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Abstract

We propose robust algorithms for sparse interpolation of multivariate black-box polynomials based
on a modified Ben-Or/Tiwari algorithm that uses roots of unity as inputs.
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Tt DL EHLIEAD black-box 352 5N7z& &, Z O black-box IZW L DPDIEDHE AN LT
ExRD, TOEE2E LIZLERLENEPET 5 Z & % sparse interpolation (BRZIEHNMME) WS, K
Tk, AN%FEHEL TS Ben-Or/Tiwari D7V TV AL%EFIZLUT, ANE 1 DORESHICEZ -2 &1L,
ZRDBIIE N, 7B OMEIIERIZKREWGEITBIT 27V TY XLOD robust M2 X 51z EX
EEFHEIZOWTHRRS. BN, 28IZBWT, LT TH 5 Ben-Or/Tiwari D7)V TV XL L, D
IREFHETH 52 Ben-Or/Tiwari D7)V TV XA, BIIZE 27V 3) XLAKRVZDOWRIZDONWTHENR
5. 3EIZHBWT, HMIZE 27T XLDWEMIZHE S MENE ZNEMFRS 2 FIRIZOVWTRA S,
Z D%, BFEAECREFELZIRT 2EREZTD. HBIZAHIIBWT, %175,

2 ST
Sparse RS AL EAOHE 2T > 7N TV XL 2 LT, RAT BHEIZERZ WS Ben-Or/Tiwari O

TATY XL (1], RORATBEIZ 1 OXREREAWZIREFIETH 5 ZETE Ben-Or/Tiwari D 7 )L TY X
L2 RIS NTVS.

7ILT) XL 1 (EF Ben-Or/Tiwari D7 )L T1) X L)
Input:

o f: &L IHAD black-box

o t: f DIEE
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o n: f DEMDE

e Di,...,Dy: f DENENDEBDIRE EFH

¢
Output: f = ch:vfjl cadin DR e, L e 2Ty, . din
j=1
FE1
FH AR AT % Ben-Or/Tiwari D7)V TV ZLFIREER Dy, ..., D, DAT1ZBELE LR,

Step 1
HWIETp>Dy,...,pn>D, THDEED%py, ..., pn €Z %EY, 2tHD point IZH 1 5fE

o = flwi,...,wp)  (0<s<2t—1)
BRDD (72720, wi =exp(2mi/pr)). 72, m=p1---p, &T 5.

Step 2

t

A(z) = H(z —w¥) = Z Ap 2l
j=1 h

=0

EUT (772U, =1, w=-exp(2mi/m)), 2L ND Hankel {75 % 21751 & 9 5 HfEX

(7)) a1 ... [e ] )\0 (a7
aq (07, N (o7 )\1 Qg1
Qg1 Qp ... Q2p-2 At—1 Qop—1

EREZ, Noy ..., o1 ZRD D,

Step 3
1 2L N A(z) DR wb 2RKD 5.

Step 4
wl 5, round(log, w?) =d; &R (LfEEL5),

m m
dj:djl'—+"'+dj —
b1

n

LLT, ZNENDHERd, ..., dy ZRD S,

Step 5
Bi(x1,. .. xn) = xllijl gl e LT, Bi(wiy... wn) =wh THEH 5, BLFD Vandermonde 1751 % (&K
(IR RS =¥

1 1 N 1 C1 (o 7))
wh w2 w Co o
(wdl )t—l (wdz)t—l . (wdt)t—l ¢ a1

EfRE, B, ..., 0 ZKDD.



Step 6
%ﬁcl, .., Ct a, T‘é‘ﬁdll, ey dtn 75_’.5&3—.

FROTNITV ALZFIZUT, BEEBICHERERCH A2 A WS Z & Trobust A M EXEAZ7LTY
A L% BHPREL TNV [3].
FIVT) XL 2 CBHICE BT T XL)
Input :

o f: ZEZEIEAD black-box

o t: f DIEE

o n: f DEBDI

e Di,....,Dy: f DENENDEBDIRE L

t
Output: f = ch:zf“ coalin Y IRBEB e, ., o EHER L, .. di,
j=1
Step 1
ng(Dlj,...,Dlj) =1 (1 S] < n) ?:732541 5&EL‘0:$&§%§&0)%§. (Dllv" -7D1n)7 ey (Dll,...,Dln)
% D < -le"'le 7T X DIZES.

