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1 KFE

(M,g,J) 23287 bRTI)VI— b 2RIAE TS, 7, Q %2 (g,]) DEAR2 KIEX
£95%. d=wAQ ZHlc I 1 EX w DFET S L&, (M, g,J) ZRTEEE T —
T—ZRE DD Bl 1 B w 2 Lee EREWS . £z, Lee B w AALE - FEX
Peloe VICBHL T 1A% & &, T Vaisman ZRKE NS . BB, w=df D& &,
(M,e 1g, J) 17— —2MAKTH%.

HUSERS R AR —RE G D RFRE T Z8 D8 &, a3 T b 2K T\G Z nlfRZ kA
EWND . RERZEARE[ERRICER S NS . WRZHRAEDT —F —Ritiz e DR 561E,
HF—TALLDEFEFN—FTAKELZS ([8], [2]). AIEZHAICENT, 7—F —HiEDHL
RTH2RAIE T — 7 —MgIc DWW THE T 5.

JfrIEr — 2 — 28R DK & U T, Hopf dhifi [25], H Lok [23], Kodaira-Thurston
ZHA [5], Oeljeklaus-Toma ZHk{A [12] HVHIHN T % (cf. [6]). Hopf i, Kodaira-
Thurston kAL Vaisman Z2RATH O, H L, Oeljeklaus-Toma ZHAIZ L &
Bz, ZD Lee IEXUSFATTRY. iz, H Ll Oeljeklaus-Toma ZF-AIE AT fiEZ
FEA, Kodaira-Thurston ZEAIINEBEZEIAOMILZ, ZNTNED.

HEERGED AL TN EBZRD Ry — o —hhdz £ D% 51, 2Hud Kodaira-
Thurston 2k L7525 [17]. EEMEED AL TR TEH, NEFLZHAD Vaisman K
%2107 51, Kodaira-Thurston ZHA L 722 [3]. THUCK L, AIRZERAK DR
I — I —HE3E® Vaisman MEICDOW TR D E D Dh > T, AT, AIfEZ
Bl DRI r — 2 —HiEDY Vaisman #5i& & 72 % 7o D DEREMIEIC BT 2 08 57
FEERS.

(M =T\G,g,J) ZEENEDEAZRIRRIIE T — 5 — @2tk L, g 2 G D
V—ERE 9%, £7z, 2D Lee oK w 3EAELEM 1 K wy LOAKER—T LT 5.
CDEE, R r —o —HidE (g, J) &, wy & Lee TEX &S 2 AL RIS —
T—hEE (), ) ZiFEd 5 [4]. (g,(, ), J) ZREYES —F—0[f#) —ER &0 5.

AfiE) —B g ISR L, n ZZDMANEERELSTT7)IV LTS, CAUCBE L TRAIZE LS :

non® =mn >n® =naW] > ... onl o>altH =y,
HL, n0+) = [0 n®] THO, nl) £0 £T 3.

1



al %2 () ICT B a DEMZEMET . IO D

EEE. 22] (9,(, ),J) ZRAVET =5 —rlf#V —B& 9%, TDLE, RIEFEET
H%

1. ((,),J) & Vaisman #&TdH 5.
2. JncClg g5, AL, r>10&Ea=n"r=00D X n=[g,g £T5.

NEFLZHIATDH % Kodaira-Thurston ZHEAIL Vaisman ZRIATH O [5], FEHDE
72129, I, 6N S:

% 1. (g, J)) ZEEEGEZ SO —BRET S, TDEX, JZ c (g, 9] ZMiizd Z € n)
(r > 1) MEET %7251, (g,J) & Vaisman Hidiz & 727500,

*1 &0, H bl ST & Vaisman #dz & 727502 EDNS (cf. [4], [13]).

R 2. (cf. [10]) Pl —BR g &, g=ax [g,g], HL, a &[G ED Y —ER, £95. C
DEZE dimn > dima 2513, g I& Vaisman #iE7%2 & 72720, FRIC, [g, 9] DR & &,
dim[g, g] > 1 dimg A 513, g 1& Vaisman ¥z & 727000,

% 2 &0, H il SO, Oeljeklaus-Toma ZHEAIE Vaisman WGz & 727202 &b
% (cf. [13]).

