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Zero-dimensionality at a point of varieties defined by a
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Abstract

Two algorithms for testing zero-dimensionality at a point of varieties are given. The key of the
proposed algorithms is the use of the notion of comprehensive Grobner systems.

1

SR DRI (ZRIED G2 S5 N7z I8 5 germ DOIRTT) 1%, REBCEMT, ERMF, RESHR
ELL DBENTTRNIEERALRTH S 2,7, 18). I, 1 FTTVOELEALLTED LN
(WL 2E DD RRESEZRD X 5 7R) ZRMAEOREFMIEES 2T 581X, HHLTWSRILE
1} B JRAHRTC % KD 2 FoX R HE 21T SR AIENBE L 5 [4, 11, 12, 14].

AFTIE, NIRA—ZMNEATTINVTERSINZHRED T TOERRGCHEEIZDOWT, 2 DDEIMHE
ERENT 5.

1 DI tangent cone & HAWRILZ EHEIH T 2 HETH Y, 5 1 231 T 7 VEHVWGZ 5Nz
MU DLRARIZET 2 HEHEFAT 2 Z & T RO HEERITS HETH S, AFRTHENTS2D
DFFIEIZIZ, HFFEBRTOAR Y X — NEJE® Mora D) X7 v ay [3,8] 2nEedd, ZHALKTO
FEOAMMZE O X ORICHEHEEITIERETH S, TN 20D HEDOHE L 25D, AIEKHI LT
F—HEKR [5, 10, 13, 16] TH 5.
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2 Tangent cone % W/ RTHIE

EEODWKE kXL, nZ8%E 2= (11,...,7,), ’Zp=(p1,....pn) €Ek" £T5. LEEHa =
(1, o) € 22y BFIVT

«

(—p)* = (z1 —p1)™ - (Tn —pn)™"
95, 2720, ZoeRETlal=a1+as+--+a, TH5.
YRTLWERE d DZEKX f € k2] THL, fORp ICBI2T 17 —ER% f(x) =3 ,<4calz—p)*

ET 5. 2T [ = Cale —p)* EBE, SHR [ ORMRE, j KOHILIZE LD

f:fp.,()"'fp.,l"'"""fp,d

KT ZIT, f,; A0ERDEIBREND GITNU, fo; & fpmn TRT. 20, HpTOFAT—
JEFH T DRI D L IHRD fpmin THHZLLALUTH 5.
ZITORIFEERIT 1] IR ->TWVS.

EE 1 REBEHREEZV Cknel, p=(p1,...,pn) €V T 5. RMpIilHBIF5V D tangent cone (#
)% C,(V) TXRL,
CP(V) = V(fp,min|f € H(V))

TREH#RTD. 772U, I(V)={f €klz]|f(x) =0,z €V}, V(f1,.... fs) ={x € k"|fi(zx) = = fs(x) =
0} TH5.

Tangent Cone IZ2WTIX [I8] IZHWVWTFH LK BRENTWBHDT, ZITIFHEAD LA,

ROEMIZ, FAOIZBIT5V O Tangent Cone DFHIEEEXTWD. H-BEK 2o 2AHAVTA T
T I CCla] 25U ZA T TV IM C Clag, 2] 252 5.

EE2ICCa|aATT7hEL, V=VI), OcV,T5. x>z eRdEEF 2 - £T5. £4H
{91,---,9s} B < WCHTBA T TN I"OTVTF—REL L, e(g) 2FFFXNLL TS, DL E,

CO(V) = V(E(Ql)o,mm, cee 76(95)0,min)
L5,

EEIS T 74 VERAVIZET2M%2peT5. VOpllBIldak, paal V OBERNES DT
DEKRELED, dim,(V) TET.

Tangent Cone & {XIGIZDWTIRD H. Whitney DEEE [17] 235 5.
EIE 4 (H. Whitney [17])) pe V C k" £ F5. ZDE &, dim,(V)=dim(C,(V)) &7 5.

D, k2Cel, ipikC"DHEHKO &F 5.