Step 2

(Dj1,...,Dj,) 2B ERDO AL LT (1 <5 <1), £ Ben-Or/Tiwari D7)V IV X L% HEMAT 5.
Step 3

Step 2 TFH6N5D, TNTNOERDOIEREE (D)1, ..., Dj,) TE-LRIARDL S, hERATHEEANT f
DIEBERERD D, ZDLE, Step 2 THOLNZLHERDBEILELWIEHEZ fIZBIF5E—DIHE ART.

FHIZ X B 7V TV XLTE, RBER D, 0RO VIZE VNI Dy % AWV TE Ben-Or/Tiwari O
TIUITVALEZEFTT B0, HEDKELZZITIRT WV m OEPN/NE LR D robust DA ET S, 7277
L, BEPELWIEZ fIZBIT 5 —0DIEE A5 L CHEEACHE 2 LERERD L7720, fIZH—
DB R DTEBSEBUFE T 5 L KT 5.

BHIZEZTLIT) XLIZBNWT, $5 Dy PELWIKE ERTH o728 EITiE, ZOEBIZHN L TIEE
LWEEERD SR 5 b, T Z TIELWREEDE O N &, LAED Step I2BWTEDERUZ 1 2R A
LCRIEAMHIZTEZ LT, BIMZLET7 VT ALA2RRTHIENTE S,

FIVT) XL 3 GBEICEZT7IT) XLDHER)
Input :

o [ ZEHZIHAD black-box
o t: f DIHEK
o n: f OEBDE

e Di,...,Dy: [ DENTENDEHDIRE L5

t
Output: f = chxf“ ...xﬁj” CIBE cq, ..., 0 B A, ..., dip

Jj=1



Step 1
k=1&795.

Step 2
ged(Dyj, ..., D) =1 (1< j<n') &3 XS BAENCHEREARMOM (Dy, ..., Dy ) 2V EFROA
J12 LT, & Ben-Or/Tiwari D7)V TV A L% HEHT 5.

Step 3

D; <[] D
k

7= D; BWEAET 5L &, TOERIB T 280 FEEREE L HOCRD S, £ULT, PO
BIZBWTIEZFOEEIZ 1 #RALTEET 3.

Step 4
TRTCOEBDIEHEDPRENIT VT ZLEFET TS, 25 TRITFNEE=k+1& LT Step 2~NE5.

FE 2
TITYZXLD Step 21I2BWT, n/ IZZTDOKENTOEROHERL TW\5.

BHIZE B 7V T XLORBIRIIEBOBMAERS UTEHHEEZTI LN TELDT, TOBEMIZESET
NIV XL &Y HEERBEE2EMHEEE, TSI obust 2R EIEREZENTES, 72720, TTOBEMIC
EBTN TV XL LFEBRKIZ, fIZHA—-ORBEZRFDEPIERFILTHLIOT NI ZLTERT 5.

3 E#HER
HHIZ LD 7V TY ALOWBIICIE, ANO &S REEEE D 5.
o BHOBMDRRVBES L, HOBMENEE BHELH 5.
o BADKENTIETRTOEKD > TWHRETT NI ALZEHL L ITNIER S0,

HOMEZR L, KHENT W2 DQEPZRASHOFEFIZEYD, KHTERZ->TLEIZLTHD.
BUNIzHlZ21T 5.

Bl
f=a0230 + 227230 5. o) DIEBIKREY, 21 =12T 5L, HOMENKE 3.

B 2
f=a2l +2216220 L § 5, BEUMIZE BTN TY ZLADBELD Step 2 12BWT (Dy, Do) = (11,13) & §
5L, ZTOERIT 282D + 22528 L0, HOMmEINEE 5.

PAED 2 DD Z fERS 2 51k UTIRDFERZRET 5.