2 #fm
ARETIE, FEHZAIT % 72D DOUEHZ RS .
ZikR M EORA 1 BN o ZHWT, BOrERXDIEHER d, « AP(M) — APTH(M) %,

df:=aNp+ds

CHEFETD. a3 1 EREXD, & =0 2. d,8 =0 D& X B % o-FEA,
B=dyy DEE % a-ZBRETNTFNVS . JFAE T — T —fiE0RA 2 P
XQWE, —wAQ+dQ=0ZEzd T eh b, —w-BEXTHS.

(M =T\G,g,J) ZEENED EAERRT S — o —nlff 2Rk L, g 2 G D
V—IRET3. TDOEE, ZD Lee ER w I LT, w—wy =df Ziilzd A2 1
KB wy & M LD C B f DFEST A EIRET 5. TNEZHWT, EAZEN
7 NV X, Y ISR LT, NRER

(Y = [ e Tgx

M

B, dp 3 G EOTRER KRS B FEEND M EORREE LaHRT 5.
BN AT B T LD, ARSIV — M (. ).J) DHEEND.
((, ), J) DEAR2XERXZ Q) LT 5. KHKDID !
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'Fﬁ'jEL 2.1. [4] dQO = W N Qo.

i 2.1 K0, G OAfiE) —IR g Bl wy 2 Lee IERX & T 2 mpiE r —o—H6E ((, ), J)
WAFEENS. (g,(, ),J) ZREIETr—2 —alfif) —E LS.
Vaisman ZHEARICDWNT, RBKDVTD :

I 2.2, [11] 3T MU= VERIK (M, g) IZBWT, a ZLE « FEX2EHE V
WKL TR 1 EXET 5. COLE TED o-FERE, -2 X TH 5.

EHE 2.2 XD, Vaisman ZEAD Lee BRI FITTH BT D, TOHEA 2 ERX Q
& —w-EREREA D, I, MEZEIADLGEIT DO TR D VD ¢

M 2.3. 18], (T\G, g, ]) BRISUBr —5—HRSHAE L, (0, (, ), J) B2 DRI
B —S—AiR) —BL§ 3. COEE QB —w i RBRAEBIE, O b —w 22
REHnB,

T 2.2, i 2.3 K0, (T\G,g,J) D Vaisman AT S, ((, ), ) DK 2 KK
N Q & —we-tBIERE 5.

3 EEIEODGEA1

(g, (, ),J) ZHIE TR SN RAILIE T — 2 —nfi#) —IRE L, wy Z2Z D Lee JE &
5. W (, ) ICK>THEENS g DD g \DEIEEGZ v &L, A=y(w) &
B (AA) =1 EIRELTERY. RETE, ((, ), J) A Vaisman iz 5, &
TEMDSEM 2 2l T L ZRT.

AR —BE g ISR L, n ZZDMANRERAS T 7V ET S, TN TRADYIELE S !

non® =nn>n® =nnW > .. 5n™ >al*H =,

HL, n+) = n@) THO, 0 £0&F5. e, aZr>10D&E ) r=00D&
X (g9 £T 5.
RO ITD -

A 3.1. ((, ),J) A Vaisman #l7& 518, ZDHEAK 2 KKK Qp IR THABENS !
Qo = d_yyno = —wo A 1o + dno,
HU,n =kwyoJ(kER) £T 5.

Proof. (,) 7% (,) DHasEEND Agt LOANKET B, RTEr —F—nlfif) —5)
WCBNT, ¥ a Iy DOARER

(QOa d—Wo (WO o J))2 < (QO> QO) ' (d—WO (wo © ‘])a d—Wo (WO o J))
AERE7E% T LI, REAMTHS [19] :

0= ([4, JA], JA).
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LB 5T, ((, ), J) A Vaisman FEH 513,
0= Vyawo(JA) = —wo(ViaJA) = —(A, V4 JA) = —([A, JA], JA)