AHOHMNIE, dimo(V)=0bdL<IE dimo(V) #0&2HETET NIV AL%EE5A5ILTHS. &
2 XD, tangent cone ZEET DT T TIVDERITCIEI VT FH—RIEZFIHT LI LITXVEIRAIGET
H5. Fiz, RESBEORTIE, BHAZHANWSZLIZED, VT F—RHENES NIVUXREIZ kD
LIENTEA.



WIZ, RIA=BELSTTANOERSINEIRBEHEEKRYV OFAHO TORTLEZEZD., ZDLE
12, JFA O TOWICIE, NI A—XDEIZKRETE728, BEDI L TFH—REHEDATRHFIRITE K
DL IIRETH D, NIRRT L1, BRIV 7 F—RERZ2HWSZ LT, ZORMEIZTLT S
e WHREL B, AN L TS —HIKREIE TV IV ALK (5, 10, 16] IZX WA INTE D, FIEK
R AT LZHFEEIN TS,

WIS, RIRA=RZFELTTIUNLREE S NIZLHREORGTHET VT ZLOETH 5.

POV ZL 1
AB: TCklx])RTRA=Rt=(t1,...,tn) ZFRDIT T, OV =V().
HA &85 A —RZEHTO dime(V).
L I" D2y > o ZET2EIER CABFNI L 7 F—HIER G 25HT 5. TLTGEREFRLLEZS
Dz g &35,

2. G DHET AV MNED tangent cone KD 5.

3. KT AV MED tangent cone DIRIEA S, V DA O TORITLERET 5.

Bl 5 T A—2t #BLHER f =25 +tay' +y2 € Cla,y] 8EAB. ZDEE, fi =5 =322 +21y",
fa= g—i =4tzx?yP+ 1291 U, V =V(f1, f2) 25 R 5. £F, tangent cone Co(V) 2RKDB. I = (f1, f2)
DEVACA FT N I = (30222 + 2y, Ma®yPl + 12y"Y) DRUBEHBRIENET (20> ¢ > y) DEFEN Y
VIS —RIEREFHHET S, ZOLE, RO Tus I NIREHNT .

[183] L=[3*x"2%x073+2*t*y 4*x,4xt*y 3*x"2*x0"6+12%y~11] ;
[3*x07"3*x"2+2*txy " 4*x ,4*t*x0" 6%y~ 3*x"2+12%y~11]

[184] kcgs(L,[t], [x0,x,y],1);

[[t], [4xt~3+27]]

[x0"3*x"2,y"11]

[[4xt~3+27], [1]1]
[3*%x073*x"2+2xtxy ~4+*x,3%x0" 3%y " T*kx+2xt*y~11]

[[0], [4*t~4+27*t]]
[3*%x073*x"2+2xt*y ~4*x,2%x07 3%t " 2%y~ Txx-9xy 11, (4%t~ 3+27) xy~11%x, (4%t~ 3+27) *y~15]
FEFAL U BR/INRBDIEER D Z 212 & D, IRD tangent cone DIEF SN 5.
V(t) D& &, Co(V) = V(ytt, z?),
V(4t? +27) Dk &, Co(V) = V(zy", 2?),
C\V((4t3 +2Mt) D& &, Co(V)=V(y'® ay't, 2y, 2?)
B AV (7214 strata) BT tangent cone DIXTLEHET 5 &, R O TOERRIEKDRITE LTIR
"Eons.
V(t) D& &, Co(V) 1F¥RIE 0 £ 0, dimp (V) =0,
V(43 +27) D & &, Co(V) 13t 1 &9, dimp(V) =1,
C\V(de2 +2Mt) D& &, Co(V)IFXit 0 &Y, dimp(V) = 0.
U72ho T, YRUOLE R 55%ME 43 +21£0THhS. Thbb, 434214008 &, @l f =0
FINR R R 2 .



