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1. lFC&IC

ek, MAYIWOMR O E U T/ SL— RIS NTOT, ST 7 A F 2 A, Wi
7, IR HFEDZ S ORI TR HWEN, REOHEEICDWTZ < O3kDED % (Johnson
et al.[JKB94], Arnold[Ar15)). =L C, SL— iz 3ds, YIMiRHE y & AR O 2 &
D MAYIWHFEBAL RIS BN T, v ZRFRHE E L TREE n O ELAEEARICHED< 6
DOHEERENGR C 5 NIz, FRC, vy DBAID & 2D 0 O LHEE & (maximum likelihood
estimator, B L C MLE) 67, & v DARHID L ED 9 D MLE )y, BY 1 RDA—Z—TIill
INICIRISFIC 75 % T & Y Bar-Lev[B84] I BV TRENIZD, 2 KDA—H—TIIHlilE MLE
Opr- DY 07, K ORI B < 70T & A AkahiraA16] ICBWTORE Nz, FORE, 28D
WHE DT K B 2 RDML IR OBESODH W BN zh, 2 id Hodges and Lehmann
[HL70] 1< & 2 lllr RAETE (asymptotic deficiency) ICELIL T %, ZOMICE, s R
IMAET 255G LD H 2RI OHEEIT DWW THA G C 5N T % (Barndorff-Nielsen
and Cox[BC94], Lehmann[L99]). filr, Mi{YIWHEER 115 T S Fr Y]l D555 & IR kk
EASRMEEN, THIC, 0 2SR E LTz L 2y OHEEREEEZ 5N T, RIHEE
RNA ZHEE DB BB D ZFRBDEEN, ZNHIEE EH SN T Akahira[A17] DE
7T LUTHIRENTVS.

AR TR YW iR & O — YW gk U T & RJCHEE sIcBI L IRl
FROKERDK OO LR L, ZOHlE LTYIMia—> —nMmEDGEZE TS, 0D
HFHHIIE R D IS TR %.

2. g
£9, X1, X, -, X, - ZT2BWVIHNTIC, WENE (Lebesgue MIFEICEIT %) %
p(x,0)/6(0,7) (c<v<z<d),
(Z DAth)

ZE DI Py, ICHED MERZEHHN T 5. T2l —co<c<d< oo &L, p(z,0) IFXMH
[v,d) ETiHiE 3 5. £z, v € (¢,d) IDWT

3

f(z;:0,7) = (2.1)

O(y) := {6 ‘ 0<bd,) = /jp(:c,@)da: < oo}

CI_).B< <1_)., v < V2 &E%EE%Z\.O) Y1, Yo € (C,d) IZDWNT @(’*/1) C @(’72) LCZ‘:% Zc
T, EEDy € (¢,d) IZDNT O =0O(y) BZETHRVHKETHS ERETS. TDEE,
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AR P, = {Psy | 0 € ©, v € (¢c,d)} &YW 5541/ (one-sided truncated family
(oTF) of distributions) & 5. JHIIE MUK/ iT% (lower-truncated family (¢TF)
of distributions) &\ 9. FFIT, (2.1) ICHBWT

p(z,0) = a(z)e’@ (2.2)

DIBICTE % & &, FrlvWHa 80 /il (one-sided truncated exponential family (oTEF)
of distributions) P, £\ 9 ([B84], [A16], [A17]). 7272 L, a(-) FIEMETIZEAERS LT
AT, XM (v, d) T () &HORERE T du(x)/de 20 £9 5.

RIZ, p(z, 0) DX [, d) DIEEAETXTD z k‘Db\“C 9 ICBIL T 3Tl RECTH
LU, b0,v) DFTRLs FTOWBL T3 HMInETH S EIGET 5. Xk,

B B
MO 1= Eay | gptoun(X00)| . (6. = Vi, (ploes(60)) . (23
5 9i-1 .
Aj(0.7) = g M(0) (5=2,3,--), (2.4)
1 (o ,
Ap(8:7) =5 0] 20007 ¢ 1=123) (2.5)
EBL.ThkE

IZix%. Fiz, 00, 2) = logp(x,0), €9(0,z) := (07/00°)(0,x) (j =1,2,3) £EBE, XD
IRHMEIZAAET 2 LIOEL, TNEZ/EU0RIS TERDT.

