,X] £BL. Q(2) LOFNZIHKX
DFMEEICIEIRD K S HHENH S (b WA NAHD 5 5).
BEL {21,201} >> {2,} BRWEIEFICETS T DT LT F—EE G Icxil, GnQ(2)[z,] =
{m(zn)}.
BiE 2. {xy, ..o 1} >> {2, UZ BBHEEFICETS J O LT F—HEK G, icxfL, G OEHRD
55 x, IZBET 2B NDE DD m(z,) THS.
FE3. ZD55 1 BREBRATHELTH LA 1. Z#AT 5.

FiE 4. ARIK F, FTRNZHAZHEL, TORBZRERBICHA T, J DT L7 F—EEZHNT
AVN=2y TEE LT m(z,) Z2RD 5.

FiE 5. HiE 2BV, MERIREHZHWT G 2K 5.

CNEDS B EDFEN RN, A1 HHINrd D138 L. T2 T, F:A T 7 )V fEEIE noro_pd. prime_dec
IZ1& OpenXM I & % 77 G2 W e i N2 B D i st R I E N T % .

3.3 F&EH

T T TIEF—2Df]& LT, Oaku [8] I2 & % Landau-Nakanishi ZRHADEEKI RIS DWW TR S . Laudau-
Nakanishi Z4£1A1Z, Feynman Fi55 & FEE NS hyperfunction ORFEMZEIRT 5. RDAF 7V, 2R
TCHFZEIC BT B ice-cream cone L FEEXN D Landau-Nakanishi ZRADEER A T 7 IV THB.

I = <a2(k§0 - k%l - m%), a4(k§0 - kil - mi),
ar(y® + (—2kao — 2ka0)y — 2% + (2ka1 + 2ka1)z + ki + 2kaokao + k3o — k) — 2karkor — k3, —m3),
az(x® 4+ (=2y + 2kgo)x + y* — 2kaoy — 22 + ka2 + k3o — ki, —m3), —ary + (ag + a1)keo + a1kao,

—a1z + (a2 + a1)ka1 + arkr, a3z + (—ay — az)y + arkao + (ag + ay + az)kao,

(—a1 —az)z + arkar + (as + a1 + az)ka,

—a1® 4+ u + a1y — a1kyo, az3x +v + (—a1 — az)y + arkgo + (a1 + a3z)kao,

w+ (—a1 — az)z + arka + (a1 + az)kar)
VI DEFIMRDES DS B, a; # 0 IHIST % & ONEREET, FHEOHE

_ 2 2 2 1.2 2 2
J = (kyo — Ky —m3, kiy — ki —my,

Y2+ (—2kag — 2ka0)y — 2% + (2ko1 + 2kay1)z + k3o + 2kaokao + k3o — K3y — 2karkor — k3, —m7,



z? + (—2y + 2kq0)x + y2 — 2kgoy — 22+ 2%kyz + kio — kil — mg, —ary + (az + a1)keo + a1kao,
—a1z + (a2 + a1)kor + arkar, asz + (—a1 — as)y + a1k + (ag + a1 + az)kao,
(—a1 — az)z + arkar + (a4 + a1 + az)kar)

w5z, CORREICBWTHN 2B/ HERGHEIT 32 BT, 2 DOBEAZRNTHE L, 2, 3 DEFRER

&<

AT E . B 2 DOLBITHT 58 ITEDOGTHRANNER 4 THS. TORICKD, ENh1DDY

FERESEFREDH>TLES e d.

[1]
2]

[9]

Jitk 1 2 | 3 | 4 |
No. 15 0.2sec > 10min
No. 32 || > 10min | 2min | 5min | 2min | >10min

& 4 R NZIHADRH
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