3 AF7IEERWEEORTHE

22T, ZERABRClx] TOATTIEE AW R EEET LT AL DNWTHRR S,
ZHEABRCle)| DA TT7NVE [,J £ T5. AFTNVIILEBTIDATTAREET:J={fcClz]|fgc
I,Vge J} THB. 7z, JIZBT S I ORIFIA 77V (saturation) & i

I:J% ={feClz]|fJ" CI for some r > 0}.

Ths.
RIE, ARTHNT B2 ERTMEEET VT XLDREZ L THIRTH 5.

TE 6 LEADESE FCCll L, m=(z1,....2,), OcV(F) T 5. fRIAFTL (F):m™ D
HE%E GCClz] 2T 5L %,

dimp(V(F)) =0 <= 3g € G s.t. g(O) #0
kiRb.

COEBEY, ZHRAEV(F) OX0ootEER, M 77V E2ZHARTIHIE TS Z 2ICL O ARET
HDIENDNS.

Bl 7 f=az+y2+y" +aly+a®y € Cla,y,z) &L, V=V(E, ‘3—5, 91) DFE O TOWEARE RN Y
I MELET S.

BRI T TNV (G, 5L, 60)  (wy, 2)> OHIEE KDDL, ZOMA TTAOT L TF R {1} &
BB, XoT, EH LD, dimo(V)=0253ILAibhE.

W, RIA=RGEATTADROEBZINDNELRARV OO TOX R HEEEZE R 5.
NIA=RGEATTNDA T TR 6, 11 IZE W BRSNT WS, HrD 70T L1, [3,6]1C
EOPNTWD HEZARL, MEETORENZ L 7F—RE 9] Z2FHL, 1 F7ABORELZEHET S &
INZEELTWS.

NIA—ANEATTIVELGIRTELZ L LD, NIRA—XMHEMNA FTTNVIFEHEAETDH 5.

WiE, NIRA—RNEATTIUDSEBRSINELHRED L ORI ET VLTI ALTH 5.

73 X 2
AR FCClz]: NTA—Rt=(t1,...,tm) ZFDOZHIRES, OcV =V(F).
A dimp(V) =0 745 stratum (/87 A — X DEMF).
BEGIN
A« 0
G+ BARIA TTIVAE) : (w1, 22,...,2,)>° OWHK T L TS —RIEREZFHE;
while G # () do
Select (A', G") from G; G «+ G\{(A',G")}; /*A" € C™, G’ C Clx] */
if 3g € G’ s.t. g(O) # 0 then
A« AUA';
end-if
end-while
return A;
END



Bl 8 NITA—RtE2ELCLZHERE f=a +taty® + 9y € Clr,yl 2L, V =V(g—£,g—£) 2EZD. T,

BRI F 7OV (9L 0Ly - (g ) DEENZ L TF—REREZIET 5. 2 Z TOEIEF 32U ERIE

dxz’ Oy

E6F (z>y) &35, 20L&, HxDTUT T AFROEFEN IV 7 F—HEREH T 5.
[627] F=x"6+t*x"4*y~8+y~24;

X" 6+axy 8*x"4+y~24

[628] para_sat_module([diff(F,x),diff(F,y)], [x,y], [t], [x,y],1);

[ft1, (111,

(-11,

[[4xt~3+27],[1]1],
[2%t~2%x"2-9%y~8],

[[0], [4xt~4+27*t]],
[-4%t~6-27%t"3]

ZOHIDERIZIRTH 5.

V() D E, (8L, 85y s (m, )07V 7 F =Rk {1},
V(413 +27) D & ¥, (55, 50) : ()07 L T  —HEiE {26202 — 9y},
C\V((4t* +20)t) 2 &, (5L, 90y (0, y)> DV TF —RE {—418 — 2713},

ZOFRERED, NTA=R B V() U (C\V((4t3+27)t)) = C\V(4t3 +27) TS 5 & &, EBHEIIE
T 20T dime(V) =0 &% 5.