1,(6,7) = Eoy [{€V(0,X1)}] (2.7)
To(0.7) = Eps [{07(0,X0)} {20, X1)}] (2.8)
K,(0,7) = Ey., {£<1> (0, X1)} ] , (2.9)
Ly(0,7) = By, [{e X1) {0, x1)}] (2.10)
H,(0,7) = Ep, [{£0 (9 Xl)} ] —312(6,), (2.11)
M,(0,7) = By, {{e (0, X1)} ] 2(0,7), (2.12)
N, (0,7) = By [ {0D(0, X1)} M(e,xl)] +12(0,7). (2.13)

ZULT, By, [0, X){P(0, X1)}2], Eg[{¢M(0, X)) 20O (0, )] WFET % ERET 5.
TDOEZE, (25), (2.7)~(213) &b

By, [09(0. X1)] =
By, [09)(0, X1)] =

@(0,7) = 1p,(0,7), (2.14)
(3) (‘97 7) - 3Jp(‘97 7) - Kp(‘ga 7); (215)

K(2) (07 7) =

A
K(3) (07 7) = A



Ky (0,7) == gy [€9(0, X1)] = Ay (0,7) — 4L,(0,~) — 6N, (0, 7) — Hy(0,7) — 3M,(0.7)

(2.16)

k5. £z
Z1(0,7) = \/Ai Z {6W0, X)) — M(0,7)}, (2.17)
2,(0,7) = % S {0, %) — w0} (=23 (2.18)

EBL. FRDOFED RT, oTFICHBEWT 0 DERELHEEICDOWTEZ 5.

3. YIFRHE 1 BRI & 20 0 DBRAHER 07, D 2 ROIEKMEE

T HAANT BV (X, X)) B X &L, Xy < o0 < Xy B XKD CJEF#RH
HETD. VE, v < aq) =milicion &, Ty = MaXy<icy & < d ERD & = (21, ,7y)
IZDWVTC, § DICRERIEIE

3

L(6;

IC%%%. TTTC,0DMLE % 0], £ 3% &, THUILIERE
LS
Ezl (Q,Xi):)\l(eﬁ) (3-1)
=1

il s, iz
U, ==/ Aa(0,9)n (éXu — 9) (3.2)

EBL. TDEE, RO LMD LD,
EE 3.1 % (2.1) ZEDOTF P,IcBWT, y BEHIO L ¥ 0 D MLE 6], IDWT U,
DR R

3(k(s) — As)

— A3 P
22 %n

U, =7, + @) /Q\r Azt 727

179 +

/\2\/_

1, 1 (1 1/ , 1
+2)\5/2 ZZ3+2)\2 {)\2 ( )\5) +§(h(4)—>\4)}21 +Op (nﬁ)
(3.3)

TH5. iz, U, D 2ROV, Wink/riud, ZhZh

1 1 . |
Fp(U,) = T { — ik + 5 (m(g) . Ag)} +0 (5> , (3.4)
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{ {N, = I’ = 2X\1J, + K2y (AT — A2) }
1 . ,
+ — (H(3) — )\3) (Kp — 3)\1]17 + 2)\?)
2 11 -
{Mp + I, = k() + N (Jp — A1%(2))2} b ("f(s) - /\3> (Jo = M)