3.1 IHDER%ZEITZREMERZEIFE

BEHIZEBTILT) XADHEARD Step 2 12BWT, Dy & UTHOEENL S IZ WEEZES., 20
LEDHEBEE LT, ROHEDEEMELREEZ .
E&E 1 CEDEHRMER)
tZER, Dy, ..., D, 2 LEHREL, m=D,---D, £ T5. ZDLE, IHDOMEEIIEE DX pITIX
DEHIZRINS.

D=
AR 3

ZDpld, FEHIZBWTZENENDEBDPIRE LRKRMD T v X LR ER D LRELTEHLTWS.
It ELE T Vo2 & &, WEHEN 1% R w5 L5722 D), ..., D, 3KR1DLIITR5.

£ 1: HOMEE BT 5 Dy

t m n=1 n=2 n=3
10 4481 (4481) (67,71) | (17,19,23)
20 18912 (18913) | (137,139) | (23,29,31)
30 | 43292 (43313) | (211,223) | (31,37,41)
40 77623 (77641) | (277,281) | (41,43,47)
50 | 121903 || (121909) | (349,353) | (47,53,59)

£ 125, HEIZX>THEY A Dy, ..., D, 2%, HOMEHRY 1% KiEZTEIENTEEDT,
FHZ L2700 TY) XLDWUBIZEWT, BRERS T I LIZL2THOFEN L E 2B BILT 52
LWTES,

3.2 EBOHERELYFE

2 Ben-Or /Tiwarri D 7 )V TV ZALIZHENWT, H2EHIZHB 1T 5 black-box ~NATT 2ME%ZTRT 1T
THILT, BROBEBS UTHHT LI LN TES. 72720, ZHOBEES T I & THOERME E
556035 50T, Fiffi L ARKICHOERERDOE Z 2 HEAL, EHOBDELZIRD 5.

K 2: O % k) 5 DR
t m n=1|n=2|n=3
10 4481 4481 68 17
20 18912 18912 139 28
30 | 43292 43292 209 36
40 77623 77623 280 44
50 | 121903 || 121903 350 51

K2DZEnIZWATHHEIEImDOnE'IBTHY, FEBIZBIIBIRBERANTOEL D KEL LTV,
TEHOBEMREN 1% KiiL b, £oT, ZEOBDIUETHNIE, ZOHTIXENFNOEEOIRE L
FU 100 REFEETEL, HOFEENRIDIZ< WeEZONS, LS, ROTNLIV XLERET S,



TIVT) XL 4 (BBOBERBSTFE)
Input :

o f: ZAEMZEIEAD black-box

o t: f DIEE

o n: f DEHDE

e Di,....,D,: f DENTNDEHDIRE LT

¢
Output: f = ch:zf“ ...xﬁf" CRBE B e, ..., 2 A, ..., din
j=1

Step 1
)\jjéﬂf:?ﬁ;&ilﬁ (Dl, .. ,Dn) ;Ef (Dl,DQ,D3), ceey (Dn_g,Dn_l,Dn) Kﬁ%ﬂ’é‘é.

FE 4
BEOEN 3 TEH Y I WEEIzI, #lzxiE

(10,20, 30, 40) = (10,20, 30), (20, 30, 40)

DEIZHET 5.

Step 2

Step 1 THHEIL 72 2 NZNDOREEFUTH U TE Ben-Or/Tiwari O 7V TV AL %G [n/3] BLEAT 5.
IDEE, AT HUEEFUINIG L RWARIZIE 1 2RALTEIRT 5.

Step 3
Step 2 DFERM S f 2REKT 5.

3.3 A—N—HrTYUITFE

21 Ben-Or/Tiwari D 7L T XLIZHEWT, Step 2 (2845 Hankel 1741& Step 5 (285 Vander-
monde {TFNIERMLRITHTH D, [>T, INSEZFREUTHIE T 5 HER %R <D Y IT, black-box ~
DANREEERT Z L TITHOY A X&KL, BUNFEIZL > TLOREORVIALf#EESS Z LD
TE 5. BAMIZIX, £ Ben-Or/Tiwari D7V TV ALIZET S Step 1 IRD L D ITEHET 5.