LEh, TRz, O

ot 2 () ICET D a DIEAHIZEE LT 5. XD
Rl 3.2. [18] ((, ),J) DHEAK 2 KL Qy HY,

Qo = d_uy1o = —wo A 10 + do,
AL, o= kwooJ (k€ R), LH5ABNBESIE, Jac g ot £755.
Proof. Z encClg,g] & X € g, o] ICHLT, [Z,X]=0&D,
(JZ,X) = —Q0(Z,X) = (wo Ao — do)(Z, X) =0

) AIRVASY O

EM 2.2, A 2.3 KD, Vaisman A[fiEZEIE (T\G, g, J) ICDWTEH, amd 3.2 1FD VL
DI LIKHERET 5.
fimed 3.1, A 3.2 KO, KA DD ¢

EHE 3.3. ((, ),J) D Vaisman ¥z 51E, Jn C g, g]t &7%5.

% 3.4. (g,)) REHEMERZEONMY —BETS. COLE, JZ € [gg) Zililkcd
Zen® (r >1) BMMEET 275513, (g,J) & Vaisman iz & 727500,

% 3.5. (cf. [10)) AIfi) —Bi g &, g = ax [g,g], UL, a ZAJHRBH ) —BL, &35,
CDEZE, dimn > dima 2513, g I& Vaisman #§ili7% & 72720, RRIC, [g, 9] DA0[Hx &
&, dim[g, g] > 1dimg %53, g |& Vaisman KiiliZe & 727200,

Vaisman ZE{ATdH % Kodaira-Thurston 2RI, Jn C [g, 9]t ZiTcd. 7z, &6
BEICBWT, & 34, R 3.5 ZHWT, A Ll Oeljeklaus-Toma 2RI Vaisman
B2 TERNT L2 (cf. [4], [10], [13]).

4 5 2 ERFCIRFAIERT—Z—8f) —RICOWT

(g, (, ), J) ZIRFHIET —F—nlfig) —BRE L, wy ZZ D Lee [BXE T 5. KETIE,
Jn C g, )" 27 R r — 2 —nlfif ) —8 (g,(, ), J) IKDWVWTHEZS.

B lXDWT, TIED X € g OBIfEEINC K > T n® RSN, £, ] =0 B
OVIDT KT 5. Th& b, K=zl

fBRE 4.1. Z, 7' en lCH LT, RO D .

JZ,72=112',2], [JZ,]Z] = 0.
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Proof. Z,7' e n I LT,
0 = [2,2)+J[JZ.2)+ J[2,02) — |JZ,JZ
- JJZ. 2+ (2,02} — [JZ,JZ

MDD, [JZ,2',[Z,JZ ) en &0, J{[JZ, 2" +[Z,]Z'|} € [g,9]F THDB. o,
TRz 5. O

el 4.2. UV, W cn I LT,
(ad(JUYV, W) + wo(JV WU, W) = (V,ad(JUYW) + wo(JW U, V)
MDD,
Proof. fili#l 4.1 XD,
(ad(JU)V, W) = —Qu(ad(JU)V,JW)
= dQ(JU,V,JW) = Q([JU, JW], V) + Qo([V, JW], JU)
= wo AQ(JU,V,JW) = Qo([JW, V], JU)

kx5,
wo B BIENTC, A C [g,g] THBI LMD,
wo AQo(JU,V,JW) = wo(JU)Q(V, JW) 4 wo(JW)Q(JU, V)
= —wo(JU)V, W) + wo(JW)U, V).
Eix%. LI, Wi 41 X0,
—Q([JW, V], JU) = —Qo([JV, W], JU)
= dQ(JV, W, JU) — Q([JV, JU], W) + Qo([W, JU], JV)
= wo AQ(JV, W, JU) — Qo([JU, W], JV)
= wo(JV)Q(W, JU) + wo(JU)Q(JV, W) = Qo([JU, W], JV)
= —wo(JV)W,U) +wo(JU)(V, W) + (ad(JU)W, V)
5. Ko,
(ad(JU)V, W) = —wo(JU)(V, W) + wo(JW (U, V)
—wo(JVYW,U) + wo(JUWV, W) + (ad(JU)W, V)
(ad(JUYV, W) 4 wo(JV WU, W) = (V,ad(JU)W) + wo(JW)(U, V)
MDD, O
{Zy,- Zy} %2, (, ) I % n OIERERRKET S, 4lidE 4.1 & 42 K0,
PN RVASR
(ad(JZ)Z;, Z;) = (ad(J Z,;) Zi, Z,;)
(ad(JZ) Z;, Z;) = (Zi,ad(J Z)) Z;) + wo (T Z;) (5 # 7).
IN&KY, Rz155 :