7 N\ 1 <N 3
(Jp = Air)” + YE (%(3) - A3) +t 32 (%(4) - A4) DY (Lp = Al’f(S))}

+0 (%) (3.5)
53,

RERHIC DUV T, 0, TR (3.1) Zili72 3 DT, Taylor EHZFIWVT (3.2) D U,
DffERIER (3.3) ZE L, (2.7)~(2.16) XD (3.4), (3.5) 2135 (Akahira[A20]).
F 3.1([A16]) p(z,0) & LT (2.2) ZfES B (2.1) ZED oTEF P ACHBNT, v HELHIOD
£ & ODMLE 0,, IZDWT U, DWERIERIE

U—Z—LZMi A M 7P+ 0 1 (3.6)
v Al 2)\2/2\/5 Phon \ X3 3x2)71 P\ nyn ’

THB. L, N = \(0,7) = (87/907)logb(0,7) (j = 3,4). F1z, U, D 2 KDWY
1, MRS EE, ThEN

N 1
By (U,) = —W +0 (m) : (3.7)
1 /52 A 1
Voo (Uy) = 14— <2T§ — Yé) +0 (W) (3.8)

Tha.

EEHHLCOI/\TCi, oTEF 736 O)&% ZQ = Z3 = 0, K@) = K@) = k@) = 0, S\j = )‘j (] = 3,4),
L= N+ Xs, Jy =0, K, = Mg+ 3\ A+ A3, L, = 0, M, = —I%, N, = [21c72 %505, (3.3)
~(3.5) £ D (3.6)~(3.8) Zz145.

4. YRR Y DRADEED ) DBAHEER 6, D 2 ROWEHME
¥,y <a), 2o <dEBB T = (11, ,2,) WFZONBEE (0, ) DLIEBUZ

10.7:2) = 5= [T o0 (4.1

IC72%. TTT, 0 & yDEFNFNDMLE % Oy, A ETHUE, (A1) D5 Aap = X IS
50, L0, X1y X) = supgee L0, X1); X) 1222 DT Oy E LSRR E 2T, &
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ThbH

_Ze (eML, ):)\1 (9ML,X(1)) (4.2)
K755, 2120, X = (X1, ,X,) £9%. TTT, ha=X0,7) &L,
U= vV )\Qn (éML — 9) y T(l) =n (X(l) —”}/)
LB TDEE, RDT LZ1F5 ([A20]).

EIE 4.1 HHE (2.1) ZED oTF P BT, y BARMD L ZD 0§ D MLE 0y, %  HELAT
DELEDHDMLE 0}, &[T 2 ROWGEMIRD % & DX 5 Ihlil: L7 MLE %

s 1 9. (s
Onre = Omr b (éML,Xu)) N (éML,X(l)) n {87/\1 <9ML,X(1)>} (4.3)

E3%. 1L, by (8,7) = (8/07)logh(8,7) £F%. TDELE, U =V gn(Byp- —0) D
TR B

U =U - - — = +— R
b(l)\/ )\Qn < (9“/ b(1)>\2n { (97 )\2 060 b(l) o0 8"}/ !

ny/n
THs. izl
1 ()_5‘3 2 1 O\ LG 5‘3) 2
U=2 77 - )T 77 727
RO G E A ) T R A B, A
1, 1 (1 /- 2 1 - s 1 [On
g A g (5, (o) =5 () 2= (5 ) 4t
1|1 /- oM\ O\ 1
i {r (=) (55) -5 }ZITWOP () o
TH3. iz, U* D2 ROUHEF, ki e nen
oo 1 1 < 1
Eon (U") = )\3/2\/_{ — MK) + 2( —>\3)} + 0 (m>> (4.6)
1
%,W(U*):1+n|: {N, = I> = 2\1J, + k) (AT — X2) }

+%( As)( — 3\, + 2)9)



3 2 )
)\2 {M + 12 l{é) + )\—2 (Jp - /\Ui(g)) }
11 < 1 7 -\ 2
+ )\_g (“(3) - )\3) (Jp - )\1:%(2)) — )\—g (Jp — Aln(Q))Q + 2—)\2 (/@(3) — )\3)
1 ) 3 1 2 1
i ("<4> - A4> MDY (Ly — Mikigz) + N (€10, 7) = M) ] +0, (m)

TbHs.