ROFRE, BUFIA T 7 IVEIA DR EEZ XS ECHHATH 5.
HE 9 ZHADESE FCClrl &L, m=(1y,...,2,) &T 5. [EED ay,az,...,a, € N\{0} IZBWT,

(<F> : (x‘fl,xg‘?,...,x"‘")) :m™ = (F) :m™

L5,
2&%{%’?(&1, ﬁ%9@a1,a2,...,an %, ‘{k@cl:ic:igjﬂj_é.
[F COEE z; DBRRKIKEZE a; £ 95,0 (1<i<n)

FEIZHWAZLT, TLVIVAL22WBLELONRTHS. Bz, FEATORESEOEEEMN
REWGHIZWE, ZoTF 7=y 7 3E/MEL.

2= PP VN

AN FCCla) NI A=Rt=(t1,...,tn) ZFRDOZHENES, OcV =V(F).
H7 A dimp(V) =0 £ 725 stratum (23T X — X DM,

BEGIN

A 0

(a1,...,0p) < F TOEH z; DRRKIXKEZ o &35 (1 <i<n);

G+ AT TV : (x5, 252, ..., 2% DEFEN TV T F —HIER%ZEIH;
while G # () do



Select (A',G") from G; G + G\{(A',G")};
G <« BRI T TIVAG) : (z1, T2, ..y Tp)>®
while G’ # () do

DU TV T —FER % A" ETEIE;

Select (A", G") from G'; G' «— G"\{(A",G")};

if 3g € G’ s.t. g(O) # 0 then
A+ AUA";
end-if
end-while
end-while
return A;
END

AFTHN LT RTOT I TY XL %EFEBERE 2T 4 Risa/Asir [15] ¢
[OS: windows 10, CPU: intel Core i9-7900, 3.30GHz, RAM; 120GB]
X 11 CPUMEZLSATEY, >3hiXHIZ 3L LE2EST 5 Z L 2EKLTWD

IEEH, a,blINRXTA—RZRL, AVZHEHERIZE

BZRTE A S, iU ZFHERKIE
THY,

RNy FY—7 THALEZEAIIRTH Y,
PR FERENET (2,y,2) TH5.

x7y7z

fi=a%+axty® + o +
fo =23+ 22% + azy® + yP2 + ay?
f3 = 23y + ay'® + byt + zy'?
f1 =2y +y® + azy® + ba?y?
fo =2y +ay' +y° +yfz + by°
f6 — xlO + $5y3 + ayG + 3y14 + bxloyf) + xylél
fr=a% +yz* + 3 + axdy + ba?y" + 2*
fa = 2% +y2" + axdyt 4+ y'0 + 22y 2*
KL RVFI=IFTAL
F V2. 2= W VR R = R) By WA
(Tangent cone) | (Saturation)
1] (A, 920 0.0156 0.03125
2 | {f 52 9 523 0.0156 0.0625
3| {fs 58, %) 1.375 0.0625
4 {fa,%ﬁ,fQE} 27.94 0.75
5 {2,905} >3h 0.03125
6 {5, 9y >3h 1.031
T S S > 3L 1.391
8 | {fs B G0 G0 > 3h 6.188
# 1 XD, tangnet cone Z W AIEL D, BRI T TNV A AW AEPHERRNZ RN 5

WZEELEZDOT, EEDOL




SRE V(F) BRI Vo = {0} 280 LT 5. 72, A T TV (F) O¥H#ZA TTANRE (F) =
QoNQiN-—-NQ, &L, Qo,Q1,...,Q, ZRIRIMEFZALTTI, V(Qo) ={0}T5. 7LIVXAL1
%, Qo ZFIMEUMHD, TOZRMEADUGLEFIE L TWS, #iZ, 7VIV XL 21E0Q,N---NQ, Z2FE
LTW5., Qo DHEELIEMTHNIE, TLITV XL 20FHBEREITLITY AL 1 L0/ VeI NS,

L

T DIFFEIE H AR IR B2 sefliBh < FHBISE (C) 8% S 18K03214, 18K03320 DBk % 3% 1)
THH ET.
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