R 4.3. 18] H i IOV, a S anAD {Zy, -+, Z,} KT BBlFELE ad(JZ;) D
ZIUTH A, BRTHEABNS !

line ¢
al ai + wo(JZy)
k
k
k
(41) Az = TOW ? azl CLZ‘*’UJQ(JZZ) ajn
k
k
a'. + wo(JZm) ar

AR —RE G I TRET 28045613, ChEI=FEV25—TChH5b. £, r=0
DEEWZ, B/ ARBIZEY2T—LiE%. 61, ReERTS !

T 44 WIRY B g RIS EY 25— THB L, (FHED X € g 1B BHiMES
Bl ad(X) O nl) ~ORFED, fE50 i IeDWTLZEY 2 T— BT L THD

Yamada [26] &, AIfigV) —8f G WREFHE T 28 D% 51, CHUIHI=EY 25— TdH
TR LE o, r>1, B, n=n DLEE K A BZIZEI2T7—LE5.
UTehyo T, D i IS U TRB D VD -

(4.2) (Z al) + wo(JZ;) = 0.

PLEXD, RIED LD -
ﬁ% 4.5. ZWO(JZZ')Z =1.

Proof. %% i IH LT,
= Wy /\Qo(A, JZZ,ZZ) —I—QJ()(JZZ)QQ(A, Zz)
= on(A, JZZ,ZZ) —I—UJO(JZZ)Q
= —W([A4,JZ], Z;) + WA, Z], T Z;) — Q([JZi, Zi], A) + uJO(JZZ-)2

XBIC, (41) D,

W([JZi, Zi), A) = ([JZi, 2], JA) = (3 (a} + wo(J Z)) 25, T A)
— Z(aj-ero(JZj))(—wo(JZj))
_ Za;‘.wo(JZj) - Zwo(sz)Q
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Th5b. tn&y,

(4.3) 1 = <[AZ —I—Zawo (JZ) + > _wo(JZ;)* +wol(J Z;)*

J

ExB. (43) KDV, Il Tz S L, =8V a7 —5fMF, £1F, M1=%
VaT—5 M5

Y1 = -t ad(A)|ﬁ+Za§wo(JZj)—I—ZwO(JZj)2_|_Zw0(JZi)2
m = O—I—ZZ@ wo(JZ;) —|—me0 (JZ;)? Zwo (JZ;)?
L%, £oT, (4.2) »b,
m = Z(—wo(JZ))wo(JZ +me0 (JZ)) +Zw0 (JZ;)*
m = —Zwo (JZ;) —i—meo (JZ;) —|—Zwo JZ

m = meo JZZ- ,
BB, wo(J2:) =1 %2135, O
R 4.6. A=) w(JZ)JZ € Jn.

Proof. (A,A)y =112K%. O

AR 4.7 W) B g DR TEIZE DAL, A EY 2 T %ML, ZOMKIEMH
NEFHI V=B n DWTHD VD ([15], [26]). Lizho T, [18] DF 2 T [19] DH
3HICBITBNEHFY—]RZ, [g,9] CTE7%&L, MOKIEHINREFL D) —B n ISFTIET 5.

EE 4.8, [18] D 2 T [19] OF 3 FICHITZ 0 Z n, HL, 7 > 1 DEE n=nl),
r=0DEER=[gg], LATETS. M 1R ap IR, ae@) =0 £HBTEND,
[18] 5 [19] IC B BAERIZAL D LD,

5 FFEIEDIEA2

ARETIE, &M 2 ZHilz s REr —2 —nlfi#yJ —Ig (g,(, ),J), BB, TnhH
Jn C [g, gt 2729725, T Vaisman KL 725 2 & 2RT .



346 &0, Z=JALLTXWL. In&D, (4.1) &
Al = (akl(l))

A = <akl(i)> + (i #1),
0

1ﬂu<%mﬁ,@mj)@ﬁﬁﬁﬂ LEREND [18).
filidH 4.1 &D, %0 IOV,

0 = [[JZ1,7Z], Z]
— (U241, Z4), JZ] + [ 70, [ Zs, 2]
= —ad(JZ;)oad(JZ,)Z + ad(JZy) o ad(J Z;) Zy,
ad(JZ;)oad(JZ)Zry = ad(JZy)oad(JZ;)Z

233
(5.1) AA = AA

Wiz 9. (5.1) D (1, 1)-RoZtigd 2 &,

Zall ap (i Z&u i)an(l) —an(1).

%135, <akl( )) (akl( )) EFTFRED D, i £ 1B LT, an(l) = au(l) = 0 A
DAID. Ko T,

an(l) 0 0
(5.2) P
' b : ap(1)
0
5%, EBIC, (5.1) D (i,1)-847, (1,0)-aZigd % &,
(5.3) Zail(l)all(i) = an(i)an(l)
(5.4) an(Day(i) — air (1) = Zau i)y (1) — a;(1)

TH3. (53) & (5.4) DRIB LD L,
Za,l CLll + an(l)ali(z’) — CLH(l) = aﬂ(z’)an(l) —+ Z au(z’)ali(l) — CL“(l)



L%, <akl( )) <akl( )) S S AR I reN=

(5.5) a11(1) = a;(1).

MDD, (5.5) IK&K > T, XEE5 -

%8 5.1. a;,(1) = 0.

Proof. =€ a5, £z, A=Y 2 7—5%M&D,

0=trad(JZ1)|z Z a; (1) = maq(1

EI]B, &11(1) =0 b\\ﬁkbjo O

EEEEDFER. Jn C [g,9]" Zii/cd B — 2 —nalfE ) —EBRIE Vaisman TH % C
2R Y . R — 2 — Ay —ERICDW T, RO D ¢

EE 5.2. [19] (g,(, ),J) ZRAHIET—F—nAlfE)—EBRE L, wy 2T D Lee JERX &
95, T, v Z (,)ICX>THEEINS g* »E g \DAHETS. TDEZE,
{[o(wo), J 0 Yo(wo)], J 0 Yolwo)) = 0 25X, ((, ), J) & Vaisman A&k 72 %.

(5.2), KT, M 5.1 B 5, —ad(A)fs = ad(JZ))f; &

0 0---0
0

~ad(A)(Z1, - Z) = (22, Zo) an(1)
0

D, BB (A JA] = [A, Z)]) = 0 DD LD, Ko7, @8 52 5, ((, ), J) &
Vaisman fiidi & 75 5.

6 RFERT —S —AIBEZ RO

ARBETX, Rt Er — o — Rtz & D0 i 2R Z T 5.
Kodaira-Thurston Z1A1Z F O TH % -

5l 6.1. (Kodaira-Thurston Z4k{K [5]) h(n) Z (2n + 1)-KJT Heisenberg U —Ei& L, X
TRV —EIR x h(n) LORFEEr—7—Hiliz 525 :
R x h(n) = span{A, X;,Y;, Z}
(X, Y] =Z.

NEFV—E R x h(n) ISHIET HRNEF)—RE N BB R T 285D NEFEIEIA
D\N FOEAREIREENS J 2 JA=2Z,JX; =Y, N (, ) Z {4, X,,Y,, Z} ZIE
HIERRKERDE0D, LEXETSHE, (T\N,(, ),J) & Vaisman 2Rk LS. £z,
n=nl =span{Z} T, JZ=-Ac g, g]F TH%.
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AE 6.2. RERY—EHRAHIETr —S5—ihdZz e D561, TNE R x h(n) &%
[17].

4 RICAIFRZRRIADIRHEMGE R, KAETH S [7). T 34, % 35 ZHVDS &, H i
[filE Vaisman W&z & 72502 DS (cf. [4], [13]) -
B 6.3. (FE Ll S+ (23], [1], [9]) 4 ZoTAlfiR) —Bi s, %

s; = span{A, X,Y, 7}
A, X]=X,[AY]=-Y,[X,Y]=2Z

&9 5. Alfip) —ER s \ONGT B Al ) —HhE S 3SR D 285 [16], dim H],(T\S)) =
rank[[, I\I" = dim H'(s;) = 1 Z2{ii/=9". 2Rk T\S, LD AEREHENL J 2
JA=X,JZ=Y, Nl (, ) Z {AX,Y,Z} ZIEHELHIEL 58D, LEHT D L,
(T\Sy, (, ), J) &, Lee JTEXRD AT TlRWRATYEr — 5 —2kkiA L 755 .

iR tkik T\S) EDFTHIET —Z — Ml O BRI, ROVINh e LT
KU ([14], [24])

Jl : JlA:X,JlX:—A, le:Yv,lez—Z,
Jy: BA=X+Z X =—-A-Y LZ=Y LY =—-7.

ZenW =0T JZecs,s](i=1,2) &V, % 34 H5, T Vaisman MiliZz & 7z7%
U (cf. [4], [13], [21]).

AE 6.4. (I\Sy, /1) &, #1 6.3 DL I, RHIET —2 —hiid 7z & DN, (D\Sy, ) 1,
JRFr G r — 2 — ke B 2730 [21].

B 6.3 ZHLIE LT, XOWfRE) —BEE R 5 !
B 6.5. [21] (2n + 2)-JoCAlfiEY —E g, 2

9n = Span{AaXthZ}
[A,X] = CLZ‘X, [A,Y] = —CLZ‘Y, [XZ,Y;] = Z (Z = 1,2, e ,n),
HU, n>2a € Z—{0} £95%. g, XIS EAfR)—F G, IS FRE T 2L 5,
dim H} ,(T\G,,) = rank[[, T]\I' = dim H'(g,,) = 1 Zi#7z9".
KWK DALD -

iR 6.6. (cf. [21]) g, FRATEIET —F —Hidz & 7270,

Proof. g, WRFTHIE T —F—HE ((, ), J) ZEDEREL, ZD Lee IB% wy &7
%. dimg,/[gn, o) =1 &0, o(w) € span{A} 755 &ICHFHET 5. K i I LT,

= —Q([X;, Y], Xi) = d0o(X;, Y, Xi) = wo A Qo(X;, Y, Xi) =0

& (JZ)Y) = 0 DD ID. KoT, (JZ,[gn,8a]) =0 &%, WA, 0 =nl) =
span{Z} M5, FEHED, ((, ), J) & Vaisman ¥ili & 7% %. Vaisman 5842 A fiF 2 ERIA
l& Kodaira-Thurston 2k L7525 &5 [20], FET 5. O
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Bl 6.7. (Fk Lt SO [23]) 4 ZoCAIfiRY —EBE 5y %

sy = span{A, X, Y, Z}
[A7X] = 2a’X7 [A7}/1] == _alfl + b1/27 [Aai/v?] == _0&/2 - b}/h

fHL, €20, e~0tV=1b c=a=V=Ib 3 B ¢ SI,(3,7) D, £ 5. AlfiE) —FR s, ICRIET %
AR —HRE Sy BHETRETD Z8 5 [18], dim H})p(\S,) = rank[l, I\I' = dim H'(s;) = 1
iz g, AIfRZERIA T\S, LOLEALITER G J 2 JA=X,JY, =Y, Wi (, ) %Z
(A, X,V1,Y,) ZIEBIESRIEL E200, LEHTE L, (T\S, (, ), J) i, Lee JERD
TATTIRVRFTE T — 5 — 2RIk 725, K72, [50, 5] IEAMHAT dim[ss, 55] > 1 dims,
XD, % 3505, T Vaisman K&z & 72720 (cf. [10], [13]).

EX 6.8. (cf. [10]) Oecljeklaus-Toma [12] (&, H- Ll SO Z2Hisk U T, Lee XD 117
TIHEWRIHE T — 5 — 2R Z R LTz, 2172 Ocljeklaus-Toma AL NS . T
DERE IR RAONEZ B B, [g,g] = RF? Zh/c 9 nlfi#) —BR g = RF x RFF2
WKE->THABNS. LIzh> T, % 3.5 &, Ocljeklaus-Toma 2L Vaisman ki
ZE TR,

SE Bk
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