AEHHIC DWW T, (4.2) ICBWT 228488 (0, ) DREELD Taylor 72 AW TERM 3.1 Dk

B & AEIIC ARRICHED UL KO, Z DR
Ty = Miti(e) = Ay — Kigg) — %
RS T T, ZHUITTEETH S ([A20).

CCT,U, & U DMnasil (3.5) & (4.7) ZHIRS % &, BRIV, (U*) D 1/n D
F—H—D (ﬂ”(e Y) = M)? /A DA TH D, THUFHE (2.1) DIEEAEERS, 375 BY)
W R + ITHKAF T 2E0 B HEBId 5 LIEZ 5N, TOMOIHX (2.1) DIEHIEH D S
HElg 3 LA ENS.

F4.1([A16]) p(z,0) & LT (2.2) ZHES % (2.1) ZED oTEF P BT, v BAKHID
LEICHDMLE Oy, %2~ DEEHID & ZD D MLE 0], ERIL 2RO ZEDESIC
#ilE L7z MLE %

) i | O\ /-
Yuase = Ot (A3 Xy ) Ao (Barr, X)) m { 871 (QML’X(”)}

95, 121U, k(0,7) = a(y)e® D /b(0,7) £§ 3. TDEE, U =/ on(Oy- — 0) Dl
RIEHZ
) 1 /oNn 1 10k (N 1
=i (5wt (@) (5 o (Gm) o9
THB. 127120, k=k(0,7), \; = X\;j(0,7) = (87/067) log b(#,~) (j =3, 4),

SN () o
X \ Oy oy’

N L (0n 5 St VAN
U=7 — | T — T ———= |7
1 2)\3/2\/— /)\ZTL < a,y ) (1) + )\2n 1 (1) + <)\3 3)\2 1

+0, (ﬁ) (4.9)




TH%. LTz, U* D2 ROMk 1, ok rifid 2 nen

Ep (U*) = 2A;§\/_ +0 (ﬁ) , (4.10)
Vo, (UT) =1+ (g_ij N %) i A%n {u(y) =M} +0 (n—\l/ﬁ> (4.11)

TH5.
AEFIC DOV, (2.2) KD M0, 2) = u(z) £7xBh 5, HLidF 3.1 DOFEH & RIS L
T, (44)~(4.7) &0 (4.8)~(4.11) WMEENS.

5. 07, VT B - D 2 ROFEIEL

W3, AT S A DREHID L ED D MLE 6], &~ BARHD E ED o DHfIE
MLE 11+ O 2 ROWEHRE T, 03, & Oy ZWCEINC LT 5.
EE 5.1 % (2.1) ZED oTF P, Cc_iob‘f é}u S B Oy D 2 ROWBEHLES

o (Barze B30z ) 1= 1 Voo (U7) = Voo (0)} = - {06.9) = MY 0f1) (1 o)
(5.1)

ThH5.

AL (3.5), (4.7) KDHBEA. T (1) DELATHAZSENS 2 ROWHIEKE
(D0, X) DIEL N = Vo, (0D (0, X)) IERT 2, Xy = v TD D0, X,) DIE LD (0,7)
NS IW(0,X,) DN = By, [(V(0, X,)] ETOHEOLLE LTREEIN TV
% 5.1([A16]) p(x,0) & LT (2.2) 5% (2.1) ZED oTEF P BV, 6], cdﬁ@“
% Oprpe O 2 ROWTIEIE

oy (Baaz 8311 ) 1= 1 (Voo (U7) = Voo (U} = 1= {ul) = M} +0() (0= 20) (52)