Step 1
HWIZETp>Dy,...,pn>D, THDEDHpy, ..., pn €Z %FED, 2T {#HD point IZH 1 B 1H

as = f(wi,...,w) (0<s<2T -1, T>t)

rn

ZRDD (72720, wy =exp(2mi/pr)). 72, m=p1---p, £T 5.



3.4 BUEEER

SERE U ZFHEEBEGFOT IV TY) AL 2 HBEFEFRIC X 0 HIRT 5. EHEREEEE LT, OS X Windows
10 Pro, #MLEE S X 7 A 1E Mathematica 11.3, CPU i Intel(R) Core(TM) i7-7500U CPU @ 2.70 GHz
~290 GHz, *EVI316.0 GBDHD%MA\W5. EERIFFHFEREZ 20 £ U, ZEHLHAD black-box %
BB —10 D25 10 FTD T >V X LRER, B G- 2 5 NI ER RO EERE LTEHERX S, 20
LD RFEED FT, 100 DL U THII 21TV, £ ORI U 7 E L EIRRM 2N 5.

PANTIE, £ Ben-Or/Tiwari D7)V TV XA L% GLL, BMIZL27VT) X L% N, BHIZLS5T L
IV XA LDWRIK % Modified N, THOEZE % 1) 5B ER %2 #IF1E% Method 1, 2O ZIKS T
FE% Method 2 TRY. F£72, n ZZHOK, D IR ER%2ERT. ERERIIRILSR6TH 5.

# 3: n=5, D = (10,50, 100, 500, 1000)

no over sampling T = 2t over sampling

Algorithms || time (sec) | success || time (sec) success
GLL 18.1 11 141.0 73

N 37.2 8 274.5 74
Modified N 63.8 15 263.6 79
Method 1 103.8 27 372.8 93
Method 2 54.8 99 175.8 98

# 4: n =5, D = (100,100, 100, 100, 100)

no over sampling T = 2t over sampling

Algorithms || time (sec) | success || time (sec) success
GLL 16.9 98 64.2 79

N 35.3 16 126.5 81
Modified N 35.5 16 125.3 81
Method 1 35.1 22 119.8 98
Method 2 24.1 100 98.6 96

# 5. n =17, D = (10,50, 100,500, 1000, 5000, 10000)

no over sampling T = 2t over sampling

Algorithms || time (sec) | success || time (sec) success
GLL 26.9 0 80.9 0

N 84.5 0 252.8 10
Modified N 70.0 0 218.0 28
Method 1 77.1 0 237.5 a7
Method 2 45.5 83 180.0 82




% 6: n =10, D = (100, 200, 300, 400, 500, 600, 700, 800, 900, 1000)

no over sampling T = 2t over sampling

Algorithms || time (sec) | success || time (sec) success
GLL 37.6 0 101.4 0

N 78.5 0 207.7 0
Modified N 78.7 0 206.2 0
Method 1 79.8 0 2115 2
Method 2 60.2 96 241.7 98

1%6@%%'73‘6, SHEBELUZ 2 DDFIEDEMER DS, ZD2DODFiEE2ERS L, Method 2

WILEBO %23 UTCGLL2HEHTAZ D TEBDT, Method 1 & D% robust TH 5 Z & W00

5 FIERHEOBIA» 5 AD L, Method 2 DFIMEREIZ GLL O8B X% 1.5 HFRBREICR-TED, Z0D

B obMo7 LT XLALDBEMMELED D E VRS, £, A—N—H TV IFFEE2HAVS L X

D robust 12725 Z ¥ WEBRIERNL SO 5E. 770, A—NRN=HB TV %2 T35 THIDY A XN
KEL Y, FIEREAKECHEMLTHS

4 HHLYIC

SE, HHZXE27LTY ZLAOBRBROMESE TN A2 BRTIFER2IERELEZ. SHBOEEE LT,
Hankel 175 DA S T HEkE, K0V EWD O 2L TWL.

B

ATFGEITRIAE 18K11172 DBIE A2 Z 725D TH 5.
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