Th%. EEL, A = Vo (u(X))) TH 5.
AL, (2.2) & D (0, 2) = u(z) E15 BT EMSEM 5.1 X DS

6. fl

ARENCBOTYIWTa—> =0 & (2.2) &0 &> & —BROYIMHTRBI D RO EIC,
07, 1T B 0y D 2 ROWBEHEI KD S .
B 6. 1(YIWr 2 — > —570400) S0l P, DEE (2.1) ICBNT

1

PO ey

(w0 <y <z <)

£9%. CDLE

0<b(9,ﬂ/):/:Oﬁdx—e(i—tan_lz> <0 (0e0=/(0,00))



ER%. . CDOEE

M= Ep, {2 log p(X, 6)1 _2l 20E, ., {#]

00 0 X2 402
1 Y
=0 @Y a0 (2 ) 6.1)
B, £
0 2 2 20 \?
Ey {%bgp(X, 9)} = Ey, (5 - X2—+92> ]

3 N O~ (3 B 5_72)
202 {7 —2tan~'(7/0)} (2 + 62)° 02

LiBh5, (6.1) &0

0
Ao =V, (% log p(X, 9))

1 1 Oy (,_ 2" 7’
C 202 {(n/2) — tan" (v/0)} (42 + 62)° { 2 (1 92) " (m/2) — tan‘l(v/ﬁ)}
(6.2)

2%, TTT,E=7v/0&L,q)=1/(m—2tan"1 &) EBWVT (6.1), (6.2) Z (5.1) IR
AT B E, 07, 1SRT B Oy D2 ROWHIIEKIZ

)= 21 - € + 26q(O)}?
L+ - 2%6g(©){1 - & +464(6))

~

d, (éML*, 0,

IC73%.
5 6.2(— M D YIWHEEBIL 2 41TR) 70l P, DS (2.1) 1B T

p(z,0) = exp{Q(O)u(z) +v(z)} (c<y<z<d) (6.3)

95, 1220, Q) & (—o0,00) ETHITHIRETH % & U, u(a) 1ZX[H (v, d) b THontd
#iC du(z)/de 20 &L, v(z) & (7,d) DIZFEAERR T ATkl d 5. £k,

O(y) := {9 ‘ 0<bl,7):= / exp{Q(A)u(x) + v(x)}dx < oo} (v € (¢,d)) (6.4)

EBOVTATEED v € (¢,d) IDWVT O = 0() IZZETHEVHKEE TS, TDEE, (2.1),
(6.3), (6.4) M5

M(0,7) = - Tob(0,7) = 5/ (6) By [u(X2)]



)\2(@7 A/) = Eé’,'y

{%mgp(m} ] —X6,7) = (5'(9)) Vo, (u(X1)

2N 5, (5.1) K0 67, 10T B Oy D 2 ROHMTIKIE

) Y {u(y) — By [U(Xl)]}z
d, (GML*v'gML> = Vo (u(X1))

IZ72%. THOUIARTIIC (5.2) IKHE LW,

+o(l) (n— o0)

5. BbYIC

ARITIE, R E UTYIWIREE y 72 & D RO F Y AR B DO TRIO D H %
RIS 0 O MLE OHBEITERIC OV THi L, v BEEHID & ZD 0 D MLE 0], 1Shd % ~ A
KHND & ZD O DHFIEMLE 057 D 2 ROWBERULEZRSDTZ. ZNEM 5, HERD YN
FREOM AT RO AT R D P IR iR DY SIS HE S NG5 T Vb > Tz, it
T, ZOZ ki zZYIWiiaEBMICBE 5 2 L ldpT LEAEMNTHREWT &2k L,
Z ORI OMINTPNX)L L 755, Fiz, ARTTE FUYIBI RIS DWW T EZ 1288, [ALT]
D Remark 4.5.3 TSN X 5 I Y RIS K > T YR 2 RO & #E A
T&E%. IHIC, 0 BRSEHE LTy OfRJCHEE RIESS MY 2 i =D 545 6 Rk IS
HWLUENBTHAS.

